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Foreword 


This  collection  of  technical  reports  addresses 
the  following  topics:  the  response  of  a  linear-  FM 
correlator  for  multiple  signals,  where  the  reference  and 
signal  amplitude  mediations  may  be  mismatched;  the 
performance  of  two  different  types  of  normalizers  subject 
to  widely  different  interferences,  such  as  WeibuU, 
log-normal,  Gaussian,  and  for  received  signals  that  have 
undergone  a  very  general  model  of  fading;  the  performance 
of  an  OR-ing  device  that  must  also  indicate  the  correct 
signal  channel  of  an  incoherent  combiner  of  separated 
signal  components:  a  new  procedure  for  accurate,  efficient 
evaluation  of  Bessel  transdrms,  which  is  an  extension  of 
Filon's  method  for  Fourier  transforms;  a  highly  efficient 
procedure  for  evaluation  of  polynomials  and  exponentials 
of  polynomials  for  equi-spaced  arguments  along  an 
arbitrary  line  in  the  complex  plane;  and  the  estimation  of 
signal  and  noise  powers  of  a  signal  that  is 
amplitude  ir.odulated  in  a  known  way. 

Some  of  the  material  presented  here  is  based 
heavily  on  the  author's  earlier  work,  which  can  be  found  in 
the  following  volumes  in  addition  to  the  referenced 
technical  reports: 

Performance  of  Detection  and  Communication  Systems, 
NUSC  Scientific  and  Engineering  Studies,  1974; 

Spectral  Estimation,  NUSC  Scientific  and  Engineering 
Studies,  1977; 

Coherence  Estimation,  NUSC  Scientific  and 
Engineering  Studies,  1979; 

Receiver  Performance  Evaluation  and  Spectral 
Analysis,  NUSC  Scientific  and  Engineering  Studies, 

1981; 

Signal  Processing  Studies,  NUSC  Scientific  and 
Engineering  Studies.  1983; 

Signal  Processing  Studies,  NUSC  Scientific  and 
Engineering  Studies.  1985; 

Signal  Processing  Studies,  NUSC  Scientific  and 
Engineering  Studies,  1986. 


Dr.  William  A.  Von  Winkle 
Associate  Technical  Director 
for  Technology 
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Linear  FM  Correlator  Response  for 
Multiple  Targets;  Mismatched  Reference 
and  Signal  Amplitude  Modulations 


A.  H.  NuttaU 
ABSTRACT 

The  response  of  a  linear-  FM  correlator  to  a 
target  wi^  multiple  point-highlights  is  derived  in  closed 
form.  The  transmitted  signal  and  reference  waveform 
amplitude  modulations  need  not  be  equal  in  shape  or 
length,  nor  do  the  highlight  strengths,  time  delays,  and 
frequency  shifts  have  to  be  matched  by  the  reference 
parameters.  The  fundamental  calculation  required  is  the 
cross-  ambiguity  function  between  two  waveforms  of 
different  shapes  and  lengths,  each  belonging  to  the 
general  class  composed  of  a  sum  of  cosines.  In  particular, 
this  class  includes  the  rectangular,  Hanning,  and  Hamming 
functions,  as  well  as  a  variety  of  optimum  cases. 

The  effect  of  mainlobe  broadening  for  frequency 
mismatch,  as  well  as  the  possibility  of  supressing  the 
sidelobes  of  the  receiving  filter  response  by  deliberate 
mismatching,  is  displayed  for  a  variety  of  cases.  The 
accompanying  loss  in  detectability  is  also  investigated, 
being  of  the  order  of  .5  dB  in  signal-  to-noise  ratio,  if  the 
reference  waveform  length  is  selected  appropriately. 
Programs  are  furnished  that  allow  a  user  to  consider  his 
own  multiple  target  structure  and  reference  waveforms 
with  arbitrary  time-bandwidth  product. 


Approved  for  public  release;  distribution  is  unlimited. 
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LINEAR-FM  CORRELATOR  RESPONSE  FOR  MULTIPLE  TARGETS; 
MISMATCHED  REFERENCE  AND  SIGNAL  AMPLITUDE  MODULATIONS 


INTRODUCTION 


For  target  ranging  and  Doppler  estimation  on  potential  targets,  a 
narrowband  linear -FM  (frequency  modulation)  waveform  with  rectangular 
amplitude  modulation  ^s  often  transmitted.  Receiver  processing  for  this 
signal  is  relatively  simple,  consisting  of  cross -correlation  of  the  received 
waveform  with  a  suitably  time  delayed  (and  possibly  frequency  shifted) 
replica  of  a  linear-FM  reference,  generally  utilizing  the  same  rectangular 
amplitude  modulation. 

However,  the  receiver  response  can  be  cluttered  by  significant 
sidelobes  for  mismatched  reference  time  delay  guesses,  due  to  a  poor 
cross  ambiguity  function  between  the  transmitted  signal  and  the  reference 
signal.  Furthermore,  significant  broadening  of  the  peak  response  can  occur 
for  mismatched  frequency  shifts. 

Since  the  received  waveform,  consisting  of  multiple  highlight  echoes 
and  noise,  does  not  have  to  be  necess..rily  pi'ocessed  with  the  matched 
filter,  the  possibility  exists  of  suppressing  sidelobes  by  using 
deliberately  mismatched  references.  For  recorded  data  that  are  to  be 
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subjected  to  close  scrutiny,  a  variety  of  situations  can  be  investigated, 
and  the  maximum  amount  of  information  gleaned  from  a  limited  amount  of  data. 

In  order  to  determine  how  worthwhile  this  prospect  can  be,  it  is 
necessary  to  evaluate  the  noise-free  responses  of  several  candidate 
transmitted  signals  and  local  references.  The  class  of  waveforms  should 
allow  for  different  lengths  as  well  as  different  shapes,  including 
rectangular,  Hanning,  and  Hamming  functions  as  particular  examples.  Here  we 
will  derive  equations  and  present  programs  for  determining  linear-FM 
correlator  responses  for  signals  with  arbitrary 

time -bandwidth  product, 

reference  time  delay  and  frequency  shift, 

number  of  targets, 

target  strengths, 

target  phases, 

target  time  delays, 

target  frequency  shifts,  and 

mismatched  reference  (envelope  and  duration). 
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As  a  necessary  by-product  of  the  investigation,  the  cross  ambiguity 
between  two  different  waveforms  Is  derived  for  arbitrary 

time  delay 
frequency  shift, 
time  durations,  and 
amplitude  shapes, 

in  the  class  of  waveforms  consisting  of  a  sum  of  finite -duration  cosines. 
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CROSS  CORRLI.Al OR  OUTPUT 


GtNtRAL  RESULT 


The  transmitted  signal  is  presumed  to  be  narrowband,  with  a  dependence 
on  time  t  of  the  form 


s(t)  exp(i2,rf^t)  ,  (1) 

where  s(t)  is  the  complex  envelope  and  f^  is  the  carrier  frequency.  More 
precisely,  (1)  is  the  analytic  signal  corresponding  to  the  transmitted 
waveform.  The  received  (analytic)  waveform  after  target  reflection,  but 
exclusive  of  noise,  is  given  by 


w(t)  =  2  s(t  -  t^)  exp[i2,r(f^  f^)(t  -  t^)l  ,  (2) 


where 


Aji  ^  amplitude  (complex) 
t(j  =  time  delay 


f(j  -  frequency  shift 


of  d  -th 

target 

highlight. 


(3) 


That  is,  each  highlight  is  modeled  as  a  point  target  with  some  strength, 
phase  shift,  range,  and  Doppler  set  of  values. 
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The  reference  waveform  to  be  used  at  the  receiver  has  the  form 

r(t)  =  q(t  -  t^)  e)(p[i2ir(fj.  *-  f^)(t  -  t^)  ie^]  ,  (4) 

where 

q(t)  -  complex  envelop^ 

t^  =  time  delay  V  of  reference.  (5) 

f^  =  frequency  shift 
=  phase  ^ 

The  reference  complex  envelope  q{t)  need  not  match  transmitted  signal 
s(t),  nor  need  any  of  the  reference  parameters  t^,  f^,  be  identical 
to  those  in  the  received  waveform  w(t)  in  (2)  and  (3). 

Ihe  signal  output  of  the  cross -correlator  in  the  receiver  is  given  by* 

c(t^.fr)  =  y dt  w(t)  r*(t)  .  (6) 

For  matched  filter  processing  at  the  receiver,  the  analytic  signal  of  the 
filter  output  is  given  by  (6),  where  t^  represents  the  time  variable;  the 
physical  envelope  is  the  magnitude  of  (6). 


♦Integrals  without  limits  are  over  the  range  of  nonzero  integrand. 
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Correlator  output  c  is  obtained  by  substituting  (2)  and  (4)  in  (6);  the 
derivation  is  carried  in  appendix  A,  with  the  result  for  the  complex 
envelope  of  (6)  being  given  by  (A-5)  as 

d 

where  is  a  complex  phasor  with  the  same  strength  as  the  d -th  path 
amplitude  A^  and  a  uniform  distribution  in  angle,  while 

Xsq(r.v)  ^  Jdt  s(t)  q*(t~D  exp(-i2wut)  (8) 

is  the  cross -ambiguity  function  of  waveforms  s(t)  and  q(t),  at  time  delay  T 
and  frequency  shift  v.  An  alternative  symmetric  version  of  the  cross¬ 
ambiguity  function  is  defined  in  appendix  B  and  some  properties  are 
discussed.  The  correlator  output  physical  envelope  is  given  by  the 
magnitude  of  (7) . 

I.INEAR-FM 

When  the  transmitted  signal  s  and  local  reference  q  employ  linear-FM, 
we  can  express  them  according  to 

s(t)  =  s(t)  exp(iirl3t^)  , 

q(t)  =  g(t)  exp(iirBt^)  ,  (9) 

where  s(t)  and  g(t)  are  low-pass  amplitude  modulations  centered  at  time 
t  ^  0.  The  instantaneous  frequency  of  both  functions  in  (9)  is  Bt;  if  the 
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signal  duration  is  T  seconds  and  the  frequency  sweeps  across  a  bandwidth  of 
W  Hz  in  that  time,  then  we  have 


o  .  4.  y  -  4.  frequency  sweep 
'  -  7  ’  -  signal  duration  ’ 


where  the  ^  corresponds  to  an  up  sweep  and  the  -  to  a  down  sweep. 


The  noise-free  complex  envelope  of  the  correlator  output  (7)  is  then 


given  in  (A -12)  by 


cft^.f^)  =  5  expE-iir(f^  -  f^)(t^  -  t^)] 

d 


V  ■  -  ^d»  • 


where  is  the  symmetric  cross -ambiguity  function  of  the  low-pass 
amplitude  modulations. 


At  this  point,  it  is  convenient  to  define  a  normalized  time  variable 
and  a  normalized  frequency  variable  according  to 


X  S' 


^  ‘  W  ’ 


the  most  important  range  of  these  new  dimensionless  variables  x,y  is  -1 , h1 . 
Combining  (10) -(12),  we  obtain 

c(t^.f^)  ^  5  B^j  exp[-iirlW(x^  -  x^)(y^  -  y^)]* 
d 


■  ’'d>-  “'''r  ■  ''d  +  <V  •  "d*’' 
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for  the  linear-FM  correlator  complex  envelope  response.  The  physical 
envelope  is  |c(t^,f^))  versus  reference  time  variable  t^.  A  multiple- 
highlight  target  is  characterized  by  specification  of 

strength  parameter 
normalized  time  delay 
normalized  frequency  shift 

For  a  specified  normalized  local  reference  frequency  shift  y^,  we  will 
plot  the  magnitude  of  response  (13)  versus  normalized  time  parameter  in 
the  -l,fl  range. 


1 


for  each  path  d. 


(14) 
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EXAMPLES  OF  LOW-PASS  MODULATIONS 


In  this  section,  we  present  results  for  three  common  types  of  low-pass 
modulations  s(t)  and  g(t)  in  (9).  Numerical  evaluation  and  graphical 
results  are  deferred  to  the  next  section. 

RECTANGULAR  ENVELOPES 


Let  both  low-pass  modulations  be  rectangular  and  of  equal  duration: 


s(t)  =  fl(t)  - 


Y? 


for 


(15) 


This  corresponds  to  linear-FM  that  is  abruptly  turned  on,  held  at  constant 
amplitude,  and  abruptly  turned  off,  at  the  transmitter  as  well  as  in  the 
receiver  processor. 


The  symmetric  cross -ambiguity  function  is  (see  appendix  B) 

X^(T^.v)  -  ^dt  s(t  +|)  g*(t  -|)  exp(-i2*vt)  - 

^  -- - JXlll  for  -T  <  r<  1  ,  (16) 

and  zero  otherwise.  In  anticipation  of  its  use  in  (13),  we  also  have 

wy)  .  for  l«l  <  1  .  01) 
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and  zero  otherwise,  which  is  seen  to  depend  only  on  the  time -bandwidth 
product  TW,  and  not  on  these  variables  separately.  This  is  one  reason  for 
introducing  normalized  variables  in  (12);  it  allows  response  (13)  to  depend 
only  on  TW  and  the  normalized  parameters  listed  in  (14).  Ihis  property  is 
true  only  for  narrowband  waveforms,  that  is,  f^  »  W. 

A  program  for  the  calculation  of  response  (13)  coupled  with  (17)  is 
furnished  in  appendix  C  under  the  title  Rectangular  Envelopes.  Inputs 
required  of  the  user  are  collected  at  the  top  in  lines  20-80.  Ihe  target 
amplitudes  and  phases  to  be  input  in  lines  50  and  60,  respectively,  are  the 
magnitudes  and  arguments  of  the  complex  numbers  (b^]  in  (13).  The 
normalized  reference  frequency  shift  y^  f^/W  in  line  20  is  kept 
constant  for  a  single  plot,  while  the  reference  time  delay  x^  =  t^/1  is 
varied  over  -1,+-1  in  loop  180-340.  The  magnitude,  jc(t^,f^)j  ,  is 
plotted  on  a  linear  ordinate. 

Each  term  in  (13)  peaks  when  the  second  argument  of  the  cross  ambiguity 
function  is  zero;  see  (17).  Thus,  each  term  peaks  at  reference  time 
x^  ^  Xj  ±(yp  Yjj).  which  depends  on  the  particular  highlight  delay 
and  shift  values  x^,y^  and  on  the  local  reference  frequency  shift  y^. 
However,  the  peak  amplitude  in  (17)  is  scaled  down  to  the  value  ^ 

=  1  ■  lYp-y^jlt  which  depends  on  the  mismatch  between  the  reference 
frequency  shift  and  the  particular  highlight  frequency  shift. 
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F-urlhermore,  the  peak  broadens  for  nonzero  frequency  mismatch,  lo  see 


this,  let 


^  X  -  X.,  A  =  y  y. 
X  r  d  y  'r  ^d 


in  (13)  to  obtain 


“'N  f  ‘x>)' 


:in[irTW(a  ;A^)(l-|4^|i] 


wTW(Ay4-A^) 


by  use  of  (17).  Now  in  the  neighborhood  of  the  peak  at  A  =  +  A  ,  let 

^  y 

A  ^  f  A  f  c;  then 
X  ~  y 

_  ,  ^  sinfrTW^i^c'^d  -  |a  1  c|3 

“x))  ■  - - 


sin[VTW(l  -|a  |)e] 


for  small  jc|  . 


The  sharpness  of  this  function  of  c  in  the  neighborhood  of  the  peok  at  c=-0 
is  proportional  to  [TW(1 -|a  |)]  ^.  Thus  if  |a  |  -  .5,  that  is. 


y^Yd  ^  ‘S.  or  ^r~^dl~ 


the  width  of  the  peak  is  approximately  doubled  (in  addition  to  the  peak 
amplitude  being  halved,  according  to  (20)). 
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GAUSSIAN  ENVELOPES 

In  this  example,  both  low-pass  modulations  have  identical  Gaussian 
envelopes: 

s(t)  ^  g(t)  ^  exp{ -ift^/T^)  for  all  t.  (P2) 

The  effective  time  duration  T  is  defined  such  that 

s(t  =  exp(-ir/4)  ^  .456,  versus  s(0)  ^  1.  (23) 

The  spectrum  of  this  waveform  is  (see  (B-2)) 

S(f)  =  T  exp(-irl^f^);  (24) 

thus  the  effective  spectral  width  is  1/T,  since 

S  (±  2Y)  "  ^  exp(  -ir/4)  ^  .456  S(0),  (25) 

which  is  the  analog  to  (23). 

The  symmetric  cross  ambiguity  function  is  easily  determined  from  (B-6) 
as 

XjgCc,.)  -  i^exp  -  t  tVJI  for  all  T.v. 

Then,  as  needed  for  (13), 

^q(Tx,Wy)  --  ^  exp[^-  |(x^  +  TVy^)J  for  all  x,y  .  (27) 
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A  program  for  the  calculation  of  correlator  response  (13),  by  means  of 
relation  (27),  is  given  in  appendix  C,  under  the  title  Gaussian  Envelopes. 


In  particular,  using  definition  (18)  again,  the  significant  term 


required  in  (13)  is 


,J}], 

Now  for  fixed  frequency  mismatch  i.e.,  fixed  the  shape  of 

(28)  is  totally  independent  of  the  value  of  A^.  The  peak  value  is  reduced 
by  the  factor 

*■  L'  2  ^  utvJ-  '■ 

and  the  location  of  the  peak  is  delayed  to 


A  =  1  A 
X  y 


?  ?  ’ 
1  fT  V 


but  there  is  no  broadening  of  the  response  versus  A^^,  regardless  of  the 
value  of  Ay.  This  is  in  distinction  to  the  case  of  rectangular  envelopes 
in  the  previous  subsection;  it  is  due  to  the  rounded  shoulders  of  the 
Gaussian  envelope  (22),  in  contrast  to  the  rectangular  case  in  (15). 


If  we  combine  (9),  (10),  and  (22)  for  this  example,  we  have,  for  the 
complex  envelope  of  transmitted  signal  and  reference. 
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s(t)  -  q(t)  ^  exp 


-  ir 


-  t  iir  y 


W. 


(31) 


The  instantaneous  frequency  is  1  which  takes  on  values  ■tW/2  at 


t  ^  tl/2;  this  is  consistent  with  the  results  in  (23) -(25). 


ARBllRARY  ENVElOPTS  AND  OURAl  ION:) 

The  low-pass  modulation  of  the  transmitted  signal  is  now 

s(t)  exp(i2irkt/7)  for  \t\<  T/2  ,  (32) 

k 

and  zero  otherwise;  the  summation  on  k  is  over  all  nonzero  complex 
coefficients  {aj^^ .  Observe  that  1  here  is  the  total  nonzero  extent  of 
s(t),  meaning  that  the  effective  extent  of  s(t)  could  be  significantly  less 
than  1.  If  a  '  aj^  '  real,  then  (32)  is  a  cosine  expansion,  and 
includes  modulations  such  as  rectangular,  Hanning,  Hamming,  Blackman  [1], 
Harris  [2],  and  Nutlall  [3],  which  are  known  to  have  very  good  sidelote 
behavior  in  the  frequency  transform  domain. 

The  low-pass  modulation  of  the  reference  is  taken  to  be 

q(t)  -  2  ^  exp(i2irit/L)  for  lt|  <  L/2  ,  (33) 

and  zero  otherwise.  Ihe  duration  I.  of  the  local  reference  is  unrelated  to 
1;  L  can  be  larger  or  smaller  than  1.  The  number  of  nonzero  complex 
coefficients  l^tl  is  also  unrelated  to  that  above  in  (32). 
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The  derivation  of  the  cross  ambiguity  function  between  s  and  g  is 
carried  out  in  appendix  0,  including  all  the  generality  introduced  above; 
the  end  resj  t  is  given  by  (D-7).  The  linear-FM  correlator  complex  envelope 
response  is  given  in  (D  9),  and  a  program  for  this  result  is  given  in 
appendix  C,  under  the  title  Arbitrary  Envelopes  and  Durations. 
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GRAPHICAL  RESULTS 

This  section  is  divided  into  several  parts,  corresponding  to  the 

different  envelope  examples  given  above.  In  all  but  a  few  cases,  the 

time  bandwidth  product  is  kept  fixed  at 

TW  -  50,  (34) 

and  the  frequency  sweep  is  upward  versus  time.  Identification  of  the  delay 

and  shift  parameters  is  according  to  the  normalized  variables  introduced  in 

(12),  namely, 

X,  -  t^/1,  y^  -  f^/W,  x^  .  t^/1,  y^  f^/W;  (35) 

the  latter  variables  in  (35)  are  explained  in  (2)-(5).  The  abscissa  on 
every  plot  is  x^  over  the  range  -1 , ;  thus  each  plot  can  be  viewed  as  the 
envelope  of  the  correlator  or  matched  filter  response  versus  time.  Although 
the  response  may  be  nonzero  outside  this  range,  it  is  significant  only 
within  the  plotted  region  for  all  the  examples  considered. 

RECTANGULAR  ENVELOPES 

The  first  plot  in  figure  1  is  for  equal -duration  rectangular  envelopes 
for  the  transmitted  signal  as  well  as  the  local  reference,  and  a  single 
highlight  (point  target)  at  x^  ^  0,  y^  --  0;  that  is,  there  is  no  time 
delay  or  frequency  shift  of  the  target.  (Actually,  the  only  quantities  that 
matter  are  differences  of  variables;  see  (13)).  The  response  in  figure  1 
for  zero  Doppler  mismatch,  y^  -  0,  peaks  at  x^  =  0  and  has  a  narrow 
mainlobe  with  adjacet,^  nulls  approximately  at  +:(TW)  ^  ^  j-.02  (for  TW  »  1); 
sec  (17)  and  (19).  However,  there  are  significant  sidelobes  of  peak 


19 


TR  7543 


amplitude  approximately  2/(3ir)  ^  .21  ^  -13.5  dB,  and  a  smear  of  sidelobes 

near  ^  0.  These  sidelobes  will  tend  to  obscure  a  weak  close-by 
r 

highlight. 

Ihe  series  of  results  in  figures  2  through  4  correspond  to  different 
amounts  of  frequency  mismatch  between  the  local  reference  and  the  received 
signal.  For  convenience,  all  this  uncertainty  is  taken  up  by  the  reference 
variable,  that  is,  y^  .25,  .5,  .75,  respectively,  with  y^  -  0; 
however,  this  mismatch  can  occur  in  practice  due  to  unknown  target  Doppler. 
The  peak  response  and  sidelobes  decrease  proportionately  as  the  frequency 
mismatch  increases.  However,  significant  broadening  of  the  response  also 
occurs,  as  predicted  in  (18) -(21);  in  fact,  the  mainlobe  width  for  y^  -  .5 
in  figure  3  is  approximately  double  that  for  y^  -  0  in  figure  1.  The 
movement  of  the  peak  location  along  the  x^  axis  is  due  to  the  inherent 
large  ambiguity  of  linear-FM  along  the  45“  line  in  x^,y^  space. 

Figure  5  depicts  the  normalized  correlator  response  for  two 
equal -strength  highlights  separated  only  in  time  delay.  This  is  depicted  by 
the  small  diagram  in  the  upper  left  with  two  dots  at  x^.y^  -  0,0  and 
.06,0,  respectively.  That  is,  one  highlight  is  at  the  origin  in  x^.y^ 
space,  and  the  other  is  displaced  along  the  x^  axis,  which  corresponds  to 
a  slightly  larger  range.  (A  rotating  target  model  which  leads  to  these 
multiple  highlight  locations  in  x^,yj  space  is  described  in  the  next 
section.)  Since  the  first  null  in  figure  1  occurred  at  x^  -  f.02,  these 
two  responses  are  sufficiently  separated  to  see  their  individual  peaks 
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Clearly.  However,  there  is  a  very  large  spurious  peak  between  the  two,  of 
amplitude  approximately  40  percent  ^  8  dB  of  the  desired  peaks.  This 
undesired  peak  is  the  result  of  an  unfortunate  and  uncontrollable  vector 
addition  of  sidelobes,  according  to  (13). 

The  only  change  in  figure  6  is  to  move  the  two  highlights  closer  in 
range,  namely  to  separation  .03  in  x^.  For  this  case  of  zero  frequency 
mismatch,  y^  0,  the  two  responses  can  be  resolved.  However,  when  the 
frequency  mismatch  is  increased  to  y^  -  .25,  the  two  highlights  cannot  be 
resolved,  as  shown  by  figure  7.  This  is  due  to  the  broadening  of  the 
response  for  y^  /  0,  as  previously  described  in  figures  1  through  4. 

Again,  movement  of  the  peaks  along  the  x^  axis  is  due  to  the  tilted 
elliptical  nature  of  the  ambiguity  function  of  linear-FM. 

An  example  for  three  equal  -strength  separated  highlights  is  depicted  in 
figure  8.  The  small  diagram  in  the  upper  left  indicates  that  two  of  the 
highlights,  namely  those  at  0,0  and  .06,. 06,  are  on  the  same  45®  line  in 
^d’^d  means  that,  for  an  upsweep  in  frequency,  these  two 

correlator  responses  overlap  and  are  indistinguishable.  This  may  be  seen  as 
follows:  each  term  in  response  (13)  peaks  when  the  second  argument  of  the 
cross  ambiguity  function  is  zero;  see  (17).  Thus  each  term  peaks  when 

Xr  =  Xd  *■  ^r  ■  ^d  ‘^P  sweep).  (36) 
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Figure  7.  Rectangular  Envelopes 
Tuio  Close  Highlights,  =  .25 


Figure  8.  Rectangular  Envelopes 
Three  Highlights,  yr =  0 


TR  7543 


But  if  x.-y.  takes  on  the  same  value  for  two  different  highlights,  the 
d  d 

same  value  of  results  in  (36).  Thus  all  those  highlights  along  any 
particular  45®  line  in  x^.y^  space  will  lead  to  overlapping  responses  at 
the  correlator  output.  For  a  down-sweep  of  the  linear-FM,  all  highlights 
along  a  common  -45®  line  in  x^.y^  space  will  have  overlapping  correlator 
responses. 

In  addition  to  the  overlapping  responses  in  figure  8,  a  very  large 
spurious  peak,  of  relative  amplitude  equal  to  60  percent  -  -4.4  dB  of  the 
smaller  single-highlight  response,  is  also  Indicated.  Ihe  exact  amplitude 
of  this  spurious  response  depends  on  the  particular  phases  of  the  three 
highlights;  these  were  0,0,. 283  radians  for  the  example  in  figure  8. 
Similarly,  the  value  of  the  response  at  x^  ^  0  depends  crucially  on  the 
phases  of  the  two  highlights  on  a  common  45®  line  and  has  been  normali;'ed  at 
unity. 

The  unnormalized  response  for  a  four-highlight  target  is  given  in 
figure  9;  from  left  to  right  on  the  small  diagram  of  the  Xjj.y^  plane, 
the  relative  highlight  strengths  are  .9,  1,  .8,  .9.  Since  none  of  these 
highlights  lie  on  common  45®  lines,  all  four  are  resolved;  in  addition, 
there  is  a  large  spurious  response  between  the  third  and  fourth  desired 
peaks.  When  the  frequency  mismatch  is  increased  to  y^  ^  .43  in  figure  10, 
the  Inherent  broadening  associated  with  a  rectangular  envelope  causes  the 
two  middle  responses  to  coalesce,  while  the  overall  level  of  the  response 
decreases. 
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The  effect  of  using  a  down-sweep  of  the  linear-FM,  on  a  couple  of  the 
multiple  highlights  structures  above,  is  depicted  in  figures  11  and  12. 
Specifically,  in  figure  11,  none  of  the  three  highlights  lie  on  a  common 
-45“  line,  and  so  are  resolved  at  the  correlator  output;  contrast  this 
result  with  figure  8  for  an  up-sweep.  On  the  other  hand,  exactly  the 
opposite  happens  for  the  four  highlight  case  shown  in  figure  12.  Namely, 
one  pair  of  highlights  lies  on  a  common  -45“  line  and  the  other  pair  nearly 
so;  the  correlator  response  in  figure  12  displays  only  two  peaks,  in 
contrast  with  figure  9  which  resolved  all  four  contributions. 

One  conclusion  from  these  observations  is  that  it  can  be  very  difficult 
to  decipher,  from  the  correlator  response,  exactly  what  the  detailed  target 
highlight  structure  is.  This  is  true  even  if  both  the  up-  and  down  sweep 
responses  are  available.  Fundamentally,  each  highlight  is  characterized  by 
two  location  parameters,  namely  Xj,yj;  but  both  sweep  responses  contain 
insufficient  information  to  resolve  all  the  ambiguities  of  linear-FH  in  the 
general  case.  These  ambiguities  will  not  be  eliminated  by  the  use  of 
different  amplitude  modulations,  either;  rather,  it  is  the  linear-FM  which 
must  be  modified,  in  order  to  alleviate  the  problems.  Of  course,  the 
requisite  data  processing  will  then  be  significantly  more  time-consuming. 


GAUSSIAN  ENVELOPES 


In  an  effort  to  control  the  undesirable  sidelobes  associated  with 
rectangular  amplitude  modulation,  the  possibility  of  employing  a  Gaussian 
modulation  will  now  be  investigated.  Ihe  definitions  of  signal  duration  1 
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Figure  11.  Rectangular  Envelopes, 
Three  Highlights,  y,.  =  0,  Doiunsuieep 


Figure  12.  Rectangular  Envelopes, 
Four  Highlights,  yr =  0,  Dounsweep 
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and  bandwidth  W  are  according  to  (22)  (25)  and  (31);  that  is,  1  and  W  are 
effective  measures  of  duration  and  bandwidth.  The  transmitted  signal  and 
reference  waveform  have  the  same  duration. 

The  first  result  in  figure  13  is  a  superposition  of  five  different 
responses,  each  corresponding  to  a  different  frequency  mismatch.  Two  points 
are  to  be  observed:  there  is  no  pulse  broadening  and  there  are  no 
sidelobes.  These  properties  confirm  the  analysis  in  (28)  (30).  This  leads 
to  the  result  in  figure  14  for  two  highlights,  which  should  be  compared  with 
the  rectangular  envelope  case  in  figure  5. 

For  two  closely -spaced  highlights,  a  frequency -mismatch  does  not  cause 
loss  of  resolution;  see  figures  15  and  16,  which  illustrate  that  the 
resolution  is  just  as  good  at  y^  -  .25  as  at  y^  0.  A  direct 
comparison  of  these  results  with  figures  6  and  7  reveals  significantly 
different  behavior. 

The  three  highlight  example  of  figure  8  is  reconsidered  in  figure  17. 
The  spurious  sidelobe  is  now  totally  absent,  although  the  two  highlights  at 
^d’^d  .06,. 06  still  overlap  at  ^  0.  For  a  down  sweep 

of  the  linear-FM,  figure  18  illustrates  resolution  of  the  three  highlights 
and  the  absence  of  sidelobes. 

The  four  highlight  example  previously  Investigated  in  figures  9  and  10 
is  reconsidered  in  figures  19  and  20.  Ihe  same  conclusion  regarding  fixed 
resolution  and  lack  of  sidelobes  is  again  realized. 
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Figure  13.  Gaussian  Envelopes, 
Superposed  Responses  for  Various  y,- 


Figure  M.  Gaussian  Envelopes 
Tujo  Separated  Highlights,  = 
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Figure  15.  Gaussian  Envelopes, 
Two  Close  Highlights,  Xr =  0 
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Figure  16.  Gaussian  Envelopes, 
Two  Close  Highlights,  =  .25 
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Figure  17.  Gaussian  Envelopes 
Three  Highlights,  >v  =  0 


Figure  18.  Gaussian  Envelopes, 
Three  Hi gh 1 i ghts ,  yr=  0.  Dounsojeep 
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Figure  19.  Gaussian  Envelopes, 
Four  Highlights,  yr  =  0 
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ARBIIRARY  F.NVF.LOPF.S  AND  DURATIONS 


The  high  quality  of  the  correlator  response  for  Gaussian  amplitude 
modulation  emphasizes  the  need  for  shaping  the  transmitted  and  reference 
signals.  However,  we  must  approximate  the  Gaussian  function  by  some  finite 
duration  waveform,  in  practice.  Also,  for  a  given  transmitted  signal  and 
corresponding  received  waveform,  the  possibility  of  utilizing  a  mismatched 
reference  modulation  needs  to  be  considered.  The  mechanism  for  achieving 
this  goal  is  afforded  by  the  waveforms  given  by  (32)  and  (33)  and  the 
correlator  response  derived  in  appendix  0. 

The  first  result  in  figure  21  for  one  highlight  corresponds  to 

rectangular  transmitted  signal  and  Hanning  reference  envelopes,  of  equal 

duration;  that  is,  L-T.  Very  low  sidelobes  are  achieved  over  the  entire 

range  of  time  delay,  x^;  however,  the  mainlobe  width  is  broadened, 

d 

relative  to  figure  1.  When  the  frequency  mismatch  is  increased  from 
y^  -  0  to  .5,  figure  22  illustrates  the  absence  of  sidelobes  but  a 
pronounced  low-level  pedastal;  the  plot  has  been  normalized  at  peak  value  1. 

lo  narrow  the  mainlobe  width  and  deduce  the  importance  of  different 
durations,  the  series  of  results  in  figures  23-26  for  L/1  ^  .8,  1.2,  1.4, 
1.6,  respectively,  were  computed.  These  all  correspond  to  one  highlight 
with  no  frequency  mismatch.  As  L/1  increases,  figures  21  and  23-26  indicate 
that  a  trade-off  between  mainlobe  width  and  sidelobe  level  takes  place.  The 
ratio  of  durations,  L/1  -  1.4,  in  figure  25  realizes  sidelobes  of  relative 


35 


TR  7543 


amplitude  6  percent  ^  24  dB  and  a  comparable  mainlobe  width  to  that  of 

figure  1.  Increasing  L/T  beyond  this  value  begins  to  yield  significant 
sidelobes,  as  indicated  in  figure  26.  The  loss  in  signal  detectability  due 
to  the  use  of  mismatched  signal  and  reference  waveforms  is  investigated 
quantitatively  two  sections  hence. 

The  effect  of  frequency  mismatch  for  this  rectangular  Hanning  pairing, 
with  L/1  ^  1.4,  is  studied  in  figures  27  and  28.  When  coupled  with  figure 
25  for  y^  =  0,  they  indicate  maintenance  of  a  narrow  mainlobe  and 
suppression  of  sidelobes.  Thus,  these  desirable  features  can  be  realized, 
for  a  rectangular  transmission,  by  using  a  longer-duration  Hanning  reference 
for  crosscorrelation,  even  with  frequency  mismatch. 

The  correlator  response  of  this  pairing,  for  two  highlights  separated 
by  .06  in  time  delay,  is  depicted  in  figure  29.  The  sidelobe  level  is 
markedly  better  than  the  corresponding  case  in  figure  5.  When  this  time 
delay  difference  is  decreased  to  .03  in  figure  30,  the  two  individual 
responses  are  not  resolved.  This  result  is  somewhat  poorer  than  figure  6, 
due  to  a  slightly  widened  mainlobe  for  the  rectangular-Hanning  pair  of 
envelopes. 

When  the  earlier  three-  and  four-highlight  cases  are  reconsidered  in 
figures  31  and  32,  respectively,  the  results  for  the  sidelobes  are  about  as 
expected,  by  now.  Comparison  with  figures  8  and  9,  respectively,  confirms 
the  advantages  to  be  accrued  by  utilizing  a  mismatched  reference. 
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Figure  29.  Rect angu 1 ar-Hann i ng  Envelopes 
Two  Separated  Highlights,  y,.  =  0,  L/T  «  1 
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Figure  30.  Rect angu 1 ar-Hann i ng  Envelopes 
Two  Close  Highlights,  y,.  =  0,  L/T  =  1.4 
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Figure  32.  Rectangu 1 ar-Hann 1 ng  Envelopes 
Four  Highlights,  =  0,  L/T  =  1.4 
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The  possibility  of  shaping  both  the  transmitted  and  reference  waveforms 
according  to  a  Hanning  weighting  is  considered  in  figures  33  and  34,  for  two 
close  highlights.  One  important  difference  adopted  in  these  two  particular 
figures  is  that,  since  1  is  the  overall  signal  duration  in  (32),  the 
effective  duration  of  a  Hanning  function  is  about  T/2.  To  afford  a 
reasonable  comparison  with  the  earlier  results  for  rectangular  and  Gaussian 
envelopes,  where  T  measured  the  effective  duration,  the  value  of  TW  was 
doubled  here.  Thus  we  have  TW  ^  100,  but  T(eff)  W-  50,  still,  in  figures 
33  and  34.  The  case  of  nonzero  frequency  mismatch,  y^  -  .25  in  the  latter 
figure,  reveals  even  better  resolution  capability  than  for  y^  ^  0,  and  the 
virtual  absence  of  any  sidelobes. 

Instead  of  forcing  the  edge  values  of  the  waveforms  to  zero  (as  for 
Hanning),  the  possibility  of  allowing  a  nonzero  pedastal  is  considered  in 
figures  35  and  36.  Ihis  is  a  compromise  between  rectangular  and  Hanning 
functions.  In  particular,  we  tried  a_.|  -  a.|  -  .2,  a^  =  1,  in  (32)  and 
(33),  along  with  L  -  1,  leading^^a  waveform  center  value  of  1.4  and  edge 
values  of  .6.  The  results  for  y^  0  and  .5,  respectively,  with  TW 
restored  to  a  value  of  50,  reveal  substantially  reduced  sidelobes  relative 
to  the  rectangular  envelopes  case  and  a  narrow  mainlobe.  A  slight 
broadening  of  the  peak  for  nonzero  frequency  mismatch  is  also  evident  in 
figure  36. 

Ihe  devastating  effect  of  overlapping  correlator  responses  is  depicted 
in  figures  37  and  38  for  rectangular  equal -duration  envelopes.  The  former 
figure  has  two  equal  amplitude  highlights  with  phases  0  and  3.71  radians. 
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Figure  33.  Hanning  Envelopes, 
Tuio  Close  Highlights,  yv  =  0 


Figure  34.  Hanning  Envelopes, 
Two  Close  Highlights,  yr=  -25 


44 


Correlator  Output  Correlator  Output 


TR  7543 


Figure  37.  Overlapping  Responses 
Two  Highlights,  /r ®  0 


.2  .03 


Figure  38.  Overlapping  Responses 
Three  Highlights,  y,.  =  0 
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located  as  indicated  in  the  small  diagram  at  the  bottom  left.  Use  of 
up -sweep  linear -FM  causes  these  two  highlight  correlator  responses  to 
coalesce,  leading  to  a  broad  response  and  numerous  spurious  peaks  where  the 
sidelobes  of  each  highlight  happen  to  interact  constructively  or 
destructively.  (Notice  that  the  abscissa  covers  the  range  -.2,. 2  here, 
rather  than  -1,1.)  Whereas  the  true  target  is  located  at  ^  0  on  this 
plot,  the  indicated  multiple  peaks  are  at  .01,  .03,  .05. 

A  case  of  three  equal  -strength  highlights  is  considered  in  figure  38, 
with  phases  0,  2.2,  4.73  radians.  Again  there  is  a  broad  response  with  a 
pronounced  spurious  peak  at  x^  =-  .035.  One  way  of  becoming  alerted  to  the 
fact  that  a  particular  peak  may  be  spurious,  is  if  there  is  a  broad  response 
surrounding  it;  compare  figures  37  and  38  with  the  earlier  ones. 
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A  ROTATING  MULTIPLE -HIGHLIGHT  TARGET  MODEL 


In  order  to  see  how  dispersions  in  space,  such  as  considered 

above,  can  arise  in  practice,  consider  a  distant  Tine  target  rotating  with 
anguTar  rate  w;  see  figure  39.  The  angle  0^0  corresponds  to  the  pTane  wave 
arrivaT  angTe  of  incident  energy  at  carrier  frequency  f^.  A  highlight  is 
presumed  present  at  origin  0  with  parameter  values  t^  '  i.e., 

Xd  ^  0,  y^  ^  0.  (The  absolute  range  to  0  and  the  radial  movement  of  0 
have  been  absorbed  in  differences  between  reference  parameters  and 

^d’^d’  generality.)  The  angular  rotational  rate,  «,  of 

the  line  target  is  equal  to  de/dt. 


The  incremental  round-trip  time  delay  to  the  highlight  at  cylindrical 
coordinates  r,e  is 

2r  sin  e 

t^  *  — - -  seconds  (37) 

relative  to  the  origin  0,  where  c  is  the  speed  of  sound.  And  the  frequency 
shift  is 


-2f  .  -2f  r  w  cose 

f.-  fc  — r- ar  ™  - 


(38) 


For  sample  values  co  =  ~  r««l/sec, 


r  -  100  ft,  c  -  5000  ft/sec,  f^  =  3000  Hz,  T  =  .5  sec,  W  -  TOO  Hz,  (39) 
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substitution  1n  (37)  and  (38)  yields 

t.  f 

Xj  -Y~  =  -08  sin  e,  =  -.0209  cos  0.  (40) 

Thus  if  e  14.65“,  we  obtain 

^  .0202,  y^  -  -.0202,  (41) 

which  lie  on  a  common  -45“  line  and  will,  therefore,  lead  to  complete 
correlator  response  overlap  for  down-sweep  of  the  llnear-FM.  On  the  other 
hand,  for  e  =  -14.65“, 

x^  -  -.0202,  y^  =  -.0202,  (42) 

meaning  overlap  for  an  up-sweep. 

Generally,  for  up-sweep  llnear-FM,  rotating  targets  that  are  approaching 
broadside  (relative  to  plane  wave  arrival  angle)  can  lead  to  overlap  in  the 
correlator  response,  regardless  of  quadrant  (0)  and  direction  of  rotation 
(sgn(«)).  Conversely,  for  down-sweep  linear-FM,  rotating  targets  that  are 
approaching  endfire  can  be  subject  to  overlap,  regardless  of  quadrant  and 
direction  of  rotation.  The  exact  amount  and  effect  depends  on  all  the 
parameters  listed  in  (37)  and  (38),  in  addition  to  the  signal  duration  1  and 
bandwidth  W. 
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Since  and  in  (37)  and  (38)  are  both  linearly  proportional  to 
target  radius  r,  multiple  highlights  for  a  line  target  all  occur  on  the  same 
line  through  the  origin  in  x^.y^  space.  Thus,  when  overlap  occurs  for 
one  pair  of  highlights,  it  can  occur  for  all  highlights.  Use  of  both  up- 
and  down-sweeps  of  the  linear-FM  will  guarantee  at  least  one  nonambiguous 
response  for  a  line  target. 
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LOSS  OF  DETECTABILITY  CAUSED  BY  MISMATCH 


In  the  presence  of  white  noise  over  the  band  of  the  received  waveform, 
the  local  reference  should  match  the  transmitted  signal,  in  order  to 
maximize  the  deflection  for  each  highlight  individually.  But  earlier 
results  have  demonstrated  that  sidelobes  can  be  significantly  suppressed  by 
deliberate  mismatch  of  the  local  reference.  Here  we  will  quantitatively 
evaluate  the  loss  in  detectability  caused  by  this  mismatch,  for  a  low- 
frequency  application. 

Suppose  the  real  received  waveform  is 

s(t)fn(t),  (43) 

where  n(t)  is  white  noise  with  a  double  sided  spectral  density 
watts/Hz.  For  deterministic  reference  waveform  r(t),  the  output  of  a 
correlator  is  proportional  to 

X  -  j^dt  [s(t)  n(t)]  r(t).  (44) 

The  mean  and  variance  of  output  random  variable  x  readily  follow  as 

=  fdt  s(t)  r(t), 

=  ^d  Jdt  r^t),  (45) 

respectively. 


The  output  power  deflection  is  defined  as 


(46) 
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This  quantity  Is  maximized  when  the  local  reference  Is  chosen  according  to 
r(t)  s(t),  resulting  In  optimum  deflection  value 


.2  .  J<lt  s^t)  _ 

0  "d  ■ 

2 

We  shall  be  Interested  In  the  ratio  of  the  actual  deflection,  d  In  (46), 

2 

to  the  optimum  value,  dQ  in  (47),  for  a  variety  of  choices  of  reference 
r(t). 


The  relative  power  deflection  of  Interest  Is  therefore 

R  .  ^  ^  .Ildt  s(.t)  .rltp!. _ 

d^  Jdt  s2(t)  fdt  r^(t)  ’ 


(48) 


which  Is  seen  to  be  Independent  of  the  absolute  levels  of  both  signal  s(t) 
and  reference  r(t):  however,  it  does  depend  on  the  relative  shapes  of  s(t) 
and  r(t). 


The  particular  case  we  shall  study  here  Is  a  rectangular  envelope  for 
the  transmitted  signal, 

s(t)  =  1  for  |tl  <  T/2.  (49) 

and  the  arbitrary  envelopes  for  the  reference  that  were  previously  given  In 
(33).  In  particular,  we  allow  here 

•'(t)  ^  ^  ^  cos(2*At/L)  for  |t|  <  L/2,  (50) 
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where  the  coefficients  are  restricted  to  be  real.  This  class  allows 
rectangular,  Hanning,  Hatiming,  etc.,  functions  [3].  Reference  duration  L 
can  be  larger  or  smaller  than  transmitted  duration  T. 


The  quantities  needed  in  (48)  follow  readily  upon  use  of  (49)  and  (50): 


Bq  L  for  L  <  T 


f 


dt  s(t)  r(t)  ^ 


T  ^B.  s1nc(XT/L)  for  L  >  T 


(51) 


Combining  (51)  and  (48),  the  relative  power  deflection  is  given  by 


L1q2 
T  0  *^0 


for 


T<1 


R  - 


Uo  y|-%  s'ncUVL) 


for 


(52) 


The  dB  loss  in  detectability  relative  to  the  matchefi  reference  case  is 
then  given  by  10  iog^^  R.  This  quantity  is  plotted  in  figure  40  for  six 
different  choices  of  reference,  versus  the  duration  ratio  L/T.  This  figure 
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reveals  that  a  Hanning  reference  loses  only  .4  dB  if  the  ratio  L/T  ^  1.75  is 
utilized.  However,  even  at  the  smaller  ratio  L/T  -  1.4  (as  utilized  in 
figures  27-32),  the  loss  is  only  .5  dB.  This  appears  to  be  very  tolerable, 
considering  the  large  improvement  in  sidelobes  that  can  be  realized  then. 
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SUMMARY 


The  correlator  response  for  a  variety  of  transmitted  signals  and 
reference  waveforms  has  been  derived  and  plotted  for  several  examples, 
including  targets  with  multiple  highlights.  The  generality  of  the  programs 
listed  in  appendix  C  allows  the  user  to  numerically  investigate  his  own 
cases  of  interest,  in  terms  of  the  multiple-highlight  response,  for  a  wide 
range  of  parameter  mismatches  and  transmitted-receiver  pairs  of  waveforms 
selected. 

Significantly  reduced  sidelobe  levels  are  achieved  at  the  expense  of 
slightly  broadened  mainlobe  response  and  about  .5  dB  loss  in  detectability. 
The  length  of  a  Hanning  local  reference  waveform  should  be  about  40  percent 
greater  than  that  of  a  rectangular  envelope  transmitted  signal,  in  order  to 
achieve  a  reasonable  compromise  between  sidelobe  levels,  mainlobe  width,  and 
detectability.  Re-design  or  reshaping  of  the  transmitted  and  reference 
signals  can  accomplish  even  more  in  terms  of  sidelobe  reduction;  however,  a 
transmitter  peak  power  limitation  would  then  not  be  fully  exploited.  The 
Interaction  of  such  practical  limitations  precludes  specification  of  any 
unique  design. 
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APPENDIX  A.  DERIVATION  OE  CORRELATOR  OUTPUT 


GENERAL  CASE 


The  noise-free  correlator  output  Is  obtained  by  substituting  (2)  and 
(4)  in  (6): 

c(t^.f^)  -  f  dt  w(t)  r*(t)  - 

rdt2.Ajj  s(t-t^)  q*(t-t^)  exp[i2ir(fjj-f^)t  +  i  0  -  i  e^],  (A-T) 

where  temporary  variable 

t  -  2ir  -  (V^d^^d^* 

The  cross-ambiguity  function  between  (complex  envelope)  signal  s(t)  and 
reference  q(t)  is  defined  as 

Xsq(^*^)  '  s{t)  q*(t-T)  exp(-i2irut)  (A -3) 

for  arbitrary  time  delays  and  frequency  shift  »;  some  useful  properties  and 
alternative  forms  for  the  cross -ambiguity  function  are  given  in  appendix  B. 
Employment  of  (A-2)  and  (A-3)  in  (A-1)  yields  correlator  output 

c(t^.f^)  -  exp[i2ir{f^+f^)t^-ie^]  c(t^.f^).  (A-4) 

where 

'r-fd>  <*-'> 
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and 

®d  "  %  exp[-i2*(f^*-f^)t^]  .  (A  6) 

Each  of  the  exponentials  in  (A-6)  is  virtually  a  random  phase  shift,  since 
each  highlight  delay  t^  is  unknown  and  f^  is  a  high-frequency  carrier. 

For  example,  at  a  carrier  frequency  of  f^  ^  3000  Hz,  an  incremental  target 
delay  of  1  msec  (5  foot  range)  causes  a  phase  shift  of  2ir( 3000) ( ,001 ) 
radians  =  1080“.  Thus  the  complex  phasors  in  (A-5)  can  reasonably  be 
taken  as  statistically  independent  vectors,  each  uniformly  distributed  in 
angle  over  2*  radians. 

The  magnitude  of  (A-4)  or  (A-5),  |c(tj.,f^)|  ,  is  the  physical 
envelope  of  the  correlator  output,  versus  reference  time  delay  t^  and 
frequency  shift  f^,  that  would  be  observed  in  the  absence  of  noise.  The 
general  result  in  (A  4)  and  (A-5)  applies  for  any  transmitted  signal  and 
reference  pair. 


LINEAR-FM 


We  now  specialize  this  general  result  to  the  particular  case  of  linear 
FM;  specifically,  let  signal 


s(t)  -  s(t)  exp(iirBt^),  (A-7) 

where  s(t)  is  a  low -pass  amplitude  modulation.  The  instantaneous  frequency 
is  Bt  Hz,  which  is  zero  at  time  t-0;  thus  s(t)  should  be  centered  around  t-0 
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in  order  that  s(t)  correctly  represent  a  complex  envelope.  Similarly,  for 
the  reference,  let 

Q(t)  ^  aft)  exp(iirBt^),  (A  S) 

Substitution  of  (A-7)  and  (A-8)  in  (A-3)  immediately  yields  the  relation 
Xsq(r.v)  exp(-iirBI^)  (A-9) 

in  terms  of  the  cross  ambiguity  function  of  low-pass  amplitude  modulations 
s(t)  and  g(t)  (which  can  be  complex).  Alternatively,  using  the  symmetric 
version,  X,  of  the  cross -ambiguity  function, 3:,  as  defined  in  (B-6),  we  have 

;i:5q(T.v)  =^^(T,v-0r)  exp(-i*uT)  (A-10) 

and 

XsqC^.«)  ^X^(T.v-0T).  (A-11) 

This  enables  (A-5)  to  be  expressed  as 

This  is  the  general  result  for  the  complex  envelope  of  the  linear-FH 
correlator  output,  in  the  absence  of  noise. 

BEHAVIOR  OF  (All) 

The  fundamental  quantity  in  (A-12)  governing  the  correlator  output  is 
the  cross  ambiguity  function  of  low  pass  modulations  s(t)  and  g(t).  If 
these  modulations  are  unimodal,  centered  at  t-0,  and  of  approximate  extent 
T,  then  cross  ambiguity  function  X^(t^,v)  in  (B-6)  or  (B-7)  has 
approximate  extents  T,l/T  respectively  in  the  T,u  plane.  Therefore 
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^^(Tx,y/1)5  X^(x.y)  (A-13) 

has  approximate  extents  1,1  in  the  x,y  plane. 

It  also  follows  from  (A-11)  that 

=  ^^CC.v-BX)  -  X>(t‘  ~  {A-14] 

For  fixed  frequency  shift  v,  as  we  increment  r,  the  variation  in  the  second 

argument  of  magnified  by  the  factor  TW  over  that  of  the  first 

argument.  Thus,  we  are  then  taking  virtually  a  vertical  slice  in  the 

normalized  ambiguity  functionX);  this  magnification  means  that  a  time  slice 

(in  X)  of  cuts  through  the  frequency  domain  peaks  and  sidelobes  of  the 

ambiguity  function  X..- 

iSl 
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APPENDIX  B.  CROSS-AMBIGUITY  FUNCTIONS  AND  PROPERTIES 

DEFINITIONS 

The  cross -ambiguity  function  between  two  arbitrary  complex  functions 
a(t)  and  b(t)  is  defined  as 

X.3b(T.v)  -  Jdt  a(t)  b*(t-T)  exp(-i2irvt)  .  (B-1) 

where  r  and  v  are  time  delay  and  frequency  shift  parameters,  respectively. 

If  we  define  the  Fourier  transform  of  each  function  according  to 

A(f)  =  J  dt  a(t)  exp(-i2ifft)  , 

B(f)  ^  J  dt  b(t)  exp(-12irft)  ,  {B-2) 

an  alternative  form  to  (B-1)  is  obtained: 

;tab^^‘«)  "  J  exp(12irTf)  .  (B-3) 

VOLUME  CONSERVAIION 

Since  the  volume  integral 

dv  ,v)|^  - 

-  JJdT  dujjdt^  dt^  a(t^)  b*(t^-T)  a*(t^)  bCt^-T)  exp( -i2irv(t^ -t^))  - 

^  ^^2  ^^^1^  b*(t^-r)  a*{t2)  bCt^-T)  -t^)  = 

=  Jdr  Jdt^  Ia(t^)f  |b(t^-T)|^  -  Jdt^  |a(t^)|  ^  Jdu  |b(u)l^  = 

it  follows  that 

fford.  ^  ,  (B-5) 
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Independent  of  the  particular  waveshapes  of  functions  a(t)  and  b(t).  Thus, 
no  matter  how  the  volume  (B-4)  under  cross -ambiguity  function  5t,b(r..)  ls 
moved  about  In  the  r,»  plane,  it  must  be  conserved  according  to  relation 
(B-5). 

SYMMETRIC  VERSION 


A  symmetric  version  of  the  cross  ambiguity  function  Is  possible  and 
preferred  in  some  cases;  namely,  define 

"  I  ^  ^  exp{  -i2irvt)  .  (B  6) 

By  use  of  (B-2),  an  equivalent  form  is 

^  2^  2^  exp(+i2*tf)  ,  (B-7) 

which  retains  the  same  symmetry.  A  simple  change  of  integration  variable 
readily  reveals  that  the  two  forms  of  the  cross -ambiguity  function  are 
related  according  to 

exp(-i,rvT)  .  (B-8) 

In  particular, 

that  is,  both  forms  of  the  cross-ambiguity  function  have  equal  magnitudes 
for  all  T,v.  There  immediately  follows  the  same  conservation  as  in  (B-5): 

dt  dv  I  ^  ^  (B-10) 

^  ^,,(0,0)  ^^(0,0) 
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AUTO  AMBIGUITY  PROPERTIES 

Suppose  that  functions  a(t)  and  b(t)  are  equaT  to  some  common  signaT: 

a(t)  -  b(t)  --  s(t).  (B-TT) 

Then  (B-5)  (or  (B-TO))  yieTds  the  reTation 

d«  =  T  .  (B-T2) 

:^rss(o.o} 

Now  if  signaT  s(t)  is  of  duration  T  seconds  and  bandwidth  W  Hertz,  then 

extends  approximateTy  over  a  region  of  width  2T  in  T,  and  2W  in 
w.  If  a  negligible  volume  is  contained  under  the  peak  of  ,v)  at 

the  origin,  which  is  reasonable  and  possible  for  TW  »  T,  and  iJF  the 
relative  ambiguity  function  magnitude  couTd  be  maintained  absolutely  fiat 
away  from  the  origin,  of  height  H,  (B-T2)  yieTds 

2T  2W  =  T  ,  H  -  •  (B-T3) 

In  fact,  this  situation  is  impossible  to  attain,  and  the  ambiguity 
function  'X^^(r,w)  develops  wiggles  versus  T.v.  Even  for  a  good  signaT 
design,  factors  of  2  or  Targer  are  expected;  thus  a  baTTpark  estimate  is 
that 

-v  — for  a  good  signaT,  (B-T4) 

yri? 

but  this  can  be  expected  to  be  exceeded  occasionaT Ty. 


peaks  of 
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As  an  example,  for  time  bandwidth  product  TW  -  50,  (B-14)  yields 
relative  peaks  of  height  .14;  actual  numerical  calculation  for  a  rectangular 
linear-FM  yields  some  peaks  of  value  .21,  which  are  50  percent  greater  than 
estimate  (B-14).  These  peaks  are  in  addition  to  the  large  elliptical 
mainlobe,  along  a  diagonal  in  the  T,v  plane,  that  is  inherent  in  a  linear-FM 
waveform. 
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APPENDIX  C.  PROGRAMS  FOR  CORRELATOR  RESPONSE 


Three  main  programs  are  furnished  here,  corresponding  to  the  examples 
of  low-pass  modulations  presented  In  the  main  body  of  the  report.  They  are, 
respectively. 


Rectangular  Envelopes, 

Gaussian  Envelopes,  and 
Arbitrary  Envelopes  and  Durations. 

The  last  program  contains  a  subroutine,  SUB  Cross_ambiguity,  which 
calculates  the  cross  ambiguity  function  between  (32)  and  (33)  for  arbitrary 
T.u,  T,  L,  {^iJ  .  •  More  details  are  found  in  appendix  D. 
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10 

'  GAUSSIAN  EN'' 
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3  0 
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4  1  0  S  U  E:  C  r  o  s  ;  _ani  b  i  g  u  i  t  y  v  X  ,  Y  ,  Z  r  ,  Z  i  > 
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APPENDIX  0.  CROSS -AMBIGUITY  EUNCTION  FOR  ARBITRARY 
ENVELOPES  AND  DURATIONS 


The  symmetric  cross -ambiguity  function  is  obtained  by  substituting  (32) 
and  (33)  in  (B-6): 

-  J  fit  i(t  q  (t-5)  exp(-12*»t)  • 

K,I  . 

^*1  /  r%  IV 


(D-T) 


where 


i1q  [ 


<--^1 

2  2  J  ’ 

2  +  2  j  ' 


(0-2) 


is  zero  if  t^  >  t^.  The  relation  in  (D-T)  and  (0-2)  holds  for 
arbitrary  T,  whether  larger  or  smaller  than  T  and/or  L,  and  for  arbitrary 
L/T  values.  Actual  integration  of  (D-1)  yields 

^  s,q[.v-^exp[l.ff(tM-L)  -  V 


(0-3) 


where 


V  =  vl  -  k  4-^-^  (=v^) 


(D-4) 


Now  define  a  function 
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2(X.Y.R)  -  2  b*  s1n[;V(R2-R-,)]  exp[i*{x(k4-^R) -V(R2^Rl )}1 

K,j 

for  <  ^2  ‘ 

where 

R^  -  max|-  4-(l+X).  -  -^(R-X)j  , 

R2  -  min[  -^(1-X),  • 

V  =  Y  -  k  ^-X/R  (=V^)  ;  (0  6) 

Z  is  zero  for  R^  >  R2,  Then  the  cross-ambiguity  function  in  (D-3)  can 
be  expressed  as 

X^(T.v)  -  Z^.  t,T,  for  all  T,v.  (D  7) 

A  program  for  the  evaluation  of  function  Z  is  furnished  in  appendix  C 
in  subroutine  SUB  Cross_ambiguity.  The  ratio  of  durations,  R  *  L/1 ,  must  be 
input  in  line  420,  and  the  coefficients  {aj^^  and  must  be  entered  in 
lines  430  and  440,  respectively;  here,  these  coefficients  are  presumed  to  be 
real.  Also,  the  number  of  nonzero  coefficients  in  (32)  and  (33)  is  assumed 
to  cover  the  range  -3  to  ^-3,  but  could  be  easily  extended.  The  range  of 
coefficients  currently  programmed  in  this  subroutine  is  sufficient  to 
encompass  all  the  optimum  cases  presented  in  [3].  The  particular 
example  listed  in  line  440  corresponds  to  the  low-pass  modulation  (see  (33)) 

0+0t-|-exp(  -i2irt/L)+l+-y-exp(i2irt/L)+0-»-0  ^ 

=  1  ♦•cos(2irt/L)  for  Jtl  <  L/2  ,  (0-8) 

which  is  recognized  as  Hanning. 
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The  I1near-FM  correlator  complex  envelope  response  is  then  given, 
according  to  (13) ,  by 

c(tr.f^)=  SBjj  exp[-itrTW(x^-x^)(y^-y^)]  * 
d 

*  Z(x^-x^,  TW(y^-  y^  i-  (x^-  x^  )).  L/T)  .  (D-9) 

A  program  for  the  calculation  of  the  magnitude  of  c  is  also  presented  in 
appendix  C,  under  the  title  Arbitrary  Envelopes  and  Durations.  The  number 
of  nonzero  highlight  strengths,  ,  is  currently  programmed  at  5  in  line 
90,  but  is  easily  extended.  The  amplitudes  and  phases  of  are  entered 
in  lines  50  and  60,  while  the  corresponding  time  delays  and  frequency  shifts 
are  inputted  in  lines  70  and  80. 
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Operating  Characteristics 
of  Log-Normalizer  for  WeibuU 
and  Log-Normal  Inputs 


A.  H.  NuttaU 
ABSTRACT 

The  false  alarm  and  detection  probabilities  of  a 
log-normalizer,  subject  to  either  log-normal  or  WeibuU 
ii^Mit  statistics,  are  derived  for  general  input  signal  and 
noise  strengths  and  number  of  normalizer  samples,  N. 
Plots  of  the  exceedance  distribution  function  versus  the 
threshold,  as  weU  as  the  receiver  operating 
characteristics  (i.e.,  detection  probability  Pq  vs.  false 
alarm  probability  Pp)  are  plotted  for  N=ao,  64,  32,  16 
and  for  various  values  of  the  normalizer  input  deflection 
statistic  d.  In  addition,  simulation  results,  based  on  8.4 
million  trials,  are  superposed  for  purposes  of  confirming 
or  rejecting  the  theoretical  results. 

Plots  of  the  exceedance  distribution  function 
are  carried  out  on  the  extremes  of  the  distribution,  to  the 
point  where  the  taU  probabUities  are  lE-6.  The  receiver 
operating  characteristics  vary  over  the  range  of  (Pp, 

Pd)  equal  to  (IE- 6,  lE-6)  through  (.5,  .99).  It  is  found 
that  the  theoretical  analysis  for  the  log  normal  input  is 
exact  for  aU  N,  whereas  the  approximate  theoretical 
analysis  for  the  WeibuU  input  is  sufficiently  accurate  only 
for  large  N,  and  not  on  the  tails  of  the  distribution. 
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OPIRAllNG  CHARACTtRlSl ICS  OF  LOG -NORMAI  1 ZFR 
FOR  WFIBULL  AND  t OG -NORMAL  INPUIS 


INTR0DUC1 ION 


Ihe  detection  of  the  presence  oF  a  weak  signal  of  uni nown  location  and 
strength  in  background  noise  of  unknown  strength  is  often  accomplished  by 
comparing  a  candidate  s igna 1 -bearing  detection  sample  of  the  observed 
process  with  a  local  estimate  of  the  background  level  based  on  N  samples  of 
the  (hopefully)  noise -only  process.  Ihe  local  neighborhood  can  be  time, 
space,  or  frequency,  depending  on  the  application.  In  o^der  to  obtain  a 
stable  estimate  of  1he  background  level,  the  number  of  samples,  N,  should  be 
large;  however,  if  the  background  is  nonstationary,  nonhomogeneous ,  or 
nonwhite,  or  if  decision  and  processing  time  is  at  a  prei^num,  N  should  be 
kept  as  small  as  reasonably  possible.  The  tradeoff  betws'en  these  conflicting 
requirements  and  the  dependence  on  the  number  of  normali'er  samples,  N,  is 
of  interest  in  this  study.  Related  work  is  available  in  [1,2,3]. 

Since  the  performance  of  the  normalizer  procedure  outlined  above  is 
adversely  affected  by  the  presence  of  any  outliers  or  noise  bursts 
anywhere  in  the  total  of  N+1  samples  used  to  make  a  decision  about  signal 
presence  or  absence  in  the  candidate  sample,  some  form  of  limiting  device 
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■hould  precede  the  normalisation.  The  particular  combination  that  we 
(onsider  in  detail  here  is  depicted  in  figure  1,  where  J?n  is  the  natural 


Figure  1.  Log -Norma  1 i zer 


logarithm.  Ihe  logarithmic  device  tends  to  saturate  at  large  input 
amplitudes  and  suppress  their  effect  on  the  normalizer  output  z.  Ihe  input 
sequence  of  random  variables,  {x^  ,  (the  detector  output  sequence),  is 
presumed  to  be  statistically  independent  and  limited  to  positive  values, 
giving  logarithmic  output 

(ij 

The  particular  normalizer  we  consider  here  is  described  as  follows: 
call  the  candidate  signal -bearing  sample  at  the  normalizer  input,  and 
.  y2'  ■•••  yj^  the  N  noise -only  basis  samples  employed  to 
extract  an  estimate  of  the  background  level  at  the  normalizer  input. 

Despite  the  notation,  these  N  samples  can  (and  probably  will)  surround  the 
candidate  sample  y^  in  location,  whether  that  be  time,  space,  frequency, 
etc.  The  sample  mean  of  the  normalizer  input  noise-only  samples  is 

N 

"  N  ^n  • 
n--l 
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while  the  corresponding  sample  standard  deviation  is  defined  as 


Ihe  output  of  the  normalizer  in  figure  1,  that  we  consider  here,  is  a 
deflection  measure,  namely 

-  0(y) 

z  =  -  .  (-1) 

S(y) 

Ihe  numerator  of  (4)  is  an  estimate  of  the  difference  in  means  (at  the 
normalizer  input)  of  the  candidate  signal -plus-noise  sample,  relative  to  the 
noise -only  samples;  the  denominator  of  (4)  is  a  measure  of  the  inherent 
fluctuation  of  the  background  noise.  Ihe  dimensionless  ratio  in  (4) 
eliminates  the  dependence  on  absolute  levels  in  favor  of  relative  levels. 

Ihe  normalizer  output  z  is  compared  with  a  threshold  1,  and  a  decision 
made  about  signal  presence  in  sample  y^  according  to  the  rule 

z  >  T:  declare  signal  present  in  y^ 

z  <  1:  declare  signal  absent  in  y^ 

It  is  desired  to  evaluate  the  false  alarm  probability  and  the  detection 
probability,  that  is, 


3 


■fR  8075 


Pj.  ^  Prob  (z  >  T  1  signal  absent  in  y^), 

(6) 

Pp  -  Prob  (z  >  T  j  signal  present  in  y^). 

Both  of  these  probabilities  in  (6)  are  exceedance  distribution  functions, 
that  is,  probabilities  that  random  variable  z  is  greater  than  a  threshold 
value  T.  We  will  be  interested  in  plots  of  (6)  versus  1,  for  various 
signal-to-noise  ratios,  as  well  as  in  plots  of  P^^  versus  P^. ,  the  latter 
known  as  the  receiver  operating  characteristics. 

The  normal izer  input  random  variables  {^nl  ^  are  statistical ly 
independent  and  identically  distributed,  since  inputs  have  been 

presumed  to  have  these  properties.  When  signal  is  absent  in  candidate 
sample  y^,  its  probability  density  function  will  be  taken  identical  to 
that  of  *1*;  however,  when  signal  is  present  in  y^,  its  probability 
density  function  can  be  arbitrary. 


4 


IR  8075 


CLASSES  OE  INPUT  VARIABLES 

Ihe  noise-only  input  samples  to  the  log-normal  i  zer  in  figure  1 

will  be  taken  from  the  class  of  random  variables  that  can  be  generated  from 
fundamental  independent  identically-distributed  random  variables  {w^] 
according  to  the  rule 

X  a  w^  for  l<n<N;  a>0,  b>0,  w  >0.  (?) 

n  n  -  -  n 

Ihe  probability  density  function  p^  of  is  arbitrary;  the  total  class 

of  random  variables  defined  by  (7)  is  that  yielded  by  allowing  parameters  a 
and  b  to  be  any  positive  constants  (independent  of  n). 

lo  fix  this  concept  of  a  class  of  random  variables,  consider  the  case 
where  w^  is  a  random  variable  with  the  fundamental  exponential  probability 
density  function 


p  ( u)  ^  exp(  -u)  for  u  >  0 
w 


(b) 


then  the  exceedance  di.tribution  function  of  w  is 

n 


OO 

Q^(u)  =  Prob(w  ■'  n)  ^  ^  dv  P,^(v)  ^  exp(  -u)  for  u  >  0 

u 


(^0 
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n  then  follows  from  (7)  that  the  exceedance  distribution  function  of  x^,  is 


Oj^(li)  =  Prob(x  >  u)  ^  Prob(a  w 


b 


>  u)  - 


Blit  this  is  just  the  exceedance  distribution  function  of  a  Weibull  variate 
with  shape  factor  1/b  and  scaling  (1/a)^^^.  Thus,  the  class  of  random 
v.iriables  that  can  be  generated  via  (7)  with  arbitrary  a.b,  from  the 
fundamental  exponential  probability  density  function  in  (8),  is  the  general 
class  of  Weibull  variates,  as  given  by  (10).  (If  b  -  Ml,  x  is  a  Rayleigh 
variate,  for  example.) 


As  a  second  case,  let  w  be  a  random  variable  with  the  fundamental 

n 

log-normal  exceedance  distribution  function 

0(u)-5(-J^nu)  foru>0,  (II) 

w  * 

V  here 


t  t 

$(t)  -  ^  ds  (Pff)  exp(-s^/2)  E  J  ds  0(s) 

-CO 


(12) 


is  the  cumulative  distribution  lunction  of  a  normalised  Gaussian  random 
variable.  Then  by  an  analogous  procedure  to  (10),  the  exceedance 
distribution  function  of  the  random  variable  x^  generated  according  to  (/) 

i  S 

S«e  aj>^eKtdix.  A. 
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which  is  the  exceedance  distribution  function  of  a  general  log-normal 
variate  with  additive  factor. ^(a)  and  scaling  1/b.  Ihe  probability  density 
function  corresponding  to  (13)  is 

for  u  >  0  .  (U^ 

where  0  was  defined  in  (12).  Thus,  the  class  of  random  variables  that  can  be 
generated  via  (7)  with  arbitrary  a,b,  from  the  fundamental  log  normal 
exceedance  distribution  function  in  (11),  is  the  general  class  of  log-normal 
variates,  as  given  by  (13)  and  (14). 


Returning  to  the  general  case  for  fundamental  random  variable  w^  now, 
the  output  of  the  logarithmic  device,  (1),  is  given,  upon  use  of  (7),  as 


y  ■  jtn(x  )  -  in  a  +■  b  jin  w  ^  in  a  +  b  v  for  1  <  n  <  N  , 


(lb) 


where  we  define 


V 

n 


fn  w 


(16) 


let  the  mean  and  standard  deviation  of  v^  be  denoted  by  w(v)  and  o(v), 
respectively.  Ihen  form  the  normalized  random  variable 
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-  P{v) 

V  =  - -  for  1  <  n  <  N  ,  ( I  /  ) 

n  /  ^  v 

CJ(V) 

v'hich  has  mean  0  and  standard  deviation  1.  Substitution  of  (17)  in  (15) 
ihen  yields  log  output 


y  =  a  +-  (3  V  for  1  <  n  <  N  ,  (I8) 

■^n  n  -  - 

\jhere  constants 

a  =  J^n  a  +  b  y(v)  ,  8  =  b  a(v)  .  (19) 

A  direct  useful  interpretation  of  these  two  constants  in  (19)  follows 
directly  from  (18);  namely,  since  (v^^  are  normalized  random  variables, 

a  -  u(y),  B  -  a(y)  .  (?0) 

These  are  fundamental  statistics  of  the  input  to  the  normal izer  in  figure  1. 


Equations  (18)  and  (19)  demonstrate  that  the  output  of  the  logarithmic 
device  in  figure  1,  for  general  parameters  a,b  and  random  variables  [w^ 
in  transformation  (7),  can  be  handled  through  the  linear  transformation  (18) 
of  a  normalized  random  variable,  v^,  with  zero  mean  and  unit  standard 
deviation.  The  new  general  parameters  a,B  are  given  by  (19)  or  (?0),  where 
1he  required  statistics  are  mean 
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V  =  y{v)  =  y(J?n  w) 


j  du  ^n(u)  p^(u)  , 


(21) 


and  mean  square 


V 


=  (Jtn  w)^  - 


j* du  (in  p^(u)  , 


(22) 


in  terms  of  the  probability  density  function  of  input  variable  in 
figure  1.  Also,  except  for  the  specified  zero  mean  and  unit  standard 
deviation  of  v^  in  (18).  the  statistics  of  v^  are  comoletely  arbitrary. 

Thus,  we  can  use  form  (18)  for  the  general  normal izer  input  in  the  following, 
where  a  and  R  are  arbitrary  constants. 


When  we  now  employ  (18),  the  sample  quantities  in  (2)  and  (3)  become 


vi(y)  -  a  +  B  y(v)  , 

S(y)  -  B  5(v)  . 

where 


N 

0(»)  =  S  2  'n  • 
n- 1 


(23) 


(24) 
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r  N 

in  lerrns  of  the  normalized  random  variables  -j . 


As  noted  in  the  paragraph  following  (6),  the  probability  density  function 
of  ^andom  variable  y^  is  arbitrary  for  the  signal -present  hypothesis. 

Without  loss  of  generality,  let 


yo  =  n  ^  V  Vo  . 


where  normalized  random  variable  v  has 

0 


p(v^)  =  0,  oCVq)  =■  1  . 


The  constants  n  and  v  absorb  the  absolute  scale  of  y^;  in  fact  (in  analogy 
with  (i?0)), 


n  -■  v(yg) ,  u  =  a(y^)  . 


When  we  now  combine  (23)  and  (25)  in  the  normalizer  output  z,  as  given 
by  1 4),  there  follows 


d  4-  rv  v(v) 
0 


whe.e  constants 


!L  -_a 

f) 


10 


IhuSj  the  general  output  f.  of  the  log -normal  izer  in  figure  1,  for  the  general 
class  of  inputs  (7),  can  be  expressed  in  the  form  (28)  involving  two 
fundamental  constants  d,  r  in  (29);  an  arbitrary  normalized  random  variable 


v^;  and  the  sample  mean  and  standard  deviation  of  the  normalized  random 
variables  according  to  (24). 


A  useful  physical  interpretation  of  the  constants  in  (29)  is  afforded  by 
utilizing  (20)  and  (2/),  namely 


-  p(y)  aCVo) 

cj(y)  ’  ~  a(y) 


(30) 


Ihus,  parameter  d  measures  the  deflection  criterion  at  the  normalizer  input, 
relative  to  the  standard  deviation  for  signal  absent.  The  parameter  r  is  a 
scaling  quantity  reflecting  the  relative  fluctuating  strengths  at  the 
normalizer  input.  Ihe  fundamental  analysis  problem  is  now  to  evaluate  the 
false  alarm  and  detection  probabilities  specified  by  (6),  for  the  output 
random  variable  given  by  (28),  where  d  and  r  are  arbitrary  constants,  and 
v^  and  are  normalized  random  variables. 
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C0NSIAN1  FALSE  ALARM  RATE  PROPERIY 


The  general  output  of  the  log-normal  izer  is  given  by  (?8).  Flowever,  for 

hypothesis  where  signal  is  absent  in  candidate  signal  bearing  sample 

y  ,  the  statistics  of  normalizer  input  y  are  identical  to  those  of 
0  0 

f  1  N 

>[y^3 1 ,  as  noted  in  the  paragraph  under  (6).  In  this  case,  (30) 
obviously  reduces  to 


cl  -  0,  r  1  under  Hq  ,  ( 31 ) 

and  (28)  yields 

V  -  C(v) 

z  _<L -  under  H  ,  (32) 

S(v) 

in  terms  of  the  indei>endent  identically-distributed  normalized  random 

variables  v  and  fv 

0  I  n'  1 

Since  v^  in  (17)  is  the  normalized  random  variable  corresponding  to 

logarithmic  distorticm  (16)  of  fundamental  random  variable  w  ,  and  does 

n 

not  involve  a  or  b,  all  scale  factors  involving  constants  a  and  b  in  (7)  have 
disappeared  in  output  z  in  (32),  under  hypothesis  This  means  that  the 

false  alarm  probability  P^  in  (6)  cannot  depend  on  a,b;  put  another  way, 
the  false  alarm  probability  for  the  log -normalizer  of  figure  1,  subjected  to 
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the  class  of  inputs  given  by  (7),  is  the  same  for  all  members  of  the  class, 

regardless  of  the  values  of  a  and  b.  Since  the  sample  mean  and  sample 

standard  deviation  in  (32)  still  depend  on  N,  as  seen  by  reference  to  (24), 

the  false  alarm  probability  will  necessarily  be  a  function  of  N,  as  well  as 

depend  on  the  particular  probability  density  function  of  independent 

identically-distributed  normalized  random  variables  v  and  fv  V  However, 

0  '•  n' 

in  general,  there  will  be  no  need  to  investigate  the  false  alarm  probability 
for  the  general  Weibull  class  in  (10),  but  instead  we  can  confine  attention 
to  the  fundamental  exponential  probability  density  function  of  w^  as  given 
by  (8).  Of  course,  v^  must  then  be  the  normalized  random  variable,  as 
given  by  (16),  (17),  (21),  and  (22).  More  details  on  the  statistics  of 
Weibull  variates  and  their  logarithmically-distorted  counterparts  are  given 
in  appendix  A. 

A  similar  statement  can  be  made  with  regard  to  the  fundamental 
log-normal  exceedance  distribution  function  given  by  ( 1 1 ) .  In  fact,  the 
logarithmically  transformed  input,  (16),  to  the  normalizer  has  exceedance 
distribution  function 

Q^(u)  --  Prob(^  >  u)  ^  Prob(Jln  w  >  u)  ^  Prob(w  >  exp(u))  - 

-  Q^(exp(u))  -$(-u)  for  all  u  .  (33) 

But  this  is  the  exceedance  distribution  function  of  a  zero-mean 
unit  variance  Gaussian  random  variable.  Thus,  v  of  (16)  is  already  a 
normalized  random  variable,  and  Gaussian  at  that.  Therefore,  decision 
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vari.ible  z  in  (32)  involves  a  collection  of  N+1  independent  identicaily- 

r  7  N 

distributed  zero-mean  uni t -variance  random  variables  v  and  fv  K . 

Agait),  the  false  alarm  probability  can  only  depend  on  N,  and  not  on  scale 
factors  a  and  b  in  (13)  and  (14).  Of  course,  the  detection  probability  (6), 
as  applied  to  (28),  will  depend  additionally  on  parameters  d  and  r  in  (28) 
and  (30). 

In  summary,  the  log -normal i zer  in  figure  1  will  possess  constant  false 
alarm  rate  properties,  that  is,  the  sat.’O  false  alarm  probability  for  all  the 
members  of  the  class  of  random  variables  generated  according  to  (7), 
regardless  of  the  values  of  a  and  b. 
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PF.R|-0RMANCt  FOR  FOG-NORMAL  INPUT  X 


The  problem  of  interest  in  this  section  is  the  evaluation  of  detection 

probability  (6)  for  the  decision  variable  z  given  by  (?8),  '.-/hen  normalized 
r  1  N 

random  variables  ^  are  independent  identically-distributed  zero-mean 
unit-variance  Gaussian  random  variables;  this  is  the  case  discussed  in  (33) 
et  seq.  Although  the  probability  density  function  of  normalized  random 
variable  v^  is  arbitrary,  we  will  also  take  it  here  to  be  zero-mean 
uni  I -variance  Gaussian.  Reference  to  (15),  (17),  and  (25)  reveals  that  this 
is  tantamount  to  assuming  that  the  normalizer  input  in  figure  1  is 

Gaussian  with  arbitrary  mean  and  variance,  while  y^  is  also  Gaussian  with 
different  arbitrary  mean  and  variance.  All  these  arbitrary  parameters  are 
collected  together  in  (28)  in  the  parameters  d  and  r,  according  to  (30). 

This  situation  is  also  equivalent  to  assuming  log-normal  excitations  at  the 
input  of  the  log -norma  1 i zer  of  figure  1. 

From  (6)  and  (28),  since  S  >  0, 

Pp  Prob(z  >  1)  ^  Prob(d  e  rv^  -  p(v)  >  T  9(v))  ,  (3A) 


where  ()(v)  and  S(v)  are  given  by  (24).  It  is  shown  in  appendix  B  that  p(v) 
and  S(v)  are  statistically  independent,  with  probability  density  functions 
given  by  (B-16)  and  (8-20),  respectively,  (setting  p  ^  0,  a  ^  1)  as 
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and 


p^(u)  =-  (2ir/N)  exp(-  ^  u^)  for  all  u 


(35) 


P  (u) 

O 


?  ^ exp(  mu^) 

rcm) 


for  u  >  0;  m 


N-1 

2 


(36) 


Now  the  quantity  d  +■  rv^  -  p(v)  in  (34)  is  a  Gaussian  random  variable 

2  2 

with  mean  d  and  variance  r  e  1 /N  =  see  (B-16)  or  (35).  Considering  a 
fixed  for  the  moment,  the  conditional  detection  probability  in  (34)  is  then 


(3/) 


upon  use  of  (12).  Averaging  this  result  over  the  probability  density 
function  (S6)  of  S,  we  have  the  unconditional  detection  probability 


.  j  d. 


-  Tu^  2  m^  u^”*  ^ exp(  -mu^) 


r(m) 


dw 


N_-3  x^^r 

^  ^  r(^) 


i;  W)  , 


where  N  >  2  and 


(38) 


(39) 
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I  he  fundamentdl  parameters  upon  which  depends  are 

N,  number  of  normal izer  samples; 

1,  itireshold  at  normalizer  output; 
d,  deflection  criterion  (30); 

r,  scaling  (30)  .  (10) 

However,  they  show  up,  in  integral  result  (38),  collapsed  into  the  three 

variables  N,  d'  ,  T  ' . 

r  r 

for  signal  absent,  we  have  d^O  and  rH ,  as  noted  in  (31).  Then  (38)  and 
(:'<9)  reduce  to  the  false  .ilarm  probability 


wfiich  depends  only  on  N  and  1.  Thus,  given  a  particular  number  N  of 
normalizer  samples,  threshold  1  can  be  selected  to  realize  a  specified  value 
01  false  alarm  probability  H|_ .  This  applies  for  the  complete  class  of 
Itg  normal  inputs,  (13)  or  (14),  into  the  log -norma  1 i zer  in  figure  1,  and 
can  be  achieved  witfiout  knowledge  of  a  or  b. 

As  N  -)  00  ,  we  have 

0-^1,  cj.,  ->r  asN->Q6,  (42) 

N 
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giving  from  (37), 


This  yields 


(43) 


(44) 


where  f  is  the  inverse  ^-function;  this  last  result  is  useful  for  plotting 
receiver  operating  characteristics  on  normal-probability  paper.  It 
illustrates  that  for  those  curves  are  straight  lines  with  slope  1/r 

and  offset  d/r  at  Pp=^.5. 


The  actual  numerical  evaluations  of  false  alarm  prolability  (41)  and 
detection  probability  (38)  are  undertaken  in  appendix  C.  The  inputs  to  the 
functions  considered  there  are  the  3  parameters  N,T^,d^  as  given  by 
(39),  rather  than  the  4  fundamental  parameters  N,T,d,r  listed  in  (40).  This 
is  no  limitation,  since  for  any  given  values  of  N,l,d,r,  the  quantities 
N,T^,d^  can  be  easily  calculated  via  (39)  and  used  as  inputs  to  the 
procedures  in  appendix  C. 


18 


TR  8075 


PFRIORMANCt  FOR  WFIBULL  INPUT  X 


Here  we  want  to  evaluate  detection  probability  (6)  for  the  decision 

r  IN 

variable  z  given  by  (28),  when  normalized  random  variables  ^  are 
independent  identically-distributed  zero-mean  unit-variance  log-distorted 
Weibull  variates.  Befr.re  we  do  that,  we  observe  that  detection  probability 
(8)  can  be  expressed  generally  as 


/d  +  rv  -  w(v) 

--  Prob(7  >  1)  --  Q  (1)  r  prob  - - -  >  T 

"  "  \  3(v) 


■  >  ■■  r-)  ■  I'*''  • 


Where  we  used  (28)  and  defined  random  variable 

t  =  ^(v)  f  1  o(v)  (^ 

in  terms  of  the  sample  quantities  in  (24).  The  separation  of  functions  in 
the  last  form  in  (45)  is  due  to  the  fact  that  random  variables  v^  and  t 
are  s t a t  i s t i ca 1 1 y  independent  of  each  other.  When  signal  is  absent,  then 
d  0,  r  1  according  to  (31),  and  (45)  reduces  to  false  alarm  probability 


P  =•  du  (u)  p^(u)  . 
'J  ^0 
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In  the  special  case  where  N  that  is,  a  very  larye  number  of  samples 

used  in  the  norma  1  i  p-er,  the  sample  quantities  in  (24)  approach  the  true 
mean  0  and  stand.ird  deviation  1  of  normalized  random  variables  (v  "I,  and  I 
tends  to  the  constant  1.  Ihen  (45)  and  (4/)  reduce  to 

"  Qv  rr”)  •  ^  ^  (48) 

0  '  r  0 

This  limiting  case  can  be  used  as  a  comparison  with  practical  cases  where  N 
is  large,  but  not  infinite. 


We  now  specialize  the  above  general  results  to  the  case  of  log -distorted 
r  1  N 

Weibull  variates  p  Although  the  probability  density  function  of 
normalized  random  variable  v^  is  arbitrary,  we  will  also  take  it  here  to 
be  a  normalized  log -distorted  Weibull  variate.  In  this  case,  the  exceedance 
distribution  function  of  random  variable  v^  is  given  by  (A-17)  as 


for  a  1 1  u  , 


(49) 


where  y^. 57/21  is  Euler's  constant.  Thus,  the  detection  and  false  alarm 
probabilities  for  N  ^  of ,  as  given  generally  by  (4S),  arc  isimpd’at.^ly 
available  upon  use  of  (49). 


The  probability  density  function  of  random  variable  t  defined  in  (46)  is 
a  much  more  difficult  task  for  finite  N.  To  make  any  analytic  progress,  we 
have  had  to  assume  that  t  is  Gaussian;  this  can  be  expected  to  be  a  fair 
approximation  if  the  number  of  normalizer  samples  N  entering  the  sample 
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I  i  I  i es  in  (^'l)  is  large,  according  to  the  central  limit  theorem. 
However,  we  can  anticipate  that  the  approach  of  random  variable  t  to 
normality  will  be  faster  near  its  mean,  but  considerably  slower  on  the 
tails.  This  can  lead  to  a  significant  bias  in  the  calculation  of  small 
false  alarm  probabilities. 
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co'iiplexity  of  random  variable  t,  defi.i(.>d  by  (46)  and  (^4),  precludes  us  from 
evaluating  mean  ij(t)  and  standard  deviation  o(t)  exactly.  However,  numerous 
simulations,  each  consisting  of  100,000  trials,  enabled  us  to  extract  the 
following  rather  accurate  rules  of  thumb  for  tbe  statistics  of  t. 


first  of  all,  for  general  definition  (46),  we  have  mean 

w(t)  =  gj^0(v)|  I  p^3(v)'}  ,  (bd) 

and  variance 


<j'(t)  ^  o  |^vi(v)j  f  I  ci'|3(v)|  1-21  o[vj(v)"j  cj^5(v)j  p  ,  (b4) 


where  p  is  the  normalized  correlation  coefficient  between  i)(v)  and  3(v). 


Ihe  simulation  results  alluded  to  above,  for  normalized  random 
variables  [v^]  in  (24)  being  log  distorted  Weibull  variates,  are  given  by 


-  0 


N 


2 

a 


1  .Ob 
N  f  1  .5 


P  ~  -.bb  .  (bb) 

Observe  the  large  value  of  p,  in  contrast  with  the  earlier  case  of  a 
Gaussian  input  to  the  norma  1 i zer,  where  the  sample  mean  and  sample  standard 
deviation  were  not  only  uncorrelated  but  in  fact  independent;  see  appendix  8. 
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Iho  quantities  in  (SS)  depend  solely  on  N;  when  used  in  (63)  and  (64), 
it  is  seen  that  p(t)  and  o(t)  in  (64)  depend  on  both  N  and  threshold  I. 

Ihus,  the  totality  of  fundamental  parameters  of  relevance  in  detection 
probability  (61)  is  d,r,N,l,  just  as  for  the  Gaussian  case  in  (40). 

Analytic  evaluation  of  integral  (61)  is  impossible;  accordingly,  numerical 
integration  was  employed. 

An  alternative  approximation  to  the  statistics  of  random  variable  t  of 
(4h)  is  undertaken  in  appendix  D.  Namely,  for  large  threshold  values  T, 
where  random  variable  t  is  dominated  by  sample  standard  deviation  9(v),  it 
might  be  thought  that  a  X  approximat ion  would  have  wider  applicability  than 
a  Guassian  one.  This  is  indeed  true,  as  will  be  demonstrated  by  the 
num(!rical  results  to  follow;  however,  for  small  false  alarm  probabilities, 
the  X  approx imat ion  also  falls  short. 
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GRAPHICAL  RESULTS 


In  this  section,  we  will  present  graphical  results  for  tiie  exceedance 
distribution  functions  and  receiver  operating  characteristics  for  both  the 
Gaussian  and  the  log-distorted  Weibull  inputs  to  the  normalizer  in  figure  1. 
This  corresponds,  respectively,  to  log -normal  and  Weibull  inputs  (that  is, 
detector  outputs)  to  the  logarithmic  device  in  figure  1.  The  theoretical 
results  of  the  previous  two  sections  are  augmented  by  simulation  results, 
each  based  upon  2'  -  8.4  million  trials  of  decision  variable  (normalizer 

output)  z  given  by  (28)  and  (24). 

Ihe  scaling  parameter  r,  that  is,  the  ratio  of  standard  deviations  in 
(30),  is  taken  at  1  for  all  these  results,  in  order  to  keep  the  number  of 
plots  at  a  reasoncble  level.  The  deflection  parameter  d  in  (30)  is  varied 
from  0  to  values  large  enough  to  sweep  out  the  important  range  of  detection 
and  false  alarm  probabilities  of  interest.  Ihe  number  of  normalizer 
samples,  N,  is  taken  at  the  values  <» ,  64,  32,  16,  which  appears  to  cover 
the  most  important  range  of  practical  use.  Threshold  value  I  in  exceedance 
probabilities  (6)  is  allowed  to  vary  widely,  so  that  the  full  range  of 
detection  and  false  alarm  probabilities  can  be  observed. 
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GAUSSIAN  INPUT  TO  NORMAL  I ZtR 


The  exceedance  distribution  function  (EOF),  defined  in  (6),  for  N=«6  is 
plotted  in  figure  2  versus  threshold  T,  for  deflection  parameter  d  taking  on 
va i ues 


d  -  0(1)9  -  0,1 ,2, 3. 4, 5, 6, 7, 8, 9  .  (bb) 

The  arrow  on  the  figure  indicates  the  direction  of  increasing  d;  thus  d^O, 
which  is  the  false  alarm  probability,  corresponds  to  the  c jrve  at  the  lower 
left.  The  results  in  figure  2  are  based  on  (43);  since  th?  ordinate  is 
according  to  a  normal  probability  rule,  these  curves  are  perfectly  straight 
lines.  Fxceedance  probabilities  ranging  from  lE-6  to  .999199  are  covered 
when  threshold  1  is  varied  over  the  range  -5,5. 

When  N  takes  on  the  values  64,  32,  16,  the  corresponding  results  are 
displayed  in  figures  3,  4,  5,  respectively.  These  graphs  vere  obtained  from 
(38)  (41),  implemented  by  the  procedures  in  appendix  C.  lie  exceedance 
distribution  function  for  N^ 64  in  figure  3  is  fairly  close  to  that  for  N^^o* 
in  figure  2;  however,  by  the  time  the  number  of  normal izer  samples  N  has 
decreased  to  16  in  fiiiure  5,  significant  curvature  has  developed  in  the 
resu  Its. 
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Threshold 

Figure  4.  e;dp'  for  N  =  32;  Gaussian 
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Thresho  1  d 


Figure  5.  EDF  for  N  =  IG;  Gaussian 
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Superposed  in  figure  5  are  11  simulation  results  for  d=0(1)10,  each 
based  upon  8.4  million  independent  trials.  Due  to  the  large  number  of 
trials,  the  theoretical  and  simulation  results  are  indistinguishable,  except 
near  the  extremes  of  probability  IE-6  and  .999999,  where  the  jagged 
character  of  simulation  results  is  manifested.  This  close  agreement  of 
results  not  only  confirms  the  theoretical  analysis  but  also  lends  credence 
to  the  use  of  simulation  for  the  estimation  of  probabilities  out  on  the 
tails  of  the  distribution,  provided  that  enough  trials  are  conducted. 

Figures  3,  4,  5  furnish  information  which  enables  the  selection  of  the 
required  threshold  T  to  realize  a  specified  false  alarm  probability  for 
N  =  64,  32,  16,  respectively.  For  example,  figure  5  with  d  =  0  indicates 
that  to  realize  a  false  alarm  probability  of  IE-5  for  N  -  16,  threshold  T  in 
(6)  must  be  chosen  as  6.3. 

When  threshold  T  is  eliminated,  and  the  detection  probability  plotted 
versus  the  false  alarm  probability,  we  obtain  the  receiver  operating 
characteristics  (ROC).  The  result  for  N=««  is  given  in  figure  6,  where  both 
the  abscissa  and  ordinate  are  plotted  according  to  a  normal  probability 
scale.  Deflection  parameter  d  varies  over  the  range 

d  =  0(.5)7.5  =  0,. 5, 1,1. 5 . 7,7.5  .  (57) 

The  arrow  again  points  in  the  direction  of  increasing  d;  thus  d=0  is  the 
curve  on  the  lower  right.  These  curves  are  precisely  the  straight  lines 
indicated  by  (44)  with  r=1 . 
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Corresponding  receiver  operating  characteristics  for  N  ^  64,  32,  i6  are 
presented  in  figures  7,  8,  9.  The  detection  and  false  alarm  probabilities 
both  range  down  to  lE-6,  while  the  upper  limits  have  been  truncated  at  .99 
and  .5,  respectively.  Values  beyond  these  limits  can  be  obtained  from  the 
earlier  figures  2  through  5. 

Superposed  in  figure  9  are  ten  simulation  results  for  d  =  1(1)10. 

Again,  except  for  the  small  probability  regions  like  Pp  <  lF-5,  the 
theoretical  and  simulation  results  are  indistinguishable  and  overlay  each 
oLlier.  ii  will  be  noticed  that  a  characteristic  wiggle  in  the  receiver 
operating  characteristics  is  duplicated  for  every  simulation  result,  at  a 
constant  value  of  false  alarm  probability;  for  example,  see  the  triangular 
bump  in  all  10  simulation  results  at  Pp  s?  lE-6.  The  reason  for  this 
behavior  is  that  when  random  variable  z  in  (28)  was  simulated,  the  random 
numbers  employed  in  (24)  to  generate  u  and  o  were  not  changed  when  different 
d  values  were  considered  in  (28).  The  reason  for  this  deliberate  choice  was 
economy  of  computer  execution  time;  that  is,  the  time-consuming  task  of 
computation  of  (24)  was  done  once  for  each  trial,  and  used  in  (28)  for  all 
of  the  d  values  of  interest.  This  repeated  use  of  the  same  {j,o  values  for 
different  d  values  gives  a  persistent  systematic  perturbation  to  the 
estimated  receiver  operating  characteristics  at  a  fixed  false  alarm 
probability.  However,  for  8.4  million  trials,  this  bias  is  small,  even  for 
the  rare  events  with  probabilities  greater  than  lE-6,  and  was  deemed 
acceptable  in  light  of  the  greatly  increased  computer  time  required  for  the 
alternative  approach  of  regeneration  of  v  and  a. 
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Figure  7.  Probability  of  False  Alarm 
ROC  for  N  =  B4;  Gaussian 
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Figures.  Probability  of  False  Alarm 
ROC  for  N  =  32;  Gaussian 
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Figure  9. 
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Probability  of  False  Alarm 
ROC  for  N  =  16;  Gaussian 
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As  an  example  of  the  use  of  figures  6  through  9,  the  values  of  deflection 
d  required  to  realize  '  lE-5  and  ^  .5  are 

d  -  4.3,  4.7,  5.1,  6.?  for  N  -  <>0  ,  64,  32.  16  ,  (58) 

respectively.  The  cost  of  reducing  N  from  <0  to  16  is  that  d  must  be 
increased  by  the  factor  6. 2/4.3  -  1.44;  whether  this  is  tolerable  depends  on 
the  application.  The  relation  of  deflection  parameter  d  to  any  system  input 
s igna 1 -to-noi se  ratio  depends  on  the  particular  processor  form  preceding  the 
logarithmic  device  in  figure  1,  and  must  be  left  to  the  user  and  his 
particular  application. 


lOG  WHBULL  INPUl  10  NORMAI  IZER 


When  the  input  to  the  normalizer  is  a  log -di storted  Weibull  variate,  the 
performance  is  niarkedly  different.  The  exceedance  distribution  function  for 
06  is  displayed  in  figure  10  and  has  a  significant  curvature  when  plotted 
on  normal  probability  paper;  these  results  are  based  upon  the  use  of  (48) 
and  (49).  The  use  of  the  notation  'Extreme'  is  explained  in  (A-7)  et  seq. 

When  N  is  decreased  to  64,  the  corresponding  exceedance  distribution 
functions  are  given  in  figure  11.  Due  to  the  questionable  assumptions 
required  in  the  theoretical  analysis  of  this  case  and  used  in  (50)  et  seq., 
simulation  results  were  also  superposed  for  the  values  d  0(5)5. 

Agreement  in  the  mid-range  of  probabilities  is  excellent.  At  the  low  end  of 
the  probability  range,  near  lE-6,  the  simulation  results  indicate  a 
systematically  lower  exceedance  probability  than  predicted  by  theory. 
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Ihis  erratic  trend  of  the  theoretical  approximation  is  continued  and 
accented  in  figure  A2  for  N-32  and  in  figure  13  for  N^-16.  In  fact,  in  the 
latter  case,  for  threshold  T^5,  the  simulation  indicates  exceedance 
probabilities  for  d^O  that  are  more  than  2  orders  of  magnitude  smaller  than 
the  theory  predicts;  see  bottom  right  of  figure  13.  Ihe  discrepancies  at 
the  high  end  of  probabilities  are  also  considerable,  as  seen  at  the  lop  left 
of  the  f igure . 

Also  added  to  this  particular  figure  is  the  result  of  using  the 
X  approximat ion  for  random  variable  t  of  (46),  as  detailed  in  appendix  D. 
Although  the  improvement  in  probability  values  is  over  an  order  of  magnitude, 
there  is  still  another  order  of  magnitude  error  left  in  this  alternative 
approximate  approach.  The  reason  for  the  difficulty  in  the  theoretical 

analysis  is  two-fold:  (1)  values  of  N  like  16  or  32  are  not  large  enough 
for  the  central  limit  theorem  to  have  developed  substantial  accuracy  on  the 

tails;  (2)  the  probability  density  function  of  a  log- d i storted  Weibull 
variate,  as  given  by  (A-7),  is  distinctly  non-Gaussian  on  tfie  tails.  The 
decay  of  (A-7)  on  the  positive  tail  is  much  faster  than  Gaussian,  while  that 
on  the  negative  tail  is  slower,  being  only  exponential. 
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The  receiver  operating  characteristics  for  N=eO  are  given  in  figure  14, 
while  those  for  N  =  64,  32,  16  are  given  in  figures  15  through  17, 
respectively.  The  discrepancy  between  theory  and  simulation  becomes 
progressively  larger  as  N  decreases,  reaching  the  point  in  figure  17  where 
the  theory  is  entirely  invalid  for  false  alarm  probabilities  less  than 
approximately  .001.  The  reason  for  the  severe  dip  of  the  theoretical  curves 
to  the  left  of  each  figure  is  the  inadequacy  of  the  false  alarm  probability 
approximation,  it  being  much  too  large  for  the  larger  threshold  values;  see 
bottom  right  of  figure  13.  On  the  other  hand,  the  simulation  results  in 
these  figures  are  all  based  on  8.4  million  independent  trials,  making  them 
trustworthy  well  down  near  the  lE-6  level  of  probability  plotted  here. 

As  an  example  of  the  use  of  figures  14  through  17,  the  values  of  d 
required  to  realize  probabilities  Pp  lE-5  and  Pp  .5  are 

d  -  2.2,  2.6,  2.9,  3.8  for  N  =  «>  ,  64,  32,  16  ,  (59) 

respectively.  The  latter  three  values  are  extracted  from  the  simulation 
results  in  figures  15  through  17.  Direct  comparison  of  the  absolute  levels 
in  (59)  with  the  corresponding  Gaussian  results  in  (58)  is  not  valid, 
because  the  shapes  of  the  input  probability  density  functions  in  the  two 
cases  are  markedly  different  and  are  more  important  than  the  deflection 
criterion,  defined  by  (30). 
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F^':3ure  16.  Probability  of  False  R1  arm 
ROC  for  N  =  32;  Extreme 


45 


Probability  of  Detection 


TR  8075 


E-B  E-5  E-4  .001  .01  .02  .05  .1  .2  .3  .4  .5 

Figure  17.  Probability  of  False  Alarm 
ROC  for  N  =  16;  Extreme 
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CONCLUSION 


Ihe  performance  of  the  normalizer  with  a  Gaussian  input  is  capable  of 
exact  analysis  in  terms  of  integrals  which  are  readily  evaluated  via 
recursions.  The  main  reason  that  this  fortuitous  situation  obtains  is  the 
statistical  independence  of  the  sample  mean  and  sample  standard  deviation 
for  Gaussian  random  variables.  However,  for  other  inputs  to  the  normal’zer, 
these  sample  statistics  are  highly  correlated  with  each  other  and  create  an 
untractable  analysis  problem. 

An  acceptable  alternative  in  this  latter  case  is  simulation  with  a  large 
number  of  trials.  Here  8.4  million  trials  were  employed,  which  allowed  for 
estimation  of  tail  probabilities  in  the  lE-6  range.  If  the  false  alarm 
probability  could  be  evaluated  theoretically,  then  simulation  would  only 
need  to  be  conducted  for  the  detection  probability  P^.  And  if  were 
of  interest  only  in  the  range  (.5,. 99)  say,  then  as  few  as  10,000  trials 
would  suffice  for  a  decent  estimate.  However,  it  appears  that,  in  general, 
even  the  analysis  for  the  false  alarm  probability  involves  some  unmanageable 
statistical  relations. 
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APPENDIX  A.  WEIBULL  VARIATES 


exp(ifx)  -  (1  -  iTa)  ^  for  b  =  1  .  (A-4) 

The  normalized  cumulants  of  x,  for  general  b,  are  independent  of  a;  however, 
they  do  not  approach  zero  as  either  b  -»  0  or  b  ->  «o  .  Therefore  x  does  not 
tend  to  Gaussian  as  the  shape  parameter  b  is  changed. 
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LOG-DISTORTED  WEIBULL  VARIATE 


As  indicated  in  (1)  and  (15),  we  are  interested  in  the  log-distorted 
random  variable 


y  =  In  X  .  (A-5) 

where  x  is  a  Weibull  variate  with  probability  density  function  {A-2).  The 
exceedance  distribution  function  of  y  is 


Oy(u)  -  Prob(y  >  u)  =  Prob(ln  x  >  u)  =  Prob(x  >  exp(u)) 


=  0j^{exp(u))  =  exp  I  - 


r_  exp(u/b)  I 

L'  a'^'’  J 


for  al 1  u  , 


(A-6) 


where  (A-1)  was  employed.  The  corresponding  probability  density  function  of 
random  variable  y  is 


Py(u)  - 


-Qy(U)  = 


b  a 


1/b 


-p  [l  - 


for  all  u 


(A-7) 


which  is  a  form  of  the  probability  density  function  for  extreme  values;  see 
[4;  (14.65)].  We  will  refer  to  (A-7)  as  an  extreme  value  probability 
density  function  here. 
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Ihe  characteristic  function  of  random  variable  y  is 

fy(if)  =  exp(ijy)  =  exp(inn  x)  =  x^^  = 

=  a^^  r (1  +  ifb)  ,  (A-8) 

the  last  step  by  use  of  (A-3);  this  is  a  generalization  of  [4;  page  344, 
exercise  14.4].  Ihe  actual  numerical  evaluation  of  the  characteristic 
function  in  (A-8)  for  real  f  is  best  accomplished  by  employing  (A-7): 


fy(if)  -  exp(i;y) 


I 


du  exp(i?u)  Py(u)  = 


+<j6 

‘-V/b  f  Ibexp(itu)  .  (A-9) 

b  a  J  L  a  - 

- 

Ihis  can  be  efficiently  and  accurately  evaluated  by  use  of  a  fast  Fourier 
transform;  the  integrand  decays  very  rapidly  as  u  ->  ±  «o  . 


In  anticipation  of  getting  the  cumulants  of  random  variable  y,  we  have 
f  rom  ( A-8) , 

In  fy{iT)  -  i?  In  a  In  P(1  +  iTb)  .  (A-10) 

Now  from  [5:  (6.1.33)  and  section  ^3.2]  , 


A-3 


TR  8075 


In  r(l  +  Z)  -  -yz  +  ^  (-1)^;f(n)  z"/n  . 


(A-D) 


where  y  -  .57721  is  Euler's  constant  and 


(A-12) 


In  particular,  ]J’(2)  =  ^^6. 


There  then  follows,  from  (A-10)  and  (A-11),  the  cumulants  of  random 
variable  y  as 


In  a  -  by 


for  n=l 


(-1  )'^  t(n)(n-l ) :  b^  for  n  >  2 


(A-13) 


2  2/ 

In  particular,  the  variance  of  y  is  ‘XyfcO=  b  tr/6.  For  n  >  2, 


normalized  cumulant  of  y  is 


-?)■ 


j*(n)(n-l):  , 


(A-14) 


which  is  independent  of  both  a  and  b;  thus  random  variable  y  does  not 
approach  Gaussian  as  a  and/or  b  approach  any  limits  whatsoever.  These 


results  generalize  [4;  page  344,  exercise  14.4]. 
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NORMAIl/tD  LOG-DISlORTtD  WEIBULL  VARIATE 


If  a-b-1  in  (7),  then  =  w^,  and  it  then  follows  from  (16)  and  (1) 

that  V  =  In  w  =  In  x  ~  y  .  In  this  case,  we  can  use  (A-6)  with  a=b^l  to 
n  n  n  n 

obtain  the  exceedance  distribution  function  of  v  as 

n 


0^(u)  =  exp  (J -exp(u)]|  for  all  u  . 


(A-15) 


Additionally,  there  follows  from  (A-13) 


p(v)  =?1^(1)  =  -Y  -  -.  57721 


(A-16) 


We  are  now  in  position  to  determine  the  exceedance  distribution  function 

of  the  normalized  log-distorted  Weibull  random  variable  v  defined  in 

n 

(17),  namely. 


0^(u)  =  Prob(v  >  u)  =  Prob(v  >  p(v)  +  o(v)u)  = 
=  0^(p(v)  ^  cj(v)u)  -  exp  j^-exp(-Y  +-  ■—  u)J 


for  al 1  u  . 


(A-17) 
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APPENDIX  B.  INDEPENDENCE  OF  SAMPLE  MEAN  AND  SAMPLE  VARIANCE 
FOR  GAUSSIAN  RANDOM  VARIABLES 


Let  fxp)  be  independent  identically-distributed  Gaussian  random 


variables  with  mean  and  variance 


^  y  ,  (x^  -  ^  for  all  n  .  (B-1) 


Def ine  sample  mean 


N  2  ^n  ’ 


(B-2) 


and  sample  variance 


'  9  2  • 


(B-3) 


Where  scale  factor  g  =  1/N  or  1/(N-1)  typically.  (N  >  2  required.) 


We  have,  in  vector  notation 


^  ^ 1  ^2  ’ ' '  ^  ' 


(B-4) 


r  N  n 

2  x^  -  m^  N  =  gj^X^X  -  1  X^l  l^xj  =  g  X%  , 
.  n^l 


(B-5) 
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where 


Q  =  I  -  i  1  1^ 


The  joint  characteristic  function  of  m  and  v  is 


(B-6) 


HS.^)  =  exp(i’fir,  +  i0v)  - 


=  exppfl  l^X  +  ipg  xV]  •  (B-7) 


Now  the  joint  probability  density  function  of  vector  X  is 
P(X)  -  II  (VTff’oj  exp  -  - ^  = 

n=^l  L  ^  - 

=  d^)  exp  p  -  2p  l^X  +  • 


Iherefore 


„  -N/2  I*  r  1  /  T  T  ? 

-  (2ir  o^)  J  dX  expf-  ^(x'x-2v  I'x  /n)  + 


+  i  ^  l^X  4-  i0g  X^QX 


Now  we  use  [6;  (B-1 ) ] 


dX  exp  - 


with  identifications 


[-  1  X^HX  .  L^x]  .  exp  [l  l’  M-'  l] 


-  i2«q  Q  , 


+  1^:1 


(8-8) 


(B-9) 


(8-10) 


(B-11) 
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Using  the  definition  of  Q  in  (B-6),  there  follows 


M  =  -T 


(i  ■ 


I 

N 


(B-12) 


Now  from  [6;  (21)  and  (22)], 


det  M  =  -^(1  -  i2o^dg)^  ^ 

a 


— [i  _  iiaasl  1  ,T 

1  -  i2o^0g  L  ^ 


{B-13) 


There  follows 


T  -1  2 

L  M  'l  =  N  <j 


(B-14) 


f(7,0)  -  exp 


[*f-  -  2 


(B-15) 


Since  this  joint  characteristic  function  factors,  it  follows  that  sample 
statistics  m  and  v  are  statistically  independent.  Also  the  probability 
density  functions  are  obviously 


P  (u)  = - - - exp  j  -  for  all  u 

■"  yiTo/ffi-  L  2  oYn  J 


(B-16) 


P^(u)  = 


N-3 

(  -u> 

N-1 

A  /  ^  \  2 


for  u  >  0 


(B-17) 


¥ 


2»2s) 
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2 

Thus  sample  mean  m  is  Gaussian  with  mean  p  and  variance  a  /N;  while  sample 

2 

variance  v  is  chi-squared  of  N-1  degrees  of  freedom  with  mean  a  (N-l)g  and 
4  2 

variance  2a  (N-l)g  .  For  the  typical  choice  of  gain  g  ^  1/(N-1),  this 

2  4 

implies  that  v  has  mean  a  and  variance  2a  /(N-1),  and  therefore 


lim  p^(u)  -  6(u  -  o  ) 


The  sample  standard  deviation 


s  = 


(B-18) 


(B-19) 


has  probability  density  function 


for  u  >  0 


(B-20) 


where 


2a 


B  =  ^  for  g  -  1/(N-1) 


(B-21) 


The  k-th  moment  of  s  is 


oo 


2  u^ 

s'"'  1  ■■  Nzl 

0  TMb' 


=  J'du  Pj(u)  =  r  du 


rm 


.  (B-22) 


In  particular. 


2  2 
s  -  o  , 


(B-23) 
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and  [5;  (6.1.47)] 


B5/B6 
Reverse  Blank 
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APPENDIX  C.  PROBABILIIY  RECURSIONS  FOR  GAUSSIAN  CASE 


The  detection  and  false  alarm  probabilities  are  given  in  integral  form 
in  (38)  and  (41).  These  Integrals  have  already  been  encountered  in 
[1;  appendix  E],  and  evaluated  in  a  recursive  fashion.  We  will  modify 
those  results  somewhat,  in  order  to  better  suit  the  current  forms. 


First,  we  have,  from  (41)  and  (39), 


p, .  [dw  |(-t;v,)  =  p^(n.t;) 

o  j  r 


(C-1) 


Define 


T,'  -  . 


(C-2) 


Ihen  from  [1;  (E-17)],  using  identifications  (that  is,  replacements  from 
there  to  here) 


.  K  ->  N-2  , 


(C-3) 


there  follows  the  simple  result 
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Pp(Nj')  = 


I  -  -atn(T() 
c  ir  1 


“  T*  ^  b|^  for  N-2,4,6,...,  (C-4) 


where 


■>0  "  '  •  "k  '  \-i  —T 

k  t  j 


for  k  >  1  . 


(C-5) 


A  program  for  this  false  alarm  probability  is  given  in  appendix  E  under  the 
name  FNPf246,  where  is  represented  by  variable  Tp. 


Also, 


Pf(N.T')  - 


2  ^1^ 


for  N=3,5,7, .... 


(C-6) 


where 


'  '2 

ao  =  1  ,  =  aj^  1  — —  for  k  >  1 


(C-7) 


These  results  are  very  tractable  and  efficient  forms  for  recursive  computer 
evaluation.  A  program  for  (C-6)  is  given  in  appendix  E  under  the  name 
ENPf357,  where  is  represented  by  variable  Tp. 


The  current  form  for  detection  probability  Pp  = 
in  (38)  is  identical  to  [1;  (E-1)]  if  we  make  replacements 


C-2 
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"l  -  “r  • 


K  ->  N-2 


(C-8) 


I'l  +  T 


(Ihe  curves  in  [1]  are  not  directly  applicable  here  because  they  employed 
the  fundamental  parameter  d^  d^^  which  is  d/(r^  +  l/l^'^ere;  however, 
the  recursions  derived  there  are  immediately  useable.)  We  can  then  use 
11;  (E-8)]  to  develop  an  expression  for  in  terms  of  the  auxiliary 
sequence  {g(K)}  defined  in  [1;  (E-7)].  In  particular,  [1;  (E-9)]  yields,  with 


the  result 


9(0)  -  T;pexp(-  1  ; 


[1;  (E-13)]  yields 


9(1)  =  rx^[i  exp(-<i;,V2)  »  9(0)]  ; 


and  [1 ;  (E-1 2) ]  yields 


(C-9) 


(C-10) 


(C-11) 


gC^)  -  x^|^h(K)g(K  -  1)  +  ^  g(K-2)  for  K  >  2  , 


(C-12) 


with  def inition 


h(K)  ^  -T^d; 


(C-13) 
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Then  we  can  also  use 


h(U)  =  t;. 


h(K)  -  h(K-2)  ~  for  K  >  2  . 


Finally,  Pq  =  P0(N,Tr,drl  is  given  by  [1;  {E-8)]  as 


N-3 

P.o  -  ^  g(K)  for  N-4,6.8.  ... 
K-l 
K  odd 


(C-M) 


(C-15) 


where  P^^  is  the  value  of  detection  probability  P^  for  N  2.  Observe 

that  the  input  parameters  to  P^  are  N,T',d',  rather  than  the  fo 

fundamental  parameters  in  (40);  that  is,  N,l,d,r  are  collapsed  into 

N,T',d^  according  to  (39).  Programs  for  (C-15)  are  furnished  in 
r  r 

appendix  E  under  the  names  FNPd357  and  FNPd246,  respectively,  where  and 
d^  are  represented  by  variables  Tp  and  Dp. 


The  quantity  P^^  in  (C-15)  is  evaluated  according  to  the  method  in 
[1;  appendix  F];  an  error  tolerance  and  maximum  number  of  terms  must  also  be 
specified  to  terminate  the  infinite  sum  given  by  [1;  (F-2)]. 


C-4 
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APPENDIX  D.  >i-APPR0XlMAl ION  FOR  RANDOM  VARIABLE  t 


Suppose  we  assume  that  the  random  variable  t  in  (46)  is  a  multiple  of  a 
^-variate  with  K  degrees  of  freedom;  then  its  probability  density  function 
is  [7;  pages  5-7  for  v  ^  1/2] 


P^(u) 


for  u  >  0  . 


(0-1) 


Then  the  w-th  moment  of  random  variable  t  is 


t"  ^  I  du  u’'  p^ 


(u) 


2’'/2a 


irfe) 


(0-2) 


and  in  particular 


iT  r(^  -7  2 

A  - TITv^  ,  t  =  A^K 


(0-3) 


Ihen  the  ratio 


R  =  - 


_  r(^) 
#  ifFrl) 


=  1  — V  ^  • 


(0-4) 


0-1 
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where  the  last  result  uses  the  development  in  (B-24)  with  N  replaced  by  K-t-1. 


Given  a  value  for  ratio  R  on  the  left  side  of  (D-4),  K  can  be  solved  for 
uniquely,  since  the  ratio  involving  gamma  functions  increases  monotonical ly 
from  0  to  1  as  K  goes  from  0  to  +<>e>.  In  fact,  to  a  good  approximation  for 
large  K,  the  last  part  of  (0-4)  gives 


~  4(1  -R)  ■  8  • 


(D-S) 


Here  we  are  allowing  K  in  probability  density  function  p^  in  (0-1)  to  be 
arbitrary,  that  is,  not  limited  to  integer  values.  Then  we  can  solve  for 
the  required  value  of  A  according  to  (0-3),  as  =  t^A.  Ihis 
procedure  fits  the  assumed  probability  density  function  form  in  (0-1)  to 
specified  values  of  the  first  two  moments  of  t  given  by  (D-3),  as  given  by 
simulation  results  (53)-(55). 


If  we  now  employ  the  ^-approximate  probability  density  function  for  t 
given  by  (0-1)  in  detection  probability  result  (45),  along  with  (49),  we 
obtain 


00 

r 

\  du  exp 

-expf-y  ^  ) 

A 

L  (  ^  wJ 

K  .  .-t 

.2 


r(l) 


-1 


dx  x*^  ^  exp|^-x^/2  -  exp(h^  h^  x)J  ,  (0-6) 


where  constants 


,  ir  d  .  ir  A 

1  ^ 


(0-7) 


The  numerical  evaluation  of  (0-6)  was  undertaken  for  N  ^  16,  and  is 
discussed  in  the  Graphical  Results  section  of  this  report. 


0-2 
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APPENDIX  E.  PROGRAMS 


In  this  appendix,  four  programs  are  listed.  They  are  written  in  BASIC 
for  the  Hewlett-Packard  9000  Model  520  Desk  Top  Computer.  Their  titles  are 

EDF  -  Gaussian, 

EDE  -  Extreme, 

S i mu  1  at  ion -Extreme, 

Plot -Simulation. 

1he  first  one  computes  the  exceedance  distribution  function  for  a  Gaussian 
input  to  the  normalizer  of  figure  1,  for  N-16  (line  10)  and  for  d  -  0(1)12 
(lines  960  970).  This  program  is  heavily  based  on  the  results  of  appendix  C. 

The  second  program  computes  the  approximate  exceedance  distribution 
function  for  a  log -distorted  Weibull  input  to  the  normalizer  of  figure  1, 
for  NM6  (line  10),  rO  (line  20),  and  d  ^  0(.75)7.5  (line  1070).  It  is 
based  on  numerical  integration  of  (51)  via  Simpson's  rule. 

The  third  program  simulates  the  normalizer  output  (28)  and  (24)  for  a 

log  distorted  Weibull  input,  for  N  16  (line  10),  d  =  0(.75)7.5  (line  20), 

23 

r-  I  (line  30),  and  2  8.4  million  trials  (line  40).  The  range  of 


E-1 
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values  in  z  is  (-15,5),  which  is  divided  into  1000  bins;  see  lines  60,  90, 
100.  The  resultant  histogram  is  then  summed  on  the  upper  tail  to  yield  the 
exceedance  distribution  function.  The  fourth  program  plots  these  simulation 
results  for  the  exceedance  distribution  function  vs  threshold  T. 


E-2 


TR  8075 


Table  E-1.  EOF  -  Gaussian 


10 

N5  =  16 

1  HUMEl  xRMPLE 

2  0 

>a  =  -  7 

!  THRESHOLD 

;  3  0 

y.  li!  —  i 

!  LIMITS 

4  0 

HIM  HI [ 30] , Etc  30] 

'  5  0 

DIM  XI 

abe  It'.  1  :  30  Y  ,  Y1  abe  1 1':  1  :  30Y 

60 

DIM  Xc 

I'Of  d  1  :  30  >  ,  Yc  oor  d  1 :  30  ;■ 

70 

D I M  K  g  f  1  d  '  ■  1  :  3  0  > ,  '  i  g  r  i  d  (  1 :  3  o  ;• 

y  0 

DOUELE 

Lv  ,  L',',  H  ,  Ny,  I  ,  Ms,  It 

90 

1 

1  00 

H*-"  Threshold" 

1  10 

E*="Ex 

:  t  e  d  a  fi  e  P  t  o  b  ab  i  1  i  t  '  ■ 

120 

! 

1  30 

Lx=15 

1  40 

REDIM 

X  1  abe  1  t  ■  1  :  L;:  Y  ,  Xo  oor  d  ■  1  :  Lx  Y 

1  50 

DfiTF)  - 

*  ji  “  6*  j  n  "  *4  ji  ~  ~  ^  j,  ~  1  n  IJ  *  1  4  ti.  <1  «  *4  ||  ii  i' 

1  60 

RERD  X 

1  abe  1  t *  Y 

1  70 

DRTR  - 

•  j  6  »  “  -*  j  *"  *4  j  ~  ^  ~  c.  j  1  5  0  j  1  4  ^  4  *4  ^  <1  li  i' 

180 

RERD  X 

>:  '0  '0 1  d ' ,  *  Y 

190 

1 

2  0  0 

Ly  =  27 

210 

REDIM 

Y'  1  abe  1  $  '  1  :  L'.'  Y ,  Yc  oord  ■  1 ;  L'..'  Y 

22vZi 

DRTR  E 

-6, E-5, E-4, . 001 , . 002, . 005, . 01 , . 02, . 05 

2  3  0 

DRTR  . 

1  ^  .  2  j  -  3  ^  .  4  5  4  5  j  •  6'  j  #  5  •  y  5  #  9  j  •  9  5  5  #  9  y ,  ,  9  9 

240 

DRTR  . 

9  95,  . 9  9  3 , .999, .9  9  99, . 9  9  9  99,  • 9  9  9  9  9  9 

250 

RERD  Y 

1  abe  It':* 

2  6  0 

DRTR  1 

. E-6, 1 . E-5, 1 . E-4, . 001 , . 002, . 005, . 01 , . 02, . 05 

270 

DRTR  . 

1 , . 2 , . 3 , . 4 , . 5 , . 6 , . 7 , . 3 , . 9 , .95, .93, .99 

2  6: 0 

DRTR  . 

995,  .9  9  3 , . 9  9  9 , . 9  9  99, . 9  9  9  99, . 9  9  9  9  9  9 

2  9  0 

RERD  'V 

c  0  0  r  id  '.  *  ,;i 

300 

1 

3  1  0 

Hx=15 

320 

REDIM 

Xgr  1  d  ',  1  :  M  ' 

3  3  0 

DRTR  - 

1  (|  “  6'  ^  j  »  4  j  I*  ^  ^  1  <1  0  «i  1  ^  c.  9  '  <1  4  q  ^  ^  i' 

34  0 

RERD  : 

ig  r  1  d  '  *  :i 

350 

1 

y  6  0 

Ny  =  27 

7  0 

REDIM 

Y’gr  1  d '  1  :  N'.'  ' 

2 0 

DRTR  1 

. E-6 ,  1 . E-5 ,  1  . E  -  4 ,  .001, . 002 , . 005 ,  .01,  . 02 ,  .05 

2  9  0 

DRTR  . 

4  0  0 

DRTR  , 

Q  'ij  M  q  >;  Q  q  'll  •::i  'U  m  q  m  ^  ^  Q 

4  1  0 

RERD  Y 

ig  f  1  d '  *  Y 

420 

1 

4  30 

for  i  = 

1  TO  L ',' 

440  Y  c  u  o  r  d '  I  '  =  F  N  I  n  ’  , '  p  Fi  i  •:  V o  o  r  d  •  I  '  • 

450  NEXT  I 

■4  €■  0  FOR  1  =  1  T  0  H  i  ,.i 

4  7  0  Y  g  r  i  d  <  I  '  =  F  t  (I  n ' '  (:■  i  '  'Y  q  r  i  d  ■’  I  '  ■ 

430  MEXT  I 

430  Y  1  =Ygr  i  d  (  1  ■' 

500  Y2  =  Ygr'  i  d  Y  M"  ' 
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510 

GIHIT  130. -240. 

1  VERTICAL  PAPER 

Si'O 

PLOTTER;  IS  505,"HPGL" 

530 

PRINTER  IS  505 

54  0 

LIMIT  PLOTTER  505 , O . ,  1  SO .  , O . , 240 . 

*  1  L  D IJ  =  2  III  III 

550 

V I  ENPORT  20 . , 1 20 . ,  1 3 .  .  1 32 . 

560 

1  VIEWPORT  22. , 35. ,53. , 122. 

I  TOP  OF  PAPER 

570 

!  V  I EWPORT  22 . , 35 . , 1 3 . , 62 . 

'  BOTTOM  OF  PAPER 

5S0 

WINDOW  X1,K2,Y1,V2 

530 

!  PRINT  "VS2‘' 

600 

FOR  1  =  1  TO  N;::; 

610 

MOVE  Xgr  1  d<  I  ,  Y1 

620 

DRAW  Kgr  i  d  •;  I  >  ,  Y2 

630 

NEXT  I 

640 

FOR  1=1  TO  Ny 

650 

MOVE  X  1  ,  Vgr  i  d  '•  I  > 

660 

DRFlW  X2  ,  Ygr  i  d  (  I 

670 

NEXT  I 

630 

PENUP 

630 

LDIR  0 

700 

CSI2E  2. 3,. 5 

710 

LORG  5 

720 

Y  =  Y 1  - ( Y  2  ~  Y 1 ) * . 02 

730 

FOR  1=1  TO  Lx 

740 

MOVE  Xcoor-d(I;',Y 

750 

LABEL  X label# (I) 

760 

NEXT  I 

770 

CSI2E  3.,. 5 

7S0 

M  0  V  E  .  5  *  X 1  +  X  2  •' ,  Y  1  - .  0  6  *  (  Y  2  -  Y  1  > 

730 

LABEL  A# 

S00 

CSIZE  2. 3, . 5 

S  1  0 

LORG  S 

320 

X=Xl-< X2-X1 >*.01 

3  3  0 

FOR  1=1  TO  Ly 

340 

MOVE  X,  Y.:c.ord<  I  > 

350 

LABEL  Y  labeled' 

360 

NEXT  I 

3  7  0 

LDIR  PI.  2. 

330 

CSIZE  3.,.. 5 

330 

LORG  5 

300 

MOVE  X1-.  15*(;X2-X1>,  .5*<;Y1+Y2> 

310 

LABEL  B# 

320 

PRINT  "VS36" 
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9  3  0 

D  7:2-X  1)100. 

9  4  0 

F1=SQR':Ns  •■■'::ns+i  )  > 

950 

F2  =  8QR':.Ns.  (Ns^Ns-l  )  ) 

960 

FOR  1=0  TO  12 

970 

Ds=I 

!  DEFLECTION  d 

980 

Dp=Ds«Fl 

!  d' 

990 

FOR  lt=0  TO  100 

1  000 

T  =  Xl+D:::*It 

>  THRE8H0LD  T 

1010 

Tp  =  T*F2 

1  T/ 

1  020 

IF  Dp>0.  THEN  1080 

1  0  3  0 

IF  Ns  MODULO  2=0  THEN  1060 

1  040 

Pd  =  FNPf  357'::Ns,  Tp) 

1  050 

GOTO  1120 

1060 

Pd  =  FNPf246'::Ns,  Tp ) 

1070 

GOTO  1120 

10SO  IF  Ns  MODULO  2=0  THEN  1110 
1  0  9  0  P  d  =  F  N  P  d  3  5  7  N  s  ,  T  p. ,  D  p  > 

1100  GOTO  1120 

1110  Pd  =  FNPd24f:  •:  Ns  ,  Tp  ,  Dp  > 

1120  IF  Pd;=0.  THEN  1160 

1130  IF  Pd  =1.  THEN  1160 

114  0  Y  =  F  N  I  n  "  p  h  i  <.  P  d  > 

1150  PLOT  T,V 

1160  NEXT  It 

1170  PENIJP 

1180  NEXT  I 

1190  PHUSE 

1200  PRINTER  18  CRT 

1210  PLOTTER  505  18  TERMINFiTED 

1220  END 

1230  ' 


1240 

DEF  FN  I  fi"ph  1  <  X  ) 

!  hM8  55,  26.2.23 

1250 

IF  X=.5  THEN  RETURN 

0. 

1  260 

P=MIN<X, 1 . -X> 

1270 

T  =  -LOG  •:  P  ' 

1  280 

T  =  SC!R(  T  +  T  t 

1290 

P=1 . +T*( 1 . 432788+T* 

•:!  .  1  8  9  2  6  9  +  T  *  .  0  O  1  3  O  8  >  ) 

1  300 

P=T-' 2. 515517+T*t . 8 

02853+T*. 010328) ).  P 

1310 

IF  X:. 5  THEN  P=-P 

1  320 

RETURN  P 

1  330 

FNEND 

1  340 

1  350 

1 

DEF  FNPf  24  6':.  DOUBLE 

H.REhL  Tp)  1  N=2,4,6 

1360 

DOUBLE  Ks 

!  INTEGER 

1370 

Pf  =  .  5-flTN':  Tp).-  PI 

1380 

IF  N=2  THEN  RETURN 

Pf 

1  390 

X=1  .  ••  <  1  .  +Tp*Tp-' 

1400 

S=Bx=l. 

14  10 

FOR  Ks=l  TO  N.'2-2 

1420 

B..-:  =  B:x:*X*Ks  ■■  <Ks+.  5.' 

1  430 

8  =  8  +  B:« 

1440 

NEXT  Ks 

1450 

Pf  =  Pf-Tp*X-'-8  PI 

1  460 

RETURN  Pf 

1470 

1480 

FNEND 

1 
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1490  DEF  FHPf357(Di:ilJELE  N,REhL  Tp>  !  N  =  3,5,7,... 

1500  DOUBLE  Ki  !  INTEGER 

1510  X=l.  (l.+Tp*Tp;' 

1520  S  =  Fl;:=l. 

1530  FOR  K£=1  to 

1540  flx  =  Flx*X*':!  K  =  -  .  5  >  ' K s 

1550  S=S+flx 

1560  NEXT  Ks 

157  0  P  f  =  .  5  <  1  .  -  T  p  *  S  Q  R  i  X  >  *  S  ) 

15S0  RETURN  Pf 

1590  FNEND 

1600  ! 

1610  DEF  FNPd246  C  DOUBLE  N ,  REFiL  Tp  ,  Dp  >  !  N  =  2 , 4 , 6  .  .  .  . 

162  0  E  r  r  o  r  =  1  .  E  -  1  5  !  T  o  1  e  r  an  c  :  i  rv  P  d  f  o  r  N 

1  6  3  0  N  t  e  r  ni  s  =  5  0  !  N  u  ru  b  ■=  r  o  f  t.  e  r  rn  i  f  o  r  N 

1640  DOUBLE  Ks  !  INTEGER 

1650  X=l.  '::i.+Tp*Tp> 

1  6  6  £1  R  k  =  S  Q  R  <!  X  ) 

1670  T  s  q  =  T  p  *  R  k: 

1680  D  s  q  ~  D  ji-  “  D  p 

1690  R  =  SQR'::2.  .  PI  > 

1700  R1=M0  =  EXP<-.  5*Dsq>.'  pi 

1710  H  =  fl 1  *  D  p  R 

1720  El  =  .  5»PI-HTN'::Tp.:' 

1730  B=Rk 

1740  Pd  =  Fll*Bl+fl*E 

1750  FOR  K£  =  2  to  Nterrns 

1760  F=FLT(Ks-l> 

1770  T  =  D  s  q  *  Fl  1  F 

1780  Rl=fl 

1790  R=T 

1800  Rk=Rk*Tsq 

1810  T=(Rk+F*El  ;•  Ks 

1820  E1=E 

1830  E=T 

1840  P=R*B 

1850  Pd=Pd+P 

I860  IF  P:=Error*Pd  THEN  1890 

1870  NEXT  Ks 

1880  PRINT  "500  TERNS  IN  FNPd246" 

1890  IF  N=2  THEN  RETURN  Pd 

1900  G  1  =  T  s  q  *  E  X  P ' .  -  .  5  *  D  s  q  *  X  )  *  F  H  F'  h  i  <  D  p  *  T  s  'q  ■' 

1910  G  =  T  p  *  X  *  '■!  R  0  +  R  *  D  p  *  G  1  ) 

1920  Fl=Tp*Dp  R 

1930  F  =  T  p  *  D  p  *  R 

1940  Pd=Pd-G 

1950  IF  N=4  THEN  RETURN  Pd 

I960  FOR  Ks=2  TO  N-3 

1970  R=0(s-1  >.  Ks 

1980  T=F1*R 

1990  F1=F 

2000  F=T 

2010  T  =  X*';  F*G  +  R*G1  > 

2020  G1=G 

2030  G=T 

2040  IF  Ks  MODULO  2=1  THEN  Pd=Pd-G 

2050  NEXT  Ks 

2060  RETURN  Pd 

2070  FNEND 

2080  I 
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2  0  9  0 

DEF  FNPd357‘.  DOUBLE  N.REflL  Tp,Dp;'  !  N  =  3,5,7,. 

•  ■ 

2  1  0  0 

DOUBLE  Ki  !  INTEGER 

2110 

X  =  1  .  '■  1  .  +  T  (j  *  T  (j  > 

2120 

T ;.q  =  T p  +  SQR  <  X  > 

2130 

D2= .  5*D(;'*Dp 

2140 

G  =  T  s  q  *  E  X  P  -  D  2  *  X  >  »  F  H  P  h  i  '  :  D  p  *  T  s  q  > 

2150 

Pd  =  FNPhi  aip  '-G 

2  1  60 

IF  H=3  THEN  RETURN  Pd 

2170 

R  =  SQR';  2.  ■•■PI  ) 

2180 

ij  1  —  u 

2  1  80 

G  =  T  p  *  X  (  E  X  P  <  -  D  2  '  P  I  +  R  *  D  p  b  1  .  ' 

2  2  0  0 

F  1  =  T  p  D  p  R 

2210 

F=Tp*Dp*R 

2  2  2  0 

FOR  Ki=2  TO  N-3 

2  2  j:  0 

R=(Ks-l 

2  2  4  0 

T=F1*R 

2  250 

F1=F 

2  2  6  0 

F  =  T 

2270 

T  =  1  ■!  *  <  F  G  +  R  G  1  . ' 

2  2  '3  0 

G1=G 

2  2  9  0 

G  =  T 

2  3  0  0 

IF  F.£  modulo  2  =  0  THEN  Pd  =  Pd-G 

2  3  1  0 

NEXT  Ks. 

2 2  0 

RETURN  Pd 

2330 

FNEND 

2  3  4  0 
2350 

! 

DEF  FNPhi-X*  I  HfiRT,  page  140,  #570S  : 

#572 

CJ 

2360 

V  =  RBS':  X::'*.  707106781  18654746 

2370 

SELECT  Y 

2380 

CRSE  <8. 

3  9  0 

P  =  1  6  3  1 . 7  6  0  2  6  875  3  714  7  O  +  V  *  ■;  456.2614  5  8  7  0  6  0  8  2631  + 

y'  ^  <  3 1 . 

0827622 1 1 8485851 + 

1  0 . 0  6  4  8  5 

88748085425  +  'i'*  .564  1  88586761  8  1  36  1  4  >  > 

2  4  0  0 

P  =  3  7  2  3 . 507  8  8  1554  8  O  672  +  'r'  ■*^(.71  1  3 . 66324  6  8  5  4  0  4887  + 

’<  +'.67  5 

8 . 2168641  1 0  4  8  5  8  8  + 

4  0  3  2 . 2  6  7 

0 1 0  8  3  0  04874  +  Y  +  P  >  >  ' 

2410 

0  =  7542 . 4785101  8 347576  +  Y+  >;  2868 . 00480  1  48230872  +  ' 

y  *  ( 3 1 7 

. 622386304544077+ 

1 5  3 .0777 

1075  0  3  6  2  216  +  Y  +<  17. 8  3  8  4  8  8  4381  3  8  5  5  6  5  +  'i'  >  >  >  > 

2  4  2  0 

Q  =  3  7  2  3 . 507881554  8  O  654  +  Y  +<11315.18  2  O  8 1 8  544  O  55  + 

Y+<  158 

02. 5358884020425+ 

1 3348 . 34 

65612844  574  +  Y  +  Q  >  ' > 

24  30 

P  Fi  1  =  .  5  *  E  X  F'  <  -  Y  + '  <  ■'  *  P .  ■  0 

2440 

CFISE  <26.6 

2450 

F’  —  «  97*  y  y  t*  5 ti!  t'  9  9  9  ^  'i*  9  i  kT"  %  *4  U  9  7*  4  y  G  U  5  9 *4  7^  4  1  7*  9 

'  r'  b  .  1 

60208853 10863054+ 

5.01 8  0  4  8 

726784  26  746.  +  Y  +<  1.275  3  6  6 4  4  7  2  8  8  6  5  8  5  +  Y  *  .  5641885  8 

354775 

5074  ■'  )  . ' 

2  4  6  0 

Q  =  3 . 3  6  8  0  752  O  688275277  +  '<  +  <  8 . 6  0  8  8  6  5  3271 8  2  7  8  787  + 

V  ^07. 

0814  4074  74  6  6  0  0  4  3  + 

12. 04885 

1  827855  1  28y  +  '<+  <  8  .  J8b034y  1  6235^54  1  5  +  Y+  2 . 260  528 

5  2  0  7  6  7 

'1  9  !•■  +  1  »  !'  .»  :> 

2470 

Ph  1  =  .  5  +  EXP  -  Y  +  Y  >  *P  •  Q 

2480 

CASE  ELSE 

2480 

Phi =0. 

2500 

END  SELECT 

2510 

IF  X>0.  THEN  Ph 1=1. -Phi 

2520 

RETURN  Phi 

2530 

FNEND 
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Table  E-2.  EOF  -  Extreme 


lt3  Hi  =  16  !  HUMBER  OF  SRMPLE 

20  Rs=l.  !  RRTIO  r 

30  XI =-15 

40  X2  =  5 

5  0  G  aril  m  a=  .  5  7  ?  2  1  5 1  b  4  902 

6£i  L  1  =-G  anun  a 

70  C  2  =  P I  •  ■  3  Q  R ( 6 .  ' 

30  F  =  3QR':  .  5.-'PI 

90  R=-3.  !  LIMITS  OH 

100  E  =  8.  !  IHTEGRFIL 

110  M  e  a  f ‘I  _  m  u  c  •  . '  =  0  . 

1  2  0  V  ar  _rfi  u  c  =  1  .  H  i 

1 3  0  M  e  an  _  s  i  g  c '  =  1  .  -  .  3  9  H  a 

140  V  i  g  c  =1.0  5  <  H  s  +  1 . 5  > 

150  Rh.:.  =  -.55 

160  COM  H1,H2 

170  HIM  R* C303 , Bf C30] 

180  Ii  I  M  X  1  abe  1  T  <  1  :  30  )  ,  V  1  abe  1  T  ■  1 ;  30  ' 

1  9  0  D  I  M  X  c  o  o  r  d  ''  1  :  3  G  .  ■  ,  Y  c  o  o  r  d  <  1  :  3  O  > 

2  0  0  D I M  X  g  r  i  d  (  1  :  3  0  > , '  g  r  i  d  '■  1 :  3  O  > 

2  1  0  H  U  U  B  L  £  L  ,  L ' ,  H  ,  H  y  ,  I  ,  H  a  ,  It 

220  I 

230  R  $  = " T  h  f  €  a  h  o Id" 

240  E  ^  = "  E  X  i;  e  e  d  a  n  c  e  P  r  o  b  ab  1  1  1 1  y  " 

250  I 

260  Lx=ll 


270 

RE  DIM 

XI  abel  :  Lx> ,  Xccord';  1 ;  Lx) 

280 

DRTR  - 

15, -13, -11, -9, -7, -5, -3,-1, 

1 

9 

3,5 

2  9  0 

READ  X 

1 abe 1 1 ( *  ) 

300 

DRTR  - 

1  5  ,  -  1  3  ,  -  1 1 , -9 , -7 , -5 , -3 , -  1  , 

1 

9 

3,5 

3 1 0 

RERD  X 

c  0  o  r  d  <  *  ) 

320 

I 

330 

L  y  =  27 

340 

PEDIM 

y  1  abe  1  ^  <  1  :  Ly  > ,  Yc  cord 1 :  Ly ) 

3  5  0 

DRTR  E 

-6, E-5, P-4, . 001 , , 002, . 005, 

01 , . 02, . 

360 

DRTR  . 

6,  .  7,  .  8,  .  9,  .  95, . 98, . 99 

:!  ?  0 

DRTR  . 

995,  .  993,  . 999, . 9999, . 99999 

9 

• 

q  q  Q 

330 

READ  V 

1  abe  ]  $'  *  > 

3  9  0 

DflTR  1 

. E-6, 1 . E-5, 1 . E-4, . 001 , . 002 

t 

• 

005 , .01 

400 

DRTR  . 

410 

DRTR  . 

995, . 993, . 999, . 999y, . 99999 

n 

Q  q  q  Q  q  Q 

420 

READ  Y 

c  o  0  r  d  *  ) 

430 

j 

440 

Hx=l  1 

450 

REDIM 

Xgr  1  d 1 ;  Hx  ) 

460 

DflTR  - 

15,  -  1 3 , -1 1 , -9, -7, -5, -3, -  1 , 

1 

3,  5 

470 

READ  X 

g  r  i  d  '■  *  ) 

480 

1 

490 

Hy  =  27 

500 

REDIM 

Ygr  i 'd  <  1  ;  H'v'  > 

510 

DATA  1 

. E-6 , 1 . E-5 , 1 . E-4 , . 00 1 , . 002 

. 

0  05,  .  0  1 

520 

DATA  . 

,  •  7  ,  .  S  j  •  '3  >  .  9  5  j  *98,  *99 

530 

DATA  . 

9  95,  . 9  9  8 , .999, .9  9  99, . 9  9  9  9  9 

9 

a 

q  q  q  q  q  q 

540 

READ  Vqrid'*' 

550 

1 
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560  FOR  1=1  TO  Ly 

5  7  0  'i'  c  o  o  r  d '  I  >  =  F  H I  ri '  ■  fj  h  i  <  Y  c  o  o  r  d  (  I !'  > 

530  HEXT  I 

590  FOR  1=1  TO  Hy 

6  0  01  Y  9  r  1  d  <  I  =  F  H  I  n ' . '  p  Fi  i  <  Y  g  r  1  d  <  I  >  > 

610  NEXT  I 

6  2  0  Y  1  =  Y  9  r  i  d  (  1  > 

6  3  0  Y  2  =  Y  9  r  i  d  H  y 

640  G I N I T  1 9  0 . .  2  4  0 . 

650  PLOTTER  IS  505,''HPGL" 

660  PRINTER  IS  505 

670  LIMIT  PLOTTER  505 , 0 .  , 1  SO . , O . , 240 . 

680  V  I EWPORT  20 .  ,  1 20 . ,  1 9 . , 1 32 . 

690  I  V  I EWPORT  22 .  , 35 .  , 59 . , 1 22 . 

700  I  V  I EWPORT  22 . , 35 .  ,  1 9 .  , 62 . 

710  WINDOW  X1,X2,Y1,Y2 

720  !  PRINT  "VS2" 

730  FOR  1=1  TO  Hx 

740  MOVE  Xgrid''I>,Yl 

750  D  R  fl  W  X  9  r  i  d I  )  ,  '  i  '  2 

760  NEXT  I 

770  FOR  1=1  TO  Ny 

730  MOVE  Xl.Ygrid'  I;' 

790  DRAW  X2,  Ygr  1  d';:  I  > 

800  NEXT  I 

810  PEN UP 

820  CSI2E  2. 3,. 5 

830  LORG  5 

840  Y  =  Y  1  -  Y2-Y  1  )  *  .  02 

850  FOR  1=1  TO  Lx 

860  MOVE  XcoordcDjY 

870  LFIEEL  X  1  ab€  1  #  <  I  :■ 

830  NEXT  I 

890  CSIZE  3.,. 5 

S  0  0  M  0  V  E  .  5  *  (  X  1  +  X  2  >  ,  Y  1  -  .  06*  <■.  Y  2  -  Y 1  > 

910  LFlEEL  H* 

920  CSIZE  2. 3, . 5 

930  LORG  8 

940  X  =  X  1  -  C  X2-X  1  .  0  1 

950  FOR  1=1  TO  Ly 

9  6  0  M  0  V  E  X  ,  Y  c  o  o  r  d ' !  I  > 

970  LFlEEL  Y  1  abe  1  t  ■:  1:' 

980  NEXT  I  ' 

990  LDIR  PI.  2. 

1000  CSIZE  3.,. 5 

1010  LORG  5 

1020  MOVE  X1-.  15*'::X2-X1  >  ,  .  5*<.Y1+Y2> 

1030  LFlEEL  E* 

1040  PRINT  "VS36" 

1050  Dx=  X2-X  1  >  1  00  . 

1060  DIM  P':0;100; 


!  VERTICRL  PRPER 

!  1  GDU  =  2  mm 

!  TOP  OF  PRPER 
!  EOTTOM  OF  PRPER 
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1070  FOP  Iii-  =  0.  TO  7.T.  STEP  .75  '  DEFLECTION  d 

1030  FOP  It.  =0  TO  100 

1  0  9  0  J  =  1 1 

1100  Th  =  :  :2-Ii>— 1 1  I  THPESHOLD 

1110  M  u  r  =  f '1  e  a  _  m  u  c  • . '  +  T  Ti  M  e  a  n  _ ;  i  g  c  ' ' 

1120  T  €  n  I  (j  =  V  a  t  _  m  u  c  ' . '  +  T  Fi  *  T  h  V  a  r  _  =■  i  g  c  ' 

1  1  -!  0  T  6  rii  f;>  =  T 1=  ru p  +  L  .  *  T  3 G' P  V  -ar  rn u c  *  V  at  i  i  g  c  '  ‘  t  F;  f-|  o 

1140  Si  g  rii  at  =  S  Q  R  <  T  e  rti  p 

1 150  Hl=Cl+C2*(Mut-Ds>.  Rs 

1160  H  2  =  C  2  *  S  1  g  m  at  ■  R  s 

1170  Sa=FNS  i.  R 

11S0  Sb  =  FNS(;Et 

1190  PRINT  "FNStR.:'  =  ";Sa;"  FNS<E..'  =  "  ;  Sb 

1200  DOUELE  N.K.T 

1210  N=2 

1220  H='.  E-R  >*.5 

1230  S= ( S  a+Sb  >  * . 5 

1240  v=l.E10 

1250  T=0. 

1260  FOP  f;  =  l  TO  N-1  STEP  2 

1270  T  =  T  +  FNS';  R  +  H*k;> 

12S0  NEXT  K 

1290  S=S+T 

1300  Vo=V 

1  3  1  0  V  =  S  +  T  . '  *  H  *  2  .  ■'  Si  . 

1320  IF  RES'.  V-VcX  1 .  E-9  THEN  1360 
1330  N=N+N 

1340  H=H*.5 

1  -,70  GOTO  1250 

1360  Pd=F*V 

1370  IF  Fd>. 9999995  THEN  1400 

1380  P':  It  :;'=FNInMphi  (Pd;) 

1390  NEXT  It 

1400  FOR  lt=0  TO  .J-l 

1410  PLOT  X2-Dx*It  ,  P'  It  .) 

1420  NEXT  It 

14  30  PENIJP 

1440  NEXT  Ds 

1450  PROSE 

1460  PRINTER  IS  CRT 

1470  PLOTTER  505  IS  TERMIHRTED 

1480  END 

1490  I 

1500  DEF  FNIf-iMph)  tX  :'  !  RMS  55,  26.2.23 

1510  I'^  X:=.5  THEN  RETURN  0. 

1520  P=MIN' X, 1 . -X> 

1530  T=-LOG<P> 

1540  T  =  S  Q  R  C  T  +  T  > 

1  550  P=  1  .  +T*  (  1 . 4327:5;5  +  T 1 39269  +  T * .  OO  1  308  > 

1560  P  =  T-  C  2 . 5  1  55  1  7  +  T*  .  S02853  +  T*  .  O  10328  '  >  P 

1570  IF  X<.5  THEN  P=-P 

1580  RETURN  P 

1590  FNEND 

1  6  0  0  I 

1610  DEF  F  N  S'  t  X  I' 

1620  COM  H 1  ,  H  2 

1  6  3  0  T  =  .  5  *  X  *  Y.  t  E  X  P  <  H 1  +  H  2  *  X  :■ 

1640  IF  T  100.  THEN  RETURN  O. 

1650  RETURN  EXPt-T.) 

1660  FNEND 
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Table  E-3.  Simulation  -  Extreme 


10 

Ns=16 

!  NUMEER  OF  8RMF'LE8 

20 

D  H  T  R  0  ,  .  7  5  ,  1 . 5 , 2 . 2  5 , 3  . 

5  3  .  I-’ 

5,4.5,5.25,6. ,6.75,7.5  '  DEFLECTION 

3  0 

R£=1. 

!  SCALING  r 

40 

Nt  =2  2>. 

!  NUMBER  OF  TRIALS 

50 

R$  =  "E-16-75t...;,75-l-23  " 

!  FILE  NAME 

60 

Hb= 1 000 

!  NUMBER  OF  BINS 

70 

Me  =iri  =  -  .  57721  5664'302 

!  FOR  Vt,  LOG  OF  EXPONENTIAL 

S  0 

S  i  g  Hi  a=  P  I  ■  8  Q  R  (  6  .  > 

!  RANDOM  VARIABLE 

'30 

Zmi n=-15. 

!  minimum  z  value 

1  0  0 

Zriiax  =  5 . 

!  MAXIMUM  Z  VALUE 

1  10 

DOUELE  Mi,  Nt.  ,  Hb,  Kt  ,  Ks, 

J 

'  INTEGERS 

120 

n  I M  P  0  <  1  0  0  0  >  ,  P  1  1  0  0  0  )  , 

F'2'::  1 

000  >  ,  P3  1  000  )  ,  P4  1000  )  ,  P5  (  1000  ) 

1  2: 0 

DIM  P6( 1000) , P7' 1000) , 

pec  1 

0  0 0  )  ,  p  '3  1  0  0  0  )  ,  P  1  0  (  1  0  0  0  )  ,  E  d  f  ' :  1  :  1  100  0  ) 

140 

RERD  D0  ,  D  1  ,  D2  ,  D3  ,  ri4  ,  D5 

.D6, 

D7,  DS,  D'3,  D10 

150 

R  0  =  -  M  e  ari  8  i  g  rn  a 

1  60 

R 1  =  1 .  S  i  g  rn  a 

1  70 

F  =  1  .  •■•Ns 

1  S0 

G  =  1  .  SQR  Ns  -  1  ) 

1'30 

D  z  =  ( Z  fii  ax  -  Z  fii  i  n )  N  b 

200 

FOR  Kt=l  TO  Nt 

!  SIMULATION 

210 

81^82=0. 

220 

FOR  Ks=l  TO  Ns 

2  3  0 

Vt  =L0G<-L0i:''RND  '  ) 

!  UN-NORMALIZED  RANDOM  VARIABLE. 

240 

V  =  Rl*Vt.. +R0 

!  ZERO  MEAN,  UNIT  VARIANCE  RV 

250 

81=81+V 

2  6  0 

S2=S2+V*V 

270 

NEXT  Ks 

2  S  0 

M.:=S1*F 

!  SAMPLE  MEAN 

2  '3  0 

8  c  =  8  Q  R  (  £  2  -  N  s  *  M  +  M  c  )  *  G 

!  SAMPLE  STANDARD  DEVIATION 

300 

Vt  =L0G  -  log  <  RND  >  ) 

310 

V  =  R 1 *Vt  +R0 

320 

i;=Rs*V-Nc 

330 

Z  =  ''  D  0  +  C  )  ■  8  c 

340 

J  =  I  N  T  <■.  f  Z  -  Z  rn  i  n  )  •  D  z  ) 

350 

IF  .T<0  THEN  J  =  0 

3  6  0 

IF  J>Nb  THEN  .J  =  Nb 

5  7  0 

F'0v  J)=P0'::  J  '  +  1  . 

5  8  0 

Z='::D1+C).  8.: 

3  '3  0 

J  =  I N  T  <  Z  -  Z  m  i  fi  )  ■  D  z  ) 

4  0  0 

IF  J<0  THEN  .J  =  0 

4  1  0 

IF  J>Nb  THEN  J=Nb 

420 

P 1 <  J ) =P 1 <  J  )  +  1  . 

4  30 

Z='::D2  +  C)xSc 

440 

•J  =  I N  T  '■  <  Z  -  Z  ro  i  n  )  ■  D  z  ) 

450 

IF  .T::0  THEN  J  =  0 

460 

IF  J)Nb  THEN  J=Nb 

470 

P2<  J  ;^=P2CJ  )  +  1  . 

4  8  0 

Z  =  '■  D  3  +  C  ) .  8  c 

4 '30 

J  =  I  N  T  '■  '■  Z  -  Z  til  \  n  )  •  D  z  ) 

500 

IF  J<0  THEN  J=0 

510 

IF  T>Nb  THEN  J=Nb 

520 

P3':.  J  >=P3<  .J  )  +  1  . 
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5  ::i  0 

2=  t;:  Ii4  +  C  >  ■■■•  Sc 

54  0 

■J  =  I  HT  <  Z-Zm  i  n 

-D2> 

5  5  0 

IF  .;■ 

,0  THEN  J-- 

=  0 

5b0 

IF  J 

:Nb  THEN 

r=Nb 

5?0 

F4t:  J 

'=P4f:  T  .  +  1 

5S0 

Z  =  <  D  5  +  C>  ■■■■  S  c 

5  90 

j  =  nr 

r <  Z-Z(ii  1  n 

.1  Dz:: 

6  0  0 

IF  I 

.0  THEN  .1 

=  0 

f.  1  0 

IF  J 

>Nb  THEN 

.T  =  Nb 

6  2  0 

P5':  J 

>=P5':  J 

b  3  0 

z=ai 

i  +  C  >  ■  S  c 

b4  0 

J  =  I  r 

r  ( z  -  z  h  i  1  n 

■-Dz:: 

6  5  0 

IF  -J 

:0  THEN  .1 

=  0 

bb0 

IF  J 

Nb  THEN 

J  =  Nb 

b70 

Pb':  T 

j=Pb':  I>  +  1 

• 

b  y  0 

Z=':  D 

7  +  0  ■  Sc 

b  9  0 

■J  =  I  H 

T  1.  '■  Z  -  Z  hi  1  n 

>-Dz 

700 

IF  J 

.0  THEN  .r 

=  0 

7  1  0 

IF  J 

>Nb  THEN 

J  =  Nb 

720 

P7'.  .  J 

:'=P7<  J.>  +  1 

. 

7  3  0 

Z=<D 

3  +  C  >  Sc 

7  40 

.1=1  NT  <  Z-Zm  1  n 

::'-Dz 

750 

IF  -T 

(0  THEN  ..T 

=  0 

7b  0 

IF  .J 

>Nb  THEN 

.J  =  Nb 

7  70 

P8<..T 

>=P8'::.J>  +  1 

. 

7  3  0 

Z=<D 

9  +  C  >  -  Sc 

7  9  0 

J=INT(  (Z-Zfinn 

:>-D2 

3  0  0 

IF  .T 

■<0  THEN  ..T 

=  0 

3  1  0 

IF  .T 

::Nb  THEN 

.T  =  Nb 

3  2  0 

P9<  .T 

>  =  P  9  (  J  :>  +  1 

. 

3  3  0 

Z='::D 

1 0  +  C  > -Sc 

3  4  0 

.1  =  I  N 

T  '■  <  Z  -  Z  hi  1  n 

:>-Dz 

350 

IF  ..T 

(0  THEN  .T 

=  0 

8  6  0 

IF  .r 

>Nb  THEN 

..T=Nb 

3  7  0 

P  1  0  > 

J  >  =P 1 0 ■  J  > 

+  1  . 

3  3  0 

NEXT 

Kt 

390 

MFIT 

P0=P0  ' Nt 

') 

9  0  0 

MRT 

P 1 =P 1  - c  Nt 

t 

910 

MfiT 

P2  =  P2-OU 

j 

920 

riRT 

P3  =  P3.  (  Nt 

> 

930 

MfiT 

P4=P4.  CNt 

1 

94  0 

MfiT 

P5  =  P5-aH 

> 

950 

MfiT 

Pb=P6  • Nt 

9  b  0 

MfiT 

P7  =  P7  Ht 

> 

970 

MfiT 

P8=P3-' Nt 

9  8  0 

MfiT 

P9=P9  • Nt 

9  9  0 

MfiT 

P10  =  P10 

Nt  • 

1  0  0  0 

3  0  = 

1 =S2  =  S  3  =  3 

4  =  S5 
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Jun  1957  14:18:02 

1010  FOR  J=Hb  TO  0  STEP  -1 

1  0  2  0  0  =  S  0  +  P  0  <  J  > 

lOSO  IF  S0=0.  THEN  1060 

lC-;y  IF  S0>=1.  THEH  1070 

1  U  S  H  P  0  T )  =  F  N  I  r'l  '  p  h  i  <  S  0  >  !  P  0  (.  J  )  =  P  r  o  b  (  Z  0  >  =  Z  ro  i  n  +  J  *  D  z  ) 

1060  NEXT  J 

107  0  P  0  J  )  =  0 . 

1030  FOP  J=Nb  TO  0  STEP  -1 

1090  S1=S1+P1  c  ; 

1100  IF  S1=0.  THEH  1130 

1110  IF  Si;>=l.  THEH  1140 

1  120  PI  =FH  I  nuphi  CSO 

llSfi  HEXT  J 

ii'^0  pi';j)=0. 

11S0  FOP  .T  =  Hb  TO  0  STEP  -1 

1160  S2  =  S2  +  P2':  J> 

1170  IF  S2=0.  THEH  1200 

1180  IF  S2>=1.  THEH  1210 

119  0  P  2  'i  J  >  =  F  H  I  fi p  h  i  CS  2  > 

1200  HEXT  J 

1210  P2'::J>=0. 

1220  FOP  J=Hb  TO  0  STEP  -1 

127:0  S3  =  S3  +  P3<J> 

1240  IF  S3=0.  THEH  1270 

1200  IF  S3>=1.  THEH  1280 

1  2  S  0  P  3  (  J  =  F  H I  n ' , '  p  h  i  <  S  3  > 

12^0  HEXT  J 

1280  P3'::J.'=0. 

1290  FOR  J=Hb  TO  O  STEP  -1 

1300  S4  =  S4  +  P4':,  J  ' 

1310  IF  S4=0.  THEH  1340 

1 3  '0  IF  S4>=1,  THEH  1350 

1  J  ::  0  P  4  '  J  '  =  F  H  I  n '  .  '  p  Fi  i  (  S  4  > 

1340  HEXT  J 

1  3  5  0  P  4  ' .  J  '  =  0  . 

ISoo  FOP  J=Hb  TO  0  STEP  -1 

1  370  S5  =  S5  +  P5':.  J  > 

1380  IF  S5=0.  THEH  1410 

1390  IF  S5:=l.  THEH  1420 

14  00  P  5  <:  J  J  =  F  H  I  n  ■  ^  p  h  i  S  5 ) 

1410  HEXT  J 

14  30  P5'::J’=0. 

1430  FOP  J=Hb  TO  O  STEF  -1 

14  4m  S  6  =  S  6  +  P  6  j  3 

1450  IF  S6=0.  THEH  1480 

14F.y  IF  S6>=1.  THEH  1490 

14  70  P  6  7  J  >  =  F  H  I  n ' . '  p  Fi  i  7  S  6  > 

1480  HEXT  J 

1490  P6':J:'=0. 

1500  FOP  J=Hb  TO  0  STEP  -1 

1510  S7  =  S7  +  P7':J) 

1520  IF  S7=0.  THEH  1550 

1530  IF  S7:=l.  THEH  1560 

1540  P  7  '  J  :■  =  F  H  I  fi p  h  1  7  S  7  > 

1550  HEXT  J 

1560  P7<J>=0. 
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1  570 

FOP  J=Hb  TO  0  STEP  -1 

1530 

SS  =  S3-t-P3'-  J  ;• 

1  5  9  0 

IF  33=0.  THEN  1320 

1  6  0  0 

IF  3S:=1.  THEN  1330 

1  6  1  0 

p  ;3  1  .T  >  =  F  H  I  n '  ‘  p  1  '■  3  3  . ' 

1  630 

ne:;t  j 

1  6  30 

P3'  ;  '=0. 

13-40 

FOP  T=Hb  TO  0  STEP  -1 

1  3  5  0 

3  9  =  'S  9  -t-  P  9  '  J  ‘ 

1  3  3  0 

IF  39=0.  THEN  1390 

1  3  7  0 

IF  39.  =1.  THEN  1700 

1  3  3  0 

pci,  J  =FNIn‘..'t;.hi  •  39::' 

1  3  9 1> 

he::t  j 

1700 

p  9  '  J  ■'  =  0  . 

1710 

FOP  J=Nb  TO  0  STEP  -1 

1720 

3  1  0  =  3  1  0  P  1  0  J  > 

1  730 

IF  310=0.  THEN  1730 

1740 

IF  310 >=1.  then  1770 

1  750 

P10'  T  =FN  I  nv'ph  1  ■.  SIO  -' 

1  730 

NEXT  J 

1770 

F10';  J  :'=0. 

1  730 

FOR  J=1  TO  Nb 

1  790 

Edf  ■:  J  .j  =  P0'..  .J  > 

1  300 

Edf  ■:  J-t-Nb  :;'=Pl  ( -J  > 

1  S  1  0 

Edf  '  J  +  Nt.#2>=P2'  7  ■ 

1820 

Edf',  .T-t-Nb*:3.;'=P3'  J '• 

1330 

Edf'  J-t-Nb*4  ■=P4';:  J  .• 

1  340 

Edf';:  J-fNb*5  :'=P5';  J  ' 

1350 

Edf  (  J-fNb-f 3  >=P3 

1  330 

Edf  ':  J-fNb*7  >=P7':  J  ' 

1370 

Edf  •  J-fNb*S:;'=PS'  J 

1330 

Edf  ■;  J-fNb*9)=P9';.  J  ' 

1390 

Edf  '  J-fNb*10 ::'=P10‘:  J  ' 

1  900 

NEiST  J 

1910 

CPEliTE  DRTh  at,  593 

1920 

ASSIGN  4»1  TO  At 

1  9  30 

PRINT  #l;Edf'+' 

1  940 

ASSIGN  #1  TO 

1950 

PAUSE 

1  960 

END 

1  970 

1 

1  930 

DEF  FNIn"pht  '  ' 

1  990 

IF  ::=.5  then  return 

2000 

P  =  MIN':;X,  1  .  -x  :;' 

2010 

T  =  -LOG  ';  P  > 

2020 

T  =  3  Q  R 'T  +  T ' 

2  0  3  0 

F=  1  .  +T*'  1 . 4  32733  +  T*':. 

2  0  4  0 

P  =  T-  '  2. 5  1551  7-fT  *  '  .  30 

2050 

IF  X  .5  THEN  P=-P 

2030 

RETURN  P 

2  0  7  0 

FNEND 
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Tabic  E-4.  Plot  -  Simulation 


10 

UJ 

II 

•r 

6-75t 075- 1-23" 

20 

Z  til  1  fi  =  -  1 

c 

■ 

0 

Zrii.=i;v  =  5 . 

40 

i  1  =  -  1  5  . 

J0 

'  •  ‘  T-‘  =  S 

bO 

Hb= 1 000 

70 

hSSIGH 

#1  TO  Rt 

0 

REfili  #1 

;  Edf 

‘5*0 

hS8  I  i:h 

#1  TO  * 

1  0  0 

DIM  Edf 

i:  1  ;  1  1000  ' 

1  10 

DIM  Ht[ 

30 ] , E$  C  30 1 

120 

D  I  M  H  1  ibe  1  t  a  :  30  >  ,  Y 1  abe  1  f  ■:  1  :  30  ;■ 

12;  0 

DIN  Xco 

0  r  d '  1 :  3  0  -> ,  V  •:  o  o  r  d  ■  •  i  :  3  0  :> 

1  40 

DIM  Ygr 

1 d  < 1 : 30  > , Ygr i d  < 1 : 30  > 

150 

DOUBLE 

Mb. Lx, Ly, Nx, My, I , K  !  INTEGERS 

160 

! 

170 

H  !•  =  "  T  h  r 

esho1 d" 

1S0 

Ef="Exc 

e  «  d  an  ■:  e  P  r  o b  ab  i  1  1 1,  y  " 

190 

1 

2  0  0 

L  <  =  1  1 

210 

REDIM  X 

1  ab«  I  ^  '  1  ;  Lx  ' ,  Xcoord<  2 ;  Lx.' 

220 

DhTR  -1 

5 , -  1 3 , -  1 1 , -9 , -7 , ~5 , -3, -  1  ,  1 , 3 , 5 

2  3  0 

RERD  Xl 

ab  f  1  J  '2  ♦  > 

240 

DRTR  -1 

e;  _  1  -j  -  1  1  M  -  7  ^  c;  _  ,.1  1  “•  e; 

250 

RERD  Xi: 

0  o  r  d  (  *  > 

2  b  0 

1 

270 

Lv  =  27 

2  '3  0 

REDIM 

1  abt  1  t  '•  1 :  Ly  > ,  Yc  oof  d  ■'  1 :  Ly  > 

2  9  0 

DRTR  E- 

6, E-5, E-4,  . 001 , . 002, . 005,  . 01  ,  . 02,  . 05 

3  0  0 

DRTR  .1 

, . 2 , . 3 , . 4 , . 5 , . 6 , . 7 , . 8 , . 9 , . 95 , . 98 , . 99 

9  1  0 

DRTR  . 995, . 998, . 999, . 9999, . 99999, , 999999 

3  2  0 

RERD  T1 

abt 1 f < *  > 

0 

DRTR  1. 

E-6, 1 . E-5, 1 . E-4, . 001 , . 002, . 005, . 01 , , 02, . 05 

340 

DRTR  .  1 

,  .  2  ,  .  3 ,  .  4 , . 5 , . 6 , . 7 , . 8 , . 9 , . 95 , . 98 ,  . 99 

350 

DRTR  .9 

'95 , . 998, . 999, . 9999, . 99999, . 999999 

3  b  0 

RERD  T  c 

Cl  o  r  d  '■  *  ■' 

370 

1 

3  8  0 

Hx=l  1 

3  9  0 

REDIM  ; 

igr  1  d 1  :  Mx  ' 

4  0  0 

DRTR  -1 

.5, -13, -1 1 , -9, -7, -5, -3, -1 ,  1 , 3, 5 

4  1  0 

RERD  Xgtid'*!' 

4  20 

1 

4  30 

M','  =  27 

440 

REDIN  'i 

'  g  r  1  d 1  :  M '  :> 

4  50 

DRTR  1. 

E-6,  1  . E-5,  1  . E-4, . 001 , .002,  .005,  . 01 ,  .02,  .05 

4  60 

DRTR  . 1 , . 2 , . 3 , . 4 , , 5 , . 6 , . 7 , . 8 , . 9 , .95, .98, .99 

470 

DRTR  . 995, . 998, . 999, . 9999, . 99999, . 999999 

480 

RERD  Vgr i d ■  ♦  ' 

^'riO 
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D  0  0  F  0  F'  1  =  1  T  0  L ■ 

5  1  £i  V  c  o  o  f  d  '  I  ■  =  F  tl  I  n '  .  '  p  h  i  (  Y  c  o  o  r  d  I  >  > 

520  ME:'T  I 

5. 30  FOP  1  =  1  TO  Hm 

5  4  0  'T  q  r'  1  d  '  I  '  =  F  M  I  "  (;■  Ti )  V  q  r  i  d  (  I  >  > 

550  NEXT  I 

5FG  V 1 =  Vgr i d ■  1  • 

570  V2  =  Yqr-  i  d  N"  ' 

5  S  0  G I N I T  1 3  0 .  24  0 . 

590  PLOTTER  13  505,"HPi:L" 

600  PRINTER  13  505 

610  LIMIT  PLOTTER  505 , 0 . , 1 S0 . , O . , 240 . 
620  VIEWPORT  20.  ,  120. ,  19.  ,  132. 

630  I  VIEWPORT  22. ,05. ,59. , 122. 

640  I  VIEWPORT  22. , 05. , 19. , 62. 

650  WINDOW  ::i,X2,Vl,Y2 
660  '  PRINT  "V32“ 

670  FOR  1=1  TO  Nx 

6  8  0  M  0  V  E  X  g  r  ^  d  (  I  > ,  V  1 

690  DPRW  :':gr  1  d I  > ,  Y2 

700  NEXT  I 

710  FOR  1=1  TO  Hy 

7  20  N  0  V  E  >:  1  ,  Y  g  r  i  d  <  I 

7  30  DRRW  X2  ,  Ygr  i  d'"  I  j 

740  NEXT  I 

750  RENUR 

760  L  D I R  0 

770  CSI2E  2.  3,  .  5 

780  LORG  5 

7  9  0  Y  =  i'  1  “  '  Y  2  ~  I  1  '  *  .  U  L' 

8  00  F  0  F’  1  =  1  T 1 3  L  ■< 

010  MOVE  Xc  .rior  d  ■:  I  • , 

020  LREEL  X  1  =ib€  1  ^ I  • 

830  NEXT  I 

340  C3IZE  3.,. 5 

8  5  0  M  0  V  E  .  5  'X  :  1  + ; ;  2  > .  y  1  -  .  0  6  ■  Y  2  -  Y  1  ;■ 

360  LREEL  Rf 

870  C3IZE  2. 3, . 5 

0  8  0  L  0  R  G  8 

090  X  =  X  1  -  '  :  :2-X  1  .'*.01 
900  FOR  1  =  1  TO  L';' 

9  1  0  M  0  V  E  : : ,  Y  c  o  o  r  d  ■  I  ,> 

920  LREEL  Ylabelt'I' 

930  NEXT  I 

940  LDIR  PI  2. 

950  CSIZE  3.,. 5 

960  LORG  5 

9  7  0  M  0  V  E  7!  1  -  .  1  5  2  -  7: 1  ,  .  5  *  ■  'i'  1  +  Y  2  • 

9  y  0  L  R  E'  E  L  E'  4 

990  PRINT  "V336" 


I  VERT  I  URL  F'RFER 

I  1  GDU  =  2  fMM 

I  T  U  F'  U  F  F'  R  F’  E  F 

'  EOT  TOM  OF  PRPER 
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1  0  0  0 

D  2  =  •'  Z  m  a  x  -  Z  rn  i  n  >  H  b 

1010 

FOR  1=1  TO  Nb 

1  0  2  0 

T  =  Eclf  t:  I 

1  0  3  0 

IF  T=0.  THEN  1050 

1040 

F'  L  U  T  Z  hi  in  +  Dz'frljT 
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Detection  Performance  of  Normalizer  for 
Multiple  Signals  Subject  to  Partially 
Correlated  Fading  With  Chi  Squared 
Statistics 


A.  H.  NuttaU 
ABSTRACT 

The  false  alarm  and  detection  probabilities  for  a 
multi-pulse  signal  subject  to  partially  correlated  fading, 
in  the  presence  of  Gaussian  noise  of  unknown  level,  are 
derived  in  closed  form.  The  number  K  of  signal  pulses,  as 
well  as  the  number  L  of  noise-only  pulses  used  to 
estimate  the  noise  background  power  level,  are  arbitrary. 
The  power  fading  is  characterized  by  a  chi-  squared 
distribution  with  2m  degrees  of  freedom  and  a  normalized 
set  of  covariance  coefficients  ,  all  of  which  can  be 
selected  arbitrarily,  in  order  to  match  an  experimental 
realization  or  an  actual  measured  situation.  The 
performance  caq)ability  of  this  processor  depends 
additionally  on  the  received  signal- to-noise  ratio. 

This  study  is  an  extension  of  NUSC  Technical 
Report  7707,  to  cover  the  case  of  a  nonconstant 
threshold.  Comparisons  of  this  normalizer  with  the 
earlier  results  (for  L  =00)  enable  a  quantitative  evaluation 
of  the  losses  incurred  by  lack  of  knowledge  of  the  noise 
level.  The  important  capability  of  constant  false  alarm 
rate  is  achieved  by  this  normalizer. 

Plots  of  the  detection  probability  vs.  false 
alarm  probability  are  furnished  for  a  variety  of  typical 
choices  of  the  various  parameters;  however,  the  multitude 
of  parameters  and  cases  precludes  a  comprehensive 
all-encompassing  compilation  of  numerical  results. 
Accordingly,  a  general  program  in  BASIC  is  listed, 
whereby  additional  results  of  interest  to  a  particular  user 
can  be  eaatly  obtained,  once  numerical  values  are 
assigned  to  all  the  parameters. 
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DEIECIION  PERFORMANCE  OF  NORMALIZER  FOR  MULTIPLE  SIGNALS  SUBJECT 
TO  PARTIALLY  CORRELATED  FADING  WITH  CHI-SQUARED  STATISTICS 

INTRODUCTION 

In  a  recent  study  [1],  the  detection  performance  capability  of  a 
multiple-pulse  system  subject  to  correlated  fading  was  quantitatively 
delineated.  It  was  assumed  there  that  the  noise  level  was  known,  so  that  a 
threshold  could  be  set  for  an  arbitrarily  specified  false  alarm 
probability.  Then  the  detection  probability  was  evaluated  as  a  function  of 
the  threshold  level,  the  received  signal-to-noise  ratio,  the  number  K  of 
signal  pulses,  and  the  fading  statistics. 

Here  we  will  extend  these  earlier  results  to  cover  the  case  where, 
add i I iona 1 ly ,  the  noise  level  is  unknown  and  must  be  estimated  on  the  basis 
of  a  finite  number  L  of  noise-only  samples.  The  same  approximation 
technique  that  was  presented  in  [1]  is  used  to  determine  the  detection 
probability  of  this  normalizer  system.  The  reader  is  referred  to  [1]  for 
additional  background,  motivation,  interpretations,  and  related  references. 
For  the  sake  of  brevity,  we  will  employ  the  same  notation  and  presume  that 
the  reader  has  complete  familiarity  with  the  earlier  material  and 
development . 
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PROBLEM  OEFINllION 


We  will  couch  the  problem  in  a  particular  setting,  one  with  obvious 
appeal  and  application;  however,  it  should  be  obvious  how  to  extend  this 
setting  to  a  more  general  one,  particularly  in  light  of  the  arbitrary  fading 
covariance  coefficients  that  are  allowed  in  the  analysis. 


Suppose  a  sequence  of  K  tone  bursts  at  a  common  center  frequency  are 
transmitted,  as  depicted  in  figure  1.  Each  rectangular  slot  symbolizes 


-Pirenwency 


r~n  Ezm .  nr-p 

1  1  K 


Figure  1.  Time-Frequency  Occupancy  Diagram 

a  tone  of  duration  seconds  and  approximate  frequency  bandwidth  1/1 
Hz.  These  bursts  may  be  abutting  in  time  or  may  be  arbitrarily  separated  in 
time  by  several  multiples  of  T.^ .  At  the  receiver,  K  narrowband  filters  of 
bandwidth  1/T.|  Hz  are  sampled  at  the  times  of  peak  signal  output  (if 
present)  and  their  squared  envelopes  are  summed.  Depending  on  the  time 
separation  between  pulses,  signal  strength  may  fade  considerably;  the 
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exact  amount  and  frequency  of  the  fading  depends  on  the  distribution  of  the 
fading  and  the  covariance  of  the  fading  amplitude  of  adjacent  (as  well  as 
separated)  pulses. 

It  is  presumed  that,  during  a  single  tone  of  duration  seconds,  the 
fading  is  essentially  constant,  resulting  in  a  constant  amplitude  scaling 
and  phase  shift  applied  to  the  pulse.  The  time  separations  between  pulses 
in  figure  1  are  arbitrary,  thereby  allowing  for  an  arbitrary  degree  of 
correlation  between  the  fading  factors  applied  to  each  pulse. 

To  establish  a  reference  against  which  this  sum  of  K  matched  filter 
outputs  can  be  compared,  for  purposes  of  deciding  on  the  presence  or  absence 
of  signal,  a  group  of  I.  nonoverlapping  noise-only  slots,  located  arbitrarily 
in  the  time-frequency  plane,  are  also  energy-detected  and  summed.  For  very 
large  I  ,  this  noise  reference  is  very  stable,  and  performance  approaches 
that  predicted  by  [1].  However,  for  moderate  values  of  L  and  for  small 
false  alarm  probabilities  of  interest,  it  is  important  to  know  how  much 
degradation  in  performance  is  incurred  by  being  forced  to  use  this  noisy 
ref  erence . 

An  obvious  implementation  of  the  processing  implied  by  figure  1  is  to 
employ  fast  Fourier  transforms.  The  L  reference  bins  can  then  be  an 
arbitrary  collection  of  time  and/or  frequency  bins.  However,  L  cannot  be  so 
large  that  nonstationary  and/or  nonwhile  noises  cause  their  own  kind  of 
errors  in  noise  power  estimation.  The  tradeoff  between  these  conflicting 
requirements  will  be  assessed  quantitatively  in  this  investigation. 
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NORMALIZER  PROBABILITIES 

DEFINITIONS  OF  PARAMETERS 

Very  heavy  reliance  will  be  made  here  on  the  basis  that  was  set  up  in 
[1].  Thus  we  have  the  following  fundamental  parameters  of  the  detection 
procedure  (the  immediate  references  in  tables  1  and  2  are  to  [1]): 


K,  number  of  potential-signal  pulses  added,  (figure  1  and  A-11); 

m,  signal  fading  parameter  (power-scaling  is  chi -squared  with  2m 
degrees  of  freedom),  (13); 


normalized  covariance  coefficients  of 

Kl’ 


signal 


power-seal ings 


average  received  signal  energy  per  pulse _ ,  ( 9 ) ; 

single-sided  received  noise  spectral  density  level 


L,  number  of  noise-only  pulses  added. 


Table  1  .  Fundamental  Parameters 
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In  addition,  there  are  two  very  useful  auxiliary  parameters  that  found 
f requent  use  in  [1 ] : 


K^,  ^ ^  equivalent  number  of  independent  signal  pulses,  (10); 

/  kj=l 


N,  m  Kp  =  a  summary  parameter  describing  the  distribution  of 
the  sum  of  power  scalings,  (A-24)  and  (A-29). 


Table  2.  Auxiliary  Parameters 


None  of  the  parameters,  m,  K^,  N,  need  be  integer.  Also,  N  can  be  larger 
or  smaller  than  K,  the  number  of  signal  pulses. 


PROBABII  1  I  lES  FOR  KNOWN  NOISE  LEVEL 


Ihe  probability  density  function  of  the  sum  y  [1;  (A-11)]  of  the  K 
signal  envelope-squared  samples  is  given  by  [1;  (B-4)] 


exp(-u/a)  u 

a'-%V(K)  ^ 


4-0) 


for  u  >  0  , 


where  fl;  ( A-32 ) , ( B -3) ,  ( B-7 )  ] 


a  =  2c^  ,  b  ^  2o^  (1  f  R)  ,  R  =  ^  ^ 

0 


Ihe  exceedance  distribution  function  0  (u)  of  output  sum  y  is  given  by 
several  alternative  forms  in  [1;  ( B-9 ) , ( B-1 1 ) , ( B-1 3)  ] .  For  a  fixed 
threshold  (known  noise  level),  the  detection  probability  is 
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NORMAI  IZER  RAl  10 

f-rom  this  point  on,  1  is  presumed  finite.  Suppose  a  noise  level 
estimate,  is  obtained,  based  upon  1.  independent  measurements  of 
noise-only  bins.  It  is  assumed  that  the  average  noise  level  in  these  I.  bins 
is  the  same  as  in  the  K  potent ia 1 -s igna  1  bins,  but  that  this  noise  level  is 
unknown.  If  we  let 
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y  -  y(K.E^/N^)  (7) 

denote  the  sum  of  K  signal  bin  outputs  with  average  signal-to-noise  ratio 

F, /N  ,  then 
1  0 

Yo  =  y(L.O)  (8) 


is  the  corresponding  sum  of  L  noise-only  bins.  Now  define  ratio 


V 


y(K,E^/N^) 

y(l“0) 


(9) 


for  sets  of  K  and  L  pulses,  respectively.  The  noise  contributions  to  the 
total  of  K  f  L  outputs  are  presumed  independent  of  each  other;  however,  the 
signal  fading  factors  amongst  the  K  signal  outputs  are  correlated  to  an 
arbitrary  degree.  We  are  interested  in  the  distribution  of  this  normalizer 
ratio,  V. 


When  signal  is  absent,  the  ratio  u  in  (9)  is  independent  ot  the  absolute 
level  of  the  received  noise;  therefore,  we  can  expect  the  normalizer  to 
achieve  the  important  capability  of  constant  false  alarm  rate.  That  means 
that  a  specified  false  alarm  probability  can  be  achieved  without  knowledge 
of  the  average  noise  power  level. 


Ihe  quantities  y  and  y^  are  the  sums  of  K  and  L  squared-envelope 
samples,  respectively,  and  are  not  the  averages  of  these  sampled 
quantities.  In  terms  of  the  samp  I e-averagr  quantities,  we  could  define  a 
slightly  different  normalizer  ratio 
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r/K  1 


V  =  /I  =  k-  V  • 

Yq/l  k 


It  then  readily  follows  that  the  cumulative  distribution  function  of  random 
variable  v  is 


Pp(u)  =  Prob(u  <  u)  Prob^u  <  “  =  P^^^  u^  , 


in  terms  of  the  cumulative  distribution  function  of  ratio  v  in  (9).  Thus,  a 
simple  scale  factor  change  allows  for  consideration  of  the  alternative  ratio 


When  we  plot  the  detection  probability  versus  the  false  alarm 
probability,  that  is,  eliminate  the  threshold,  the  same  performance 
characteristics  result  for  random  variable  v  as  for  v.  Accordingly,  we  will 
not  use  or  refer  to  'v  or  P^(u)  any  further,  but  concentrate  solely  on 
normalizer  ratio  v,  given  by  (9). 


NORMALIZER  DlSTRIBUl IONS 


The  characteristic  function  of  noise  only  random  variable  y  can  be 

0 

found  directly  from  [1;  (A-13)]  by  setting  A  to  zero  and  replacing  K  by 


f  (?)  =  (1  -  i?a) 
'  0 
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The  corresponding  probability  density  function  of  yq 


(u)  = 


r(L)  a*- 


for  u  >  0 


Ihe  exceedance  distribution  function  is 


Q  (u)  =  Prob(YQ  >  u)  ^  (u/a)  for  u  >  0  , 

^0 


in  terms  of  the  functions  defined  in  (5)  and  (6). 


Ihe  cumulative  distribution  function  of  ratio  v  in  (9)  is  given  by 
(since  >  0) 

P^(u)  =  Prob(u  <  u)  =  Prob^;^  <  =  Prob^Y  <  uy^^ 


dy  p^(y)  (  dx  p^  (x)  --  J  dy  p^(y)  (y/u)  ^ 


a'-^  bV(K) 


for  threshold  u  >  0,  where  we  used  (1)  and  (14).  We  now  expand  ^ 
according  to  (5)  and  (6)  and  integrate  term-by-term, to  obtain  [3;  7.621  4] 

^  u)'.2  ^  -  i)  1^)  ■ 


but  f  rom  ( 2) , 
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-  =  ^ 

b  "  1  +  R  ’ 


1  K 

N  ’ 

0 


(17) 


where  the  parameters  involved  are  described  in  tables  1  and  2.  Making  these 
substitutions  in  (16),  there  follows  for  the  cumulative  distribution  function 
of  random  variable  v. 


P  (u)  = 


1 


(1  +  R) 


(rl-J 


L-1 


JC.  (1 


(18) 


An  alternative  more  useful  form  is  obtained  when  we  use  [2;  15.3.3]: 

L-1 . 


(K). 


1  +  R 


ll  +  u  +  R 


F  f-i.K  -  N;  K; 


R 


1  f  R  1  4-  u 
(19) 


for  u  >  0.  This  result  is  very  attractive  since  the  negative  integer 
argument ,  in  the  hypergeometric  function  causes  termination  of  the 
series  at  Jl  terms.  Thus,  (19)  is  a  closed  form  (albeit  tedious)  for  the 
cumulative  distribution  function  of  u,  involving  a  finite  number  of 
elementary  functions. 


It  should  be  noticed  that  the  absolute  noise  level  does  not 
appear  in  (18)  or  (19).  (The  cumulative  distribution  function  for 
alternative  normalizer  ratio  v  given  by  (10)  can  now  easily  be  found  by  use 
of  (11).) 
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COMPARISON  WIIH  EARLIER  RESULTS 

Ihe  result  (19)  for  the  cumulative  distribution  function  of  normalizer 
ratio  V,  operating  in  a  partially  correlated  fading  environment,  is  an 
approximation,  having  been  based  upon  a  characteristic  function  fitting 
procedure  explained  in  [1;  ( A-24) -( A-28) ] .  Nevertheless,  (19)  is  identical 
with  the  exact  fading  result  for  a  related  normalizer  problem;  namely, 
agreement  with  [4;  (25)J  is  achieved  under  the  following  identifications: 


TR  4783 

Here 

Interpretation 

a 

u 

threshold 

M 

K 

number  of  signal  pulses 

N 

L 

number  of  noise-only  pulses 

V  1 

N 

m  Ke*  table  2 

P 

R 

^  ^  (?) 

N  N  ’  ' 

0 

Table  3.  Identification  of  Variables 


Ihe  identity  of  v  +  1  with  N  is  made  by  comparing  [4; 
[1;  (A-29)].  The  final  identity  of  y  with  R  utilizes 
11;  (9)j: 


(24A)]  with 
[4;  (248)]  and 


N 


N 


=  R  . 


(20) 


1 1 


where  the  arrow  indicates  transf errance  from  [4]  to  [1]. 
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The  approach  in  [4]  proceeded  as  follows:  the  detection  probability 
for  nonfading  signals  in  all  the  bins  depended  only  on  the  total  received 
signa  1 -to-noi se  ratio  R-j-.  When  R^  was  assigned  the  fading  probability 
density  function  [4;  (24A)],  the  average  detection  probability  in  [4;  (25)] 
resulted.  For  the  special  case  of  fading  parameter  u  M  -  1  there, 
numerous  graphical  results  were  given  in  [4;  figures  1-36]. 

The  current  results  here  are  more  general,  in  that  they  allow  for 
partially  correlated  fading  (through  parameter  K^)  and  a  more  general 
power-fading  model  (with  2m  degrees  of  freedom).  This  means  that  N  =  m 
here  is  not  restricted  to  be  equal  to  the  number  of  signal  pulses,  K,  but  is 
arbitrary.  Thus  the  current  numerical  results  will  significantly  augment 
and  extend  those  in  [4].  If  N  =  K  here,  then  R  ^  F./N  =  signal -to-noise 
ratio  per  pulse,  and  (19)  reduces  to  [4;  (15B)],  for  which  many  numerical 
results  were  given  in  [4;  figures  1-36]. 

SPECIAL  CASES 

For  m  =  1,  which  corresponds  to  Rayleigh  amplitude  fading,  and 
^  *•< j  ’  corresponds  to  uncorrelated  fading,  then  -  K,  N 

we  get  from  (19) , 

"  (l  +  u  +  r) 

in  agreement  with  [4;  (158)]. 

On  the  other  hand,  if  R  =  0,  then  (18)  and  (19)  both  reduce  to 

12 


for 

^  K,  and 
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p(o) 


V 


(u)  -- 


(22) 


which  is  equal  to  1  -  P^,  where  Pp  is  the  false  alarm  probability. 

2 

Since  noise  level  a  is  not  involved  in  (22),  threshold  u  can  be 

n 

selected  to  realize  a  given  Pp,  once  K  and  I.  have  been  specified.  This  is 
a  quantitative  verification  of  the  expected  constant  false  alarm  rate 
property  of  the  normalizer. 


Finally,  in  the  special  case  of  one  signal  pulse,  K  ^  1,  and  Rayleigh 


amplitude  fading,  m  =  1,  then  =  1 ,  N  =  1 ,  R  =  (^^)  yields 


P^(u)  ^ 


_ u _ 

1  c  u  +  R 


(23) 


lhal  is, 

'  -  ^  FTr)  •  •''') 

which  agrees  with  [5;  (6)J  when  we  make  the  identifications  (from  there  to 
here)  of  N  ->  1. ,  1/N  u,  y  -»  R. 


RFtURSlON  FOR  CUMUlAlIVt  DISTRIBUIION  FUNCTION 


let  the  hypergeometric  function  appearing  in  (19)  be  represented  as 
foil ows : 


(K) 


H^(x)= 


H-X,  K  -  N;  K;  x) 


(25) 
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Then 

Ho(x)  =  1  .  (26) 

while  (26)  has  the  recursion  [2;  15.2.10] 

=  [K  +  2jt  -  2  +(N  -  K  -t-  1  -je)x]  H^_.,(x)  -  (K  +  i  -  2)(1  -  x)H^_2('') 

for  i>  1  .  (27) 

where  we  define  H  .|(x)  -  0.  In  terms  of  (25),  the  cumulative  distribution 
function  of  v  in  (19)  becomes 


This  form,  in  conjunction  with  recursion  (27),  was  used  for  all  the 
numerical  results  here,  for  L  finite.  The  parameters  appearing  in  (28)  have 
all  been  explained  in  tables  1  and  2.  The  explicit  dependence  on  the 
fundamental  parameters  is  indicated  below: 

Ke  =  Ke(K,  fpk j] )  , 

N  =  N(m,  K,  {pkj})  , 

R  =  R(r7/No.  m,  K,  Jpkj})  .  (29) 

In  addition,  the  cumulative  distribution  function  in  (28)  is  a  function  of  I 
and  threshold  u. 
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DUKCIION  AND  FALSt  AlARM  PROBAB 1 L 1 1  1  tS 

Ihe  detection  probability  is  given  by 

Pp  =  Prob(v  >  u)r  >  0)  =  1  -  P^(u) ,  (30) 

where  P„(u)  is  available  in  (2B).  The  false  alarm  probability  is 

Pj-  -  Prob(u  >  ujR  =  0)  =  1  -  p|^°^u)  ,  (31) 

where  p|^°^(u)  is  available  in  (22).  By  allowing  threshold  u  to  vary 
over  a  wide  range,  P^  and  P^.  values  can  be  obtained  and  plotted  against 
each  other,  resulting  in  the  standard  receiver  operating  characteristics; 
the  threshold  is  thereby  eliminated  from  the  plotted  outputs.  Programs  for 
plotting  Pq  vs  Pp,  both  for  1.  finite  as  well  as  infinite,  are  listed  in 


appendix  A. 
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GRAPHICAL  RFSULTS 


Due  to  the  multitude  of  parameters  appearing  in  this  investigation  (see 
tables  1  and  2),  it  is  impossible  to  give  a  comprehensive  compilation  of 
encompassing  numerical  results.  Considering  just  the  covariance 
coefficients  {pi, for  the  moment,  complete  specification  requires 
assignment  of  K(K  -  l)/2  values  to  these  quantities;  to  circumvent  this 
difficulty,  we  consider  numerically,  here,  only  the  very  special  case  of 
exponential  correlation,  for  which 


Pl  •  =  p 


for  1  <  k,  j  <  K  , 


and  look  at  a  couple  of  particular  values  for  p.  Our  approach  here,  of 
necessity,  is  to  give  some  representative  sample  receiver  operating 
characteristics  and  a  general  computer  program  in  BASIC,  whereby  additional 
results  can  easily  by  obtained  once  the  user  has  specified  all  the 
particular  values  of  interest  in  his  application.  This  program  allows  for 
arbitrary  covariance  coefficients,  {p|(j\  •  ^nd  is  not  limited  to  the 
specific  example  (32). 


The  particular  cases  we  will  investigate  are  as  follows; 


=  1.  ?.  4, 

-  16,  32,  «c>, 

-  1. 

=  0,  .5  . 
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All  possible  combinations  of  these  four  fundamental  variables  lead  to  30 

•k 

plcLs,  which  appear  below  in  figures  2-31.  (There  are  only  6  plots  for 
K  ^  1,  not  12,  because  the  value  of  p  is  irrelevant  for  K  1 ) .  The  curves 
are  indexed  by  the  per-pulse  signal -to-noise  ratio,  in  dB.  The 

false  alarm  and  detection  probability  pairs  range  from  (poor  quality)  pair 
(.5,.oi)up  to  (high  quality)  pairs  near  (lE-10,  .999). 

The  number  of  signal  pulses,  K,  is  limited  to  the  low  values  1,  2,  4, 
because  these  seem  to  be  the  cases  of  most  immediate  practical  use.  The 
number  of  noise-only  samples,  L,  is  not  evaluated  for  L  =  64  because  of  the 
proximity  of  the  results  to  those  for  L  -  <*>;  conversely,  results  are  not 
presented  for  L  =  8,  because  a  severe  degradation  in  performance  occurs,  that 
probably  cannot  be  tolerated.  The  fading  parameter  value  m  =  1  corresponds 
to  Rayleigh  amplitude  fading  (exponential  power  fading),  while  m  -  .5 
corresponds  to  a  deeper  more -damaging  form  of  fading.  The  correlation 
coefficient  p  ^  0  corresponds  to  uncorrelated  ( •>  ndependent)  fading,  while 
p  :  .5  allows  for  adjacent  (equispaced)  pulses  in  figure  1  to  have  some 
degree  of  dependent  fading. 

An  explanation  of  the  initial  result  in  figure  2  follows:  for  K  =  1, 
m  ^  1 ,  I  '  Oft  (known  noise  level),  the  detection  probability  is  plotted  versus 
the  false  alarm  probability  for  values  of  the  latter  between  iE-10  and  .1. 

Ihe  value  of  the  per-pulse  signal-to-noise  ratio,  f-j/Np  ''n  dB,  varies  over 
the  range  6,  8,  10,  ...  ,  42,  giving  detection  probability  values  covering 


*  All  the  figures  are  collected  together  after  the  Summary  section. 
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the  range  .01  to  .999.  The  only  difference  in  the  accompanying  pair,  figures 
3  and  4,  is  that  L  is  reduced  to  32  and  16,  respectively. 

The  results  in  figures  5  through  7  correspond  to  the  worst  cases 
considered  here.  Namely,  there  is  just  one  (fading)  signal  pulse,  and  m  is 
.5,  which  means  a  very  deep  fading  medium;  see  [1;  figure  2].  The  values  of 
signal -to-noise  ratio  required  for  L  ^  16  in  figure  7  are  so  large  as  to  be 
physically  unrealistic,  except  for  the  poorer  quality  region. 

On  the  other  hand,  for  K  =  4  signal  pulses,  Rayleigh  amplitude  fading 
(m  =  1),  and  uncorrelated  fading  (p  -  0),  the  results  in  figures  20  through 
22  are  very  encouraging,  being  physically  reasonable  over  the  whole  range  of 
plotted  values.  But  when  m  is  decreased  to  .5,  and  p  is  increased  to  .b, 
the  results  in  figures  29  through  31,  still  for  K  -  4  pulses,  indicate 
substantially  increased  signal-to-noise  ratio  requirements  at  the  higher 
quality  end  of  the  performance  region. 

An  alternative  method  of  presenting  the  graphical  results,  whic^' 

accounts  for  the  losses  incurred  by  not  knowing  the  noise  level,  is  to  plot 

the  required  value  of  E*  /N  vs  I.,  for  various  values  of  the  remaining 

1  0 

parameters  and  for  specified  performance  quality  in  terms  of  Pp  and  P^. 

Two  such  cases  are  illustrated  in  figures  32  and  33.  They  show  that  the 
cost  of  not  knowing  the  noise  level  is  not  severe  for  the  high  false  alarm 
probabilities,  but  is  quite  significant  for  the  lower  more-desirable  false 
alarm  probabilities.  Tor  example,  in  figure  33  for  K  ^  ?  signal  pulses,  the 
signal-to-noise  ratio  must  be  about  1.5  dB  larger  at  L  ^  10  noise  pulses  than 
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at  t  ^  100,  when  Pj_  =  .01.  However,  if  we  want  to  operate  at  Pp  =  lE-10,  the 
increased  s igna 1 -to-noi se  ratio  requirement  is  about  6  dB  per  pulse.  The 
numbers  are  comparable  for  the  K  ^  1  results  in  figure  32. 

The  asymptotes  for  large  L  in  figures  32  and  33  can  be  found  in  some 
cases  from  earlier  results  in  [1].  For  example,  reference  to  ;  figure  8] 
for  K  =  2,  p  ^  .5  gives  ?  16.8  dB,  while  Pp  -  lE-6,  P^  -  .9,  m  -  1. 

Comparison  with  figure  33  here  reveals  that  the  performance  requirement  is 
virtually  at  this  level  by  the  time  that  I  ^  100. 
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SUMMARY 


Although  figures  32  and  33  are  very  informative,  allowing  for  a  ready 
assessment  of  the  losses  incurred  by  using  a  finite  small  value  for  I ,  the 
number  of  noise-only  pulses,  they  also  illustrate  the  voluminous  compilation 
that  would  be  needed  for  a  thorough  numerical  investigation,  for  example, 
if:  detection  probabilities  were  of  interest  for  values  .5,  .9,  .99, 

.999;  number  of  signal  pulses  K  for  values  1,  2 . 10;  fading  parameter 

m  for  values  .5,  1,  2;  and  fading  correlation  coefficient  p  for  0,  .5,  1; 
this  would  require  a  total  of  4*10’^3*3  =  360  figures.  The  approach  here  is 
instead  to  present  some  representative  receiver  operating  characteristics,  in 
figures  2  through  31,  from  which  information  similar  to  that  in  figures  3? 
and  33  can  be  extracted,  and  to  list  a  general  program  for  the  generation  of 
additional  receiver  operating  characteristics  for  whatever  cases  may  be  of 
interest  to  the  user. 

Some  related  work  on  the  performance  of  a  log-norma 1 i zer  subject  to 
Weibull  or  log-normal  inputs  has  been  published  by  the  author  in  [6]; 
however,  no  fading  was  allowed,  and  the  number  of  signal  pulses  was  limited 
to  K  =  1 .  In  a  different  vein,  the  performance  of  an  or-ing  device 
operating  on  the  output  of  an  incoherent  combiner  of  multiple  pulses  was 
analyzed  in  [7].  These  works  augment  and  complement  the  analysis  conducted 
here . 
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Probability  of  False  Riarm 
Figure  2.  ROC  for  I<"1,  m-1,  L- 
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Probability  of  False  Alarm 
Figure  3.  ROC  for  K=l,  m=l,  L=32 


E-lOE-9  E-8  E-7  E-C  F-S  E-2  .01.02 

Probability  of  False  Alarm 
Figu^'e  ROC  for  K=l,  m=l,  L=16 
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Probability  of  False  Alarm 
Figure  5.  ROC  for  K=l,  m= .  5 ,  L= 


'ob  ab 
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Probability  of  False  Alarm 
Figure  7.  ROC  for  K=l,  m=.5,  L=1B 
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E-lOE-9  E-8  E-7  E-G  E-5  E-4 


.01.02 


E-3 

Probability  of  False  Rlb-m 
Figure  8.  ROC  for  K=2 ,  m=l,  P=0,  L 
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•  V  1 - -  - - 

E-lOE-9  E-8  E-7  ^-6  E-5  E-4  E-3  .01.02  .05  .1 

Probability  of  False  Rlarm 
Figure  9.  ROC  for  K=2 ,  m=l,  ^=0,  L-32 
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Probability  of  False  Rlarm 
Figure  10.  ROC  for  K=2 ,  m=l,  P=0,  L=16 
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E-IOS  E-8  E-7  E-6  E-5  E-4  E-3  .01.02  .05  .1 

Probability  of  False  Alarm 
Figure  12.  ROC  for  K=2 ,  m=l,  p=.5,  L=32 
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Probability  o-f  Detection 


Probability  of  False  Alarm 
Figure  13.  ROC  for  K=2 ,  m=l,  p=.^,  L=1G 
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Probability  of  False  Alarm 
Figure  M.  ROC  for  K=2,  m=.5,  P=0,  L= 
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Probability  of  False  Rlarm 
Figure  15.  ROC  for  K=2 ,  m=.5,  p=0,  L=32 
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Probability  of  False  Alarm 
Figure  17.  ROC  for  K=2 ,  m=.5,  p  =  .5,  L=^ 
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Probability  of  False  Rlarm 
Figure  18.  ROC  for  K=2 ,  m=.5,  p=.5,  L=32 
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E-lOE-9  E-B  E-7  E-6  E-5  E-4  E-3  .01.02  .05  .1 

Probability  of  False  Alarm 
Figure  19.  ROC  for  K=2 ,  m=.5,  P=.5,  L=1B 
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E-lOE-9  E-8  E-7  E-6  E-5  E-4  E-3  .01.02  .05  .1 


Probability  of  False  Alarm 
Figure  20.  ROC  for  K=4 ,  m=l,  ^=0,  L=°® 
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Probability  of  False  Alarm 
Figure  21.  ROC  for  K=4 ,  m=l,  ^=0,  L=32 
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-lOE-9  E-8  E-7  E-G  E-5  E-4  E-3  .01.02  .05  .1 

Probability  of  False  Alarm 


Figure  22.  ROC  for  K=4 ,  m=l,  p=0,  L=16 
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E-lOE-9  E-8  E-7  E-G  E-5  E-4  E-3  .01.02  .05  .1 

Probability  of  False  Alarm 
Figure  24.  ROC  for  K=4 ,  m=l,  ^=.5,  L=32 
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Probability  of  False  Alarm 
Figure  25.  ROC  for  K=4 ,  m=l,  p=.5,  L=IB 
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Probability  of  False  Alarm 
Figure  26.  ROC  for  K=4  ,  m= .  5 ,  p=0,  L=  co 
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E-lOE-9  E-0  E-7  E-G  E-5  E-4  E-3 
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,01.02  .05 


Probability  of  False  Rlarm 
Figure  27.  ROC  for  K=‘1 ,  m=.5,  P=0,  L=32 


Probability  of  Detection 
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Probability  o-f  Detection 
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Probability  of  False  Alarm 
Figure  30.  ROC  for  K=4 ,  m=.5,  P=.5,  L=32 
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Probability  of  Detection 
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E-lOE-9  E-8  E-7  E-6  E-5  E-4  E-3  .01.02  .05  .1 

Probability  of  False  Riarm 
Figure  31.  ROC  for  K=4 ,  m=.5,  p=.5,  L=16 
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Figure  32.  SNR  for  P,>=.9,  K=l,  m=l 


L,  Number  of  Noise  Pulses 

Figure  33.  SNR  for  Pj)=.9,  K=2 ,  m=l,  fi=.5 

51/5 

Reverse  Blank 
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APPENDIX  A 
PROGRAM  LISTINGS 

There  are  two  programs  listed  in  this  appendix,  the  first  for  L  finite, 
the  second  for  L  infinite,  where  L  is  the  number  of  noise-only  pulses  used 
to  establish  a  reference.  The  fundamental  parameters  K,m,L  are  input  in 
lines  20,  30,  40,  while  p  is  input  in  line  1400.  The  particular  values  of 
(in  dB)  that  are  of  interest  are  input  in  lines  340  and  350. 

Provision  is  made  for  20  P^  vs  Pp  curves  in  lines  60-90;  this  can  easily 
be  changed  to  accommodate  other  cases. 

The  false  alarm  and  detection  probabilities  are  available  in  lines  1000 
and  1130,  respectively.  The  detection  probability  utilizes  R  and  N  as  input 
variables;  see  table  2.  The  particular  covariance  programmed  in  lines 
1390-1430  is  exponential,  but  this,  too,  can  easily  be  generalized. 

To  save  space,  the  complete  program  for  L  infinite  is  not  listed. 

Rather,  just  the  essential  false  alarm  and  detection  probability  routines 
are  listed  at  the  end  of  the  appendix;  these  are  obviously  not  functions  of 
L.  The  changes  required  to  accommodate  this  case  of  infinite  L  should  be 
obvious . 
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10 
20 
30 
40 
50 
60 
70 
30 
30 
100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
24  0 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 
410 
420 
430 
440 
590 
600 
610 
620 
630 
640 
650 
660 
670 
680 
330 
840 
850 
860 
870 
380 
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GEHERftTE  PD-VS-PF  NUMBERJ 
K  =  4 
Ms=.  5 
L=16 

DIM  U(:i00) 

Pf  C 100> , Pdl 

PdGC  100:) ,  Pd7 c;  100) ,  RdSC  100) ,  Pd9«:  100) ,  PdlOC  100) ,  Pdl  1  <  100) 

Pd  1  2  C 1 00  ) ,  Pd  1 3  <  1 00 ) ,  Pd  1 4  <  1 00 ) ,  Pd  1 5  1 00 ) ,  Pd  1 6  ■:  1 00 ) ,  Pd  1  7  (  1 00  ) 
Pd  ISC  100) , Pdl 9< 100) , Pd20C 100) 


COM 
COM 
COM 
COM 

DOUBLE  K, L. I , J 

8  =  0. 

FOR  1  =  1  TO  k: 

FOR  J=1  TO  K 
S  =  S  +  FNCoy(.'I,.J) 

NEXT  J 
NEXT  I 
K  e  =  K  *  K  S 
N  =  M=.*Ke 
U  =  0. 

U=U+. 01 

Pf=FNPf (U,K,L) 

IF  Pf>.l  THEN  200 
U1=MFIX<U-.  01  ,  .  01  ) 
U=U+. 01 

Pf=FNPf <U, K, L) 

IF  Pf>lE-10  THEN  240 
U2  =  U 

Del u=<U2-Ul )• 100. 

FOR  1=0  TO  100 
U=Ul+Del u*I 
UC I )=U 

Pf<;l)=FNPf<U,K,L) 

NEXT  I 

FOR  J=1  TO  20 
E  1  fi  o  d  b  =  2  *  J  +  2 
E 1  n  o  =  1 0 . '  .  1  ♦  E  1  n  o  d  b ) 

R  =  E  1  r‘i  o  K  '•  N 
FOR  1=0  TO  100 
U  =  U<:  I  ) 

Pd  =  FNPdc:U,  R,  N,  K,  L) 

IF  J  =  1  THEN  PdlU)=Pd 
IF  J=2  THEN  Pd2<I)=Pd 


FOR  FINITE  L 

NUMBER  OF  SIGNAL  PULSES  ADDED, 
FADING  PARAMETER,  rr,  ■;2ni  DOF) 
NUMBER  OF  NOISE  PULSES  ADDED,  L 


100)  ,  Pd2<  100) ,  Pd3(  100) ,  Pd4':;  100) ,  PdSc.  100 


INTEGER! 


NORMALIZED  COVARIANCE  COEFFICIENTS 


EQUIVALENT 
N  =  m  Ke 


NUMBER  OF  INDEPENDENT  FADES 


THRESHOLD  VALUES 
PROBABILITY  OF  FALSE 


ALARM 


SIGNAL-TO-NOISE  RATIO  PER  PULSE,  El'No  ( dE 


!  PROBABILITY  OF  DETECTION 


IF  J=19  THEN  Pdl9<I)=Pd 
IF  J  =  20  THEN  Pd20(:i)=Pd 
NEXT  I 
NEXT  J 

FOR  1=0  TO  100 

Pf  (  I  )-=FNItv,)ph1  cPf  a  )  ) 

P  d  1  <  I  )  =  F  N I  fi  v  p  h  i  <  P  d  1  (  I  )  ) 
Pd2':.  I  )=FNInMphv<Pd2a  )  ) 

I 


I 

Pd  1 9 < 1) =FN I nvph i < Pd  1 9 < I ) ) 
Pd20  <  I  )  =FN  I  rn.'ph  i  (.  Pd20  <  I  ) ) 
NEXT  I 
CALL  A 
END 
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y  9  0  It  E  F  F  H  I  ft  w  f j  Fi  i  •'  X  t  !  Fi  M  ii  5  5 ,  2  6 . 2 .  ^  y 

900  IF  ;;=.5  THEH  RETURH  0. 

910  P  =  MIN<:X,  1  . -X) 

920  t  =  -L0G';:f') 

930  T  =  SQR';T  +  T> 

9  4  01  F'  =  1 .  +  T  *  <!  1 . 4  3  2  7  8  S  T  .  1 8  9  2  6  9  +  T  *  .  0 0 1 3  0  8  >  . ' 

950  P  =  T-  f  2 . 5  1  55  1  7  +  T*  .  302S53  +  T*  .  y  l  0328  '>  >  -'  9 

960  IF  X<.5  THEH  P=-P 

970  RETURN  P 

980  FNEND 

990  ! 

1000  DEF  FHPf  <IJ,  nOUELE  K ,  L  >  !  FRLSE  FiLhRM  PROBREILITY 

1010  IF  U<=0.  THEN  RETURN  1. 

1020  DOUBLE  Ls  !  INTEGER 

1030  U1=U+1. 

1040  K1=K-1 

1050  S  =  T=EXP';K.*LGG<:.U  U1  ■)  ') 

1060  FOR  Ls=l  TO  L-1 

1070  T  =  T*<K1+Ls:).-'  <;Li*Ul  > 

1030  S=S+T 

1090  NEXT  Ls 

1100  RETURN  l.-S 

1110  FNEND 

1120  ! 

1130  DEF  FNPd<U,R,N,  DOUBLE  K,L>  DETECTION  PROBRBILITY 

1140  IF  U<=0.  THEN  RETURN  1. 

1150  DOUBLE  Ls  !  INTEGER 

1160  U1=U+1. 

1170  R1=R+1. 

1180  U2  =  U'U1 

1190  Ru=Rl+U 

1200  K2=K-2 

1210  Nk=N-K+l 

1220  Y  =  Rl''Ru 

1230  X=U2*R^R1 

1240  X1=X-1. 

1  250  S  =  T  =  EXP  K.*LOG  U2  ;■  +N*LOG  <  U 1  Ru  >  > 

1260  Ho=0. 

1270  H=l. 

1280  FOR  Ls=l  TO  L-1 

1290  T=T*Y 

1300  J=K2+Ls 

1310  R  =  J  +  L  s  +  '  N  k  -  L  s  '  ♦  X  )  *  H  +  J  ♦  X 1  *  H  o  '  '  L  s 

1320  Ho=H 

1330  H=R 

1340  S=S+T*H 

1350  NEXT  Ls 

1360  RETURN  l.-S 

1370  FNEND 

1330  ! 

1390  DEF  FHCot.-':  DOUBLE  I  ,  J  > 

1400  Rho=.5  !  N0RMRLI2ED  L OVRR I RNCE  COEFFICIENT 

1410  Co'y  =  Rho"  RES'.  1-J  ■  '  EXPONENTIRL  BEHRVIOR 

1420  RETURN  Com 

1430  FNEND 

14  4  0  ' 
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14jU  bUB  R  '  PLOT  PD  VS  PF  OH  NORMRL  PROERB I L I  T'l'  PRPER 

1  460  COM  Pf  *  >  ,  Pd  1  <  *  ■'  ,  Pd2  <  *  .1 ,  PdS  <*  )  ,  Pd4  '!  *  ')  ,  Pd5  <  *  > 

14  70  COM  Pd6  »  > ,  Pd7  <  *  > ,  PdS  <  *  > ,  PdS  (  +  > ,  Pd  1 0  i  *  > ,  Pd  1  1  >;  * 

1 4S0  COM  Pd  1  2  (.  *■ ,  Pd  1  3 1.  *  >  ,  F'd  1 4  <  *  >  ,  Pd  1  5  (.  *  > ,  Pd  1 6  <  #  > ,  Pd  1  7  C  #  > 

1490  COM  Pd  1  8  i;  *  ,  Pd  1  Sc;  *  >  ,  Pd20<  *  > 

1500  DIM  R$ [ 30 ] , Bt C 30 ] 

1510  D I M  X 1  ibe  1  *■  C  1 :  30  > ,  Y  1  abe  1  « c  1 :  30  > 

1520  DIM  Xc oof  d (  1 :  30 > ,  Yc  oor  d c.  1 ;  30  > 

1530  DIM  Xgr  i  d  C  1  :  30  ,  Ygr  j  dc  1  :  30> 

1540  DOUBLE  H  ,  L  ,  Ly  ,  Hx  ,  Ny  ,  I  XKJTEfrERS 

1550  ! 

1560  R  $  = " P  r  o  b  ab  1  1  it  y  o  f  F  a 1  £  e  fl 1 ar  m " 

1570  B# = " Pr obab i  H  t  y  of  Dt  t  ec  1 1 on “ 

15S0  I 

15S0  Lx=12 

1600  R  E  D  I  M  X  1  ab  6  1  4^ '  1  :  L  x  )  ,  X!  c  o  o  r  d  1 :  L  x  ) 

1610  LRTR  E- 1 0, E-S, E-8, E-7, E-6, E-5, E-4, E-3,  . 01 , . 02,  . 05, .  1 
1620  R  E  R  D  X;  1  ab  €  14'.*  ) 

1630  DRTR  lE-10,  lE-S, lE-8, lE-7, lE-6, lE-5,  lE-4, . 001 , . 01 , . 02,  . 05,  .  1 
1640  R  E  R  D  X'l  c  o  o  r  d  (  *  J 


1  650 
1  660 
1670 
1  680 
1  6  S  0 
1  700 
1710 
1720 
1730 
1740 
1  750 
1760 
1770 
1780 
1  7S0 
1300 
1310 
1  320 
1830 
1  340 
1850 
1  360 
1870 
1  330 
1  3S0 
1  S00 
1S10 
1S20 
1  S30 
1  S40 
1S50 
1  S60 
1S70 
1  S80 
1  SS0 
2000 
20  1  0 
2020 
2030 
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Ly=18 

RED  I M  Y 1  abe  1  4  C  1 :  Ly  > ,  Yc  cord  c  l :  Ly  ;> 

DRTR  . 0 1 , . 02 , . 05 , . 1 , . 2 , . 3 , . 4 , . 5 , . 6 , . 7 , , 8 , . S 
DRTR  .95,. S3, .99, . 995, . 998, . 999 
R  E  R  D  Y  1  ab  e  1  4  <  *  •> 

DRTR  .  0 1 ,  .  02,  . 05, . 1 , . 2, . 3, . 4, . 5, . 6, . 7, . 3,  . 9 
DRTR  . 95, . 98, . 99, . 995, . 998, . 999 
R  E  R  D  Y  c  o  o  f 'd  (  *  > 

I 

Nx=14 

REDIM  Xgr  1  dc:  1 :  Nx> 

DRTR  lE-10, lE-9, lE-8, lE-7, lE-6, lE-5, lE-4 
DRTR  . 00 1 , . 002 , . 005 , . 01 , . 02, . 05, . 1 
RERD  Xgrid<*) 

I 

Hy=18 

REDIM  Ygr  1  dC  1 :  My  ;■ 

DRTR  . 0 1 , . 02 , . 05 , . 1 , . 2 , . 3 , . 4 , . 5 , . 6 , . 7 , . 3 , . 9 
DRTR  . 95, . 98 , . 99, . 995, . 998, . 999 
RERD  Ygr id'*) 

I 

FOR  1=1  TO  Lx 

Xi:  oor  d  I  ;■  =FM  I  ri','ph  i  ( Xc  oord  ( I  >  ;> 

NEXT  I 

FOR  1=1  TO  Ly 

Y  ■:  o  o  r  d  <  I  >  =  F  M I  n  c.'  p  l  i  i  C  Y  c  o  o  r  d  c  I  >  > 

NEXT  I 

FOR  1=1  TO  Nx 

Xgr  id';  I )  =FN  I  noph  i  <  Xgr  i  d  >;  I )  > 

NEXT  I 

FOR  1=1  TO  Hy 

Ygr  1  d  C  I  >  =FN  I  ri'.Jph  i  <  Ygr  i  d  ■;  I  )  > 

NEXT  I 
X 1  =Xgr  )  d<  1  ;■ 

X2  =  Xgr i dC  Nx  > 

Yl=Ygr 1 dc 1 j 
Y2  =  Ygr  i  d  c  N':'  > 

Seal  e  =  c;Y2-Yl  ;)/c:X2-Xl  > 
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jU40  GINIT  200.  ieO. 

2050  PLOTTER  IS  505,"HPGL" 

20G0  PRINTER  IS  505 

2070  PRINT  '‘VS4" 

2080  LIMIT  PLOTTER  505 , O . , 200 . , 0 . , 260 . 

2080  VIEWPORT  22. , 85. , 19. , 122. 

2 1 00  '  V  I EWPORT  22 .  , 85 .  , 59 .,122. 

2110  !  VIEWPORT  22. , 85. , 19. , 62. 

2120  WINDOW  X1,X2,Y1,Y2 

2130  FOR  1=1  TO  Nx 

2140  MOVE  Xgr- 1  d  I  ,  Y  1 

2  1  50  DRPlW  Xgr  1  d I  >  ,  Y2 

2160  NEXT  I 

2170  FOR  1=1  TO  Ny 

2  1  80  MOVE  X  1 ,  Ygr  i  d  <  I 

2  1  90  DRFlW  X2  ,  Ygr  i  d  ■ :  I  > 

2200  NEXT  I 

2210  CSIZE  2. 3, . 5 

2220  LORG  5 

2230  Y  =  V  1  -  <  Y2-Y  1  >  •»  .  02 

2240  FOR  1=1  TO  Lx 

2  i.'  5  0  M  0  V  E  X  coo  r  d  I  ' ,  Y 


2260 

LHEEL  XI 

■ibe  1  4  <•  I  ' 

2270 

NEXT  I 

2  2  80 

CSIZE  3. 

.  •  5 

2290 

MOVE  .5* 

< ; '  1  +  X  2  , 

Y  1  -  .  06*  <•  Y2-Y  1  ) 

2300 

LABEL  8* 

2  310 

MOVE  .5+ 

':.X1+X2,'  , 

Y  1  -  .  1  <  Y  2  -  Y  1  ) 

2  320 

LABEL 

"Fig  u  r  e 

3  1  .  R  0  C  f  o  r  K  =  4  , 

2  330 

CSIZE  2. 

3 ,  .  5 

2340 

LORG  8 

2  350  X  =  X  1  -  C  X2-X  1  •' *  .  0  1 

2360  FOR  1=1  TO  Ly 

2  370  MOVE  X , Yc  oor  d  v I  < 

2  380  L  8  E  E  L  Y  I  ib  e  1  *  I  > 

2390  NEXT  I 

2400  LDIR  PI  2. 

2410  CSIZE  3. , . 5 

2420  LORG  5 

2430  MOVE  X  1  -  .  1  5* X2-X  1  .1 ,  .  5*<  Y  1 +Y2  ' 
2440  L8EEL  B* 

2450  PENUP 

2460  PLOT  Pt  ,  Pd  1  T 

2470  PENUP 

2480  PLOT  Pf'»j,Pd2':>> 

2490  PENUP 

2500  ' 

2510  I 

2820  PLOT  Pf<-» '.PdlS- *> 

2830  PENUP 

2840  PLOT  Pt  (  *  ) ,  Pd20<>) 

2850  PENUP 

2860  P8USE 

2870  PRINTER  IS  CRT 

2880  PLOTTER  505  IS  TERMINRTED 

2890  SUBEND 


!  VERTIC8L  P8PER 

I  1  GDU  =  2  rnrii 

I  TOP  OF  PRPER 
!  BOTTOM  OF  PhPER 


= .  5  ,  L  =  1 6 
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10  n  E  F  F  tl P  f  ■  T  t-i  r-  ,  D  0  U  E L E  K  > 
I'O  DOUBLE  J 

30  S  =  T  =  E  X  P  <  -  T  h  r  > 

40  FOR  J=1  TO  K-1 

50  T  =  T  ■»  T  h  f  ^  J 

60  S=S+T 

70  NEXT  T 

y  0  R  E  T  U  R  N  S 

■30  FNEHD 

1 00  I 

110  DEF  FNPdvThr, R, N, DOUBLE 

120  E  r  r  o  r  = 1 . E -  1  0 

130  DOUBLE  Rl,Ks 

140  Et=EXP<:Thr  ) 

150  k:i=k-i 

160  H1=U-1. 

170  Rl=l.+R 

130  Q=RR1 

130  E=T6=1. 

200  FOR  Ks=l  TO  K1 

210  T€=T€*Thr-'Ki 

220  E=E+Te 

230  NEXT  Ks 

240  S  =  B  =  Ml=lX<Et -E,  0.  > 

250  T=l. 

260  FOR  Ki=l  TO  1000 

270  T e  =  Te*Thr  '  <  K 1 +KS ) 

280  B  =  MRX<  B-Ts  ,  0. 

230  T  =  T*Q*<;H1+Ks.  >  /Ks 

300  Pr=T*B 

310  S=S+Pr 

320  IF  fl  E  S P  f  >  <  =  E  r  f  o  r  *  ft  B  '5  <  3 

530  NEXT  Ks 

340  PRINT  "1000  TERNS  RT;"; 

350  Pd=  1  .  -EXP<  -Thr  -N*L0G<;R1 

360  RETURN  Pd 

370  FNEND 


'  FALSE  RLRRN  PROBRE  I  L  I  T't' 
'  INTEGER 


K>  I  TR  7707,  Rpp.  O-l 
!  INTEGERS 


•  THEN  550 

K;  N;  Thr  ;  R;  Pr  -  S 

:>  >*S 
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Operating  Characteristics  for  Indicator 
Or  ing  of  Incoherently  Combined 
Matched-  Filter  Outputs 


A.  H.  Nuttall 
ABSTRACT 

The  false  alarm  and  detection  probabilities  for 
a  processor  that  incoherently  combines  M  matched  filter 
outputs  and  then  subjects  these  summed  quantities  to 
or-  ing  amongst  N  channels  are  derived  for  general  M,  N, 
and  signal  to  noise  ratios.  A  probability  of  correct 
detection  occurs  only  when  the  signal  channel  output 
exceeds  a  threshold  and  all  other  noise  channel  outputs. 
Receiver  operating  characteristics  are  plotted  for  the  40 
possible  combinations  of  M=l(l)10  with  N=l,  10,  100, 

1000,  for  signal  to  noise  ratios  ranging  over  values 
diverse  enough  to  cover  false-  alarm,  detection  probability 
pairs  from  (.01,. 5)  to  (IE-  10,. 999).  Also,  the  required 
signal-  to  noise  ratio  to  realize  specified  false  alarm  and 
detection  probabilities  are  plotted  versus  N,  for  several 
values  of  M. 

The  signal  to  noise  ratio  parameter  employed  is 
related  to  the  total  received  signal  energy  to  Gaussian 
noise  spectral  density  ratio.  This  allows  for  consideration 
of  arbitrary  fractionalization  of  the  received  signal 
energy  and  for  investigation  of  mismatched  as  well  as 
frequency  offset  and  time  desynchronization,  if  desired. 
Programs  for  all  procedures  are  listed. 


Approved  for  public  release;  distribution  is  unlimited. 
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OPERATING  CHARACTERISTICS  FOR  INDICATOR  0R-IN6 
OF  INCOHERENTLY  COMBINED  MATCHED-FILTER  OUTPUTS 

INTRODUCTION 

When  multiple  pulses  are  transmitted,  in  an  effort  to  detect  the 
presence  of  a  target,  the  multiple  echoes  should  be  optimally  processed  and 
combined  before  a  decision  is  reached.  For  received  signals  that  are 
deterministic,  except  for  independent  random  phases  between  pulses,  the 
ideal  processing  consists  of  matched  filtering,  envelope  detection,  and 
combination  according  to  a  ^n  I^  rule  [1;  chapter  VII,  (1.7)].  Since  the 
receiver  input  s igna 1 -to -noi se  ratio  must  be  known  in  order  to  apply  this 
rule,  the  slightly  suboptimum  alternative  of  combining  (adding)  squared 
envelopes  is  often  adopted  [1;  ch.  VII,  (1.12)];  this  is  the  situation  to  be 
considered  here. 

In  addition,  if  the  target  has  some  movement  in  the  radial  direction, 
causing  a  Doppler  shift  of  the  echoes,  a  search  must  be  conducted  over 
frequency  at  the  receiver,  in  order  not  to  miss  the  received  signal  energy. 
For  example,  suppose  a  series  of  M  tone  bursts  at  a  common  center  frequency 
are  transmitted  and  echoed  off  a  moving  point  target.  Since  the  received 
center  frequency  will  be  unknown,  groups  of  matched  filters  will  be 
necessary,  in  order  to  cover  the  expected  range  of  frequency  shifts.  Fach 
one  of  the  possible  received  center  frequencies  that  must  be  processed  is 
called  a  channel. 
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In  figure  1,  a  block  diagram  of  the  processing  in  the  n-th  channel  is 
depicted.  The  M  narrowband  filters  in  the  n-th  channel  are  indicated  by 


impulse  responses 


They  are  followed  by  detectors  which  extract 


the  squared  envelopes  of  the  filter  outputs.  These  detector  outputs  are 


then  sampled  at  times 


,  which  should  correspond  to  the  times  of 


peak  signal  at  each  filter  output.  The  sampled  outputs  are  then  added,  to 
yield  channel  output  v^. 


The  block  diagram  in  figure  1  is  not  restricted  to  a  transmitted 
sequence  of  M  tone  bursts  at  a  common  center  frequency.  In  fact,  due  to  the 
general  filter  impulse  responses  and  sampling  times  allowed,  it  encompasses 
any  sequence  of  orthogonal  deterministic  signals  transmitted  at  arbitrary 
time  delays  and  frequency  offsets,  provided  they  are  known  to  the  receiver. 
The  processor  in  figure  1  also  allows  for  unknown  time  delay  to  the  target 
range  and  unknown  frequency  shift  due  to  target  movement,  by  virtue  of  the 
sampling  times  not  being  optimum,  and  the  filter  impulse  responses  not  being 
matched  to  each  received  signal  component.  An  example  is  afforded  by  the 
case  where  the  filters  are  time-delayed  and/or  frequency-shifted  versions  of 
one  another, 

!!„„(r)  -  !!(T-T„^)  exp(i2.f„n,T),  (1) 

corresponding  to  a  time  sequence  of  frequency-stepped  pulses;  here  h  is  the 
complex  envelope  corresponding  to  impulse  response  h  [1;  pages  65-72]. 
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Figure  1.  Pre-Process i ng  for  n-th  Channel 


Dec  1  are 


Indicate 


Figure  2.  Indicator  Or-ing  of  N  Channels 
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Another  instance  which  is  covered  by  the  processing  indicated  in  figure 
1  is  where  the  transmitted  signal  encounters  multipath  and/or  separated 
target  highlight  structure.  For  example,  a  single  transmitted  tone  burst 
might  be  received  as  four  pulses,  due  to  two  multipaths  and  two  target 
highlights.  Thus,  the  number  M  of  filters  employed  in  figure  1  is  be 
interpreted  as  the  total  number  of  received  signal  components.  Some  results 
for  the  receiver  operating  characteristics  of  this  processor  are  given  in 
[1]  and  [2]. 

When  the  processing  in  the  n-th  channel  indicated  in  figure  1  is 
completed,  the  total  of  N  channels  that  must  be  considered  is  subjected  to 
the  indicator  or-ing  depicted  in  figure  2.  Namely,  the  maximum  of  the  N 
channel  outputs  is  extracted,  along  with  its  identity, 

w  =  max  (v-,,  v^ . v,^)  =  Vjs  ,  (2) 

and  compared  with  a  fixed  threshold: 

w  <  threshold:  declare  no  signal  present  ") 

w  >  threshold:  declare  signal  present  in  channel  nj  .  (3) 

Thus,  there  are  two  possible  outputs  from  figure  2,  the  first  being  a 
declaration  of  no  signal  present,  and  the  second  being  a  declaration  of  a 
signal  present  along  with  an  indication  of  which  channel  contains  the 
signal.  (This  latter  information  is  useful  for  identifying  the  Doppler 
shift,  for  example,  of  a  moving  target.) 
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A  false  alarm  occurs  when  output  w  in  (2)  exceeds  the  threshold,  but 
there  is  no  signal  present  at  the  input.  On  the  other  hand,  a  correct 
detection  occurs  only  when  the  signal  channel  output  exceeds  the  threshold 
and  all  the  noise  channel  outputs.  That  is,  we  insist  on  accurately 
identifying  the  signal  channel,  in  order  to  achieve  a  correct  detection. 
The  performance  characteristics  of  the  processor  combination  in  figures  1 
and  2  are  of  interest,  namely  the  false  alarm  probability  and  the 
probability  of  correct  detection,  in  terms  of  M,  the  number  of  filter 
outputs  summed,  N,  the  number  of  channels  or-ed,  and  some  signal-to-noise 
ratio  measure  at  the  receiver. 

It  should  be  observed  that  the  M  received  signal  components  have  been 
presumed  to  have  undergone  no  fading.  The  only  randomness  in  the  received 
signals  are  the  independent  random  phase  shifts  between  components.  Some 
results  on  fading  signals,  including  partial  fading  between  pulses,  are 
given  in  [3];  however,  or-ing  was  not  considered  there. 


It  is  also  assumed  that  the  individual  signal  components  are  orthogonal 

with  respect  to  each  other,  perhaps  due  to  time  separation  and/or  frequency 

shift.  That  is,  at  sampling  instant  t  ,  there  is  only  one  signal 

nm 

component  contributing,  with  all  the  other  signal  components  yielding  no 
output  at  that  filter  at  that  time. 


Ihe  processor  considered  in  this  study  has  undergone  some  analysis  in 
the  past  [A];  however,  several  significant  extensions  have  been  made  here, 
first,  a  different  definition  of  detection  probability  has  been  adopted 
here,  namely  one  which  counts  as  correct  detections  only  those  events  for 
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which  the  signal  channel  output  exceeds  both  the  threshold  and  all  the  other 
undesired  noise  channel  outputs.  Second,  results  are  extended  from  a 
sinusoidal  signal  to  arbitrary  orthogonal  deterministic  signals  and  filters, 
with  arbitrary  sampling  instants;  this  allows  for  analysis  of  the  effects  of 
filter-signal  mismatch,  Doppler  offset,  time  desynchronization,  multiple 
highlights,  etc.  Third,  a  fundamentally  different  signal -to -noi se  ratio 
parameter,  d,  is  used  here  to  characterize  performance,  namely,  a  measure  of 
the  total  received  signal  energy  to  noise  spectral  density  ratio,  rather 
than  the  s igna 1 -to-noi se  ratio  per  pulse  (usually  assumed  identical  for  all 
pulses);  this  allows  for  arbitrary  fractional i zation  of  the  total  received 
signal  energy  into  component  pulses.  Fourth,  the  detection  probability  vs. 
false  alarm  probability  curves  are  plotted  on  normal  probability  paper  with 
total  signal -to -noise  ratio,  d,  as  a  parameter;  this  straightens  out  the 
curves,  makes  them  nearly  equi-spaced  in  d,  and  affords  easy  accurate 
interpolation  in  signal -to-noise  ratio  values.  Finally,  the  current  results 
are  extended  to  much  larger  values  of  the  number,  N,  of  or-ing  channels  and 
much  smaller  false  alarm  probabilities  Pp;  in  particular,  values  of  N  up 
to  1000,  and  values  of  Pp  as  small  as  lE-10,  are  considered. 
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SIAIISIICS  OF  FILIER  ENVELOPE-SQUARED  OUTPUT 


In  this  section,  we  derive  the  statistical  properties  of  the  output  of 
figure  1.  Suppose  a  real  narrowband  deterministic  signal  s(t)  and  a  real 
random  noise  process  n(t)  have  complex  envelopes  s(t)  and  n(t), 
respectively.  Let  the  sum  of  these  two  processes  excite  a  narrowband  filter 
h(T)  with  complex  envelope  impulse  response  h(T) .  The  complex  envelope  of 
the  filter  output  at  time  t  is  proportional  to 


c(t)  -  [s(t)  n(t)J«h(t)  =  a(t)  +  ib(t)  +  x(t)  +  iy{t),  (4) 


where 


a(t)  +  ib(t)  =  J  s(T)  h(t-T) 


(5) 


is  the  deterministic  signal  output,  and 


x(t)  4-  iy(t)  ^  J dt  n(T)  h(t-T) 


(6) 


is  the  random  noise  output  process.  Then  the  filter  Ss'iared-envelope  output 
at  time  t  is 


|c(t)|  ^  -  a(t)  4-  ib(t)  4-  x(t)  4-  iy(t) 


=  [a(t)  4-  x(t)]^  4-  [b(t)  4-  y(t)]^  (/) 
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More  generally,  for  M  filters,  if  signal  s^(t)  excites  filter  h^CC") . 
the  m-th  filter  squared-envelope  output  at  sample  time  t^  is 


[a  (t  )  X  (t  )  ] 
'■  m'  m'  m'  m'  ■' 


[b„(t  ) 

'■  m'  m' 


-  ''m*  ‘m>  i 


for  1  <  m  <  M. 


(fi) 


Sample  times  {t^]^  can  be  selected  arbitrarily;  each  individual  t^  should  be 

2  2 

chosen  to  maximize  the  size  of  the  m-th  signal  output,  a  (t  )  +  b  (t  ). 

^  ^  m'  m'  m'  m' 


If  we  sum  these  squared-envelope  filter  output  samples,  we  have  channel 
output 

I  m 

*  W)'’  *  tw  *  .  (V 

m=l 

The  signal  and  noise  outputs,  given  in  (5)  and  (6),  apply  for  an  arbitrary 
complex  envelope  signal  l^(t)  and  filter  h^(T)  in  the  m-th  branch  of 
the  receiver.  The  instantaneous  output  signal  squared-envelope  is 


4<')  "  "m't)  '  ^  '  II 


while  the  instantaneous  output  noise  squared-envelope  is 


x^(t)  -I-  y^(t)  - 
m  '  •’m'  ' 


x„(t)  ■(-  iy_(t) 
m  m 


n(T)  yt-T) 


(11) 
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Here,  we  presume  that  a  common  broadband  noise  n(t)  excites  all  the  filters 

[hm(T)}  in  the  receiver  bank.  Observe  that  if  the  m-th  signal  is  subject 

to  a  random  phase  shift,  according  to  the  factor  exp(ie  ),  this  cancels 

m 

out  of  the  envelope-squared  signal  term.  Thus,  all  the  results  here  apply 
not  only  to  a  deterministic  signal,  but  also  to  one  with  an  arbitrary  phase 
shift.  However,  no  fading  of  the  received  signal  is  allowed  in  any  of  the 
current  results. 

If  the  real  input  noise  n(t)  is  white  with  double-sided  spectral  level 
watts/Hz,  then  the  correlation  of  complex  envelope  n(t)  is  [1;  ch.  II, 
(3.11)  and  (6.22)] 


n(t)  n*(t-T)  =  4N^  6(T)  =  2N^  6(T);  (12) 

is  the  single  sided  noise  spectral  density  level  in  watts/Hz.  By  use 
of  (6),  this  results  in  average  noise  powers  for  the  m-th  components,  as 

We  presume  that  all  the  filters  have  the  same  level  (energy);  thus,  we  define 
-  x^(t)  ^  y^(t)  =  2N^  J  drjh^(T)|  ^  for  1  <  m  <  M.  (14) 
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This  is  an  important  restriction;  greater  generality  is  given  in 
[2;  appendices  B  and  C]. 


We  are  now  in  position  to  employ  the  general  results  listed  in  appendix 
A,  when  the  noise  is  Gaussian.  Namely,  define,  as  in  (A-1), 

R(t )  * i>^(t  n ^ 

2  I  m'  m'  m'  m' 

o  m=  1  -• 

-T)]'  ' 

cj  m=l  ' 

5-  fdl  s  (T)  h  (t  -  T)1  ^ 
mat  IJ  m  '\ 

J KH'  '  *’ 

Observe  that  the  absolute  level  of  each  filter,  h  ,  cancels  out  in  this 

’  -m 

2 

ratio.  However,  d  does  depend  on  the  scale  of  each  signal  s  and 

-m 

inversely  on  noise  level  N^. 

The  maximum  value  of  each  term  in  these  ratios  is  realized  by  choosing 
the  m-th  filter  such  that  its  impulse  response 
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where  k  is  a  complex  constant  selected  to  guarantee  the  equal  energy 
requirement  in  (14),  and  7^  is  a  delay  inserted  for  realizability,  and  by 
choosing  sample  time  t„  equal  to  1  .  This  is  the  matched  filter  to  the 
m-th  signal,  sampled  at  the  time  of  peak  output.  Thus,  we  have,  in  the  best 
situation. 


max 


(17) 


where  F.^  is  the  received  signal  energy  in  the  m-th  real  signal  component 

s^(t),  and  F^  is  the  total  received  signal  energy  over  all  M  paths 

2 

(branches).  Additional  interpretations  of  d  are  available  in  (A-21)  et 
seq . 


2 

Ihis  maximum  value  of  d  in  (1?)  is  realized  only  if  the  receiving 

filters  are  the  matched  filters  (16),  and  if  the  filter  outputs  are  sampled 

2 

at  the  correct  time  instants.  More  generally,  the  generic  value  of  d  in 
(IS)  allows  for  arbitrary  signals,  filters,  and  sampling  instants,  thereby 
affording  the  possibility  of  considering  losses  due  to  mismatch  and 
desynchronization.  The  signals  can  be  time-delayed  and/or  frequency-shifted 
versions  of  each  other,  if  desired.  A  more  thorough  analysis  and  comparison 
is  presented  in  [2;  appendices  B  and  C],  The  received  signals  have 
undergone  no  fading  in  any  of  these  considerations;  thus  the  current 
analysis  applies  to  a  deterministic  signal,  except  for  random  phase. 
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Reference  to  (A-2)  and  (A-6)  now  allows  us  to  state  the  exceedance 
distribution  function  of  channel  output  v  in  (9)  as 

Prob(v  >  u)  -  1  -  P  (u)  =  Q  (d,/I?/o)  for  u  >  0, 

V  n 

where  the  Q|u|-f unction  is 

0„(«,  0)  .  I  dx  X  (3)"  '  I„_,fc,x)  dxp  . 

Parameters  d  and  o' in  (18)  are  given  by  (IS)  and  (14),  respectively, 
results  pertain  to  the  signal -bearing  channel;  the  noise -only  channel 
outputs  correspond  to  setting  d  0. 


(18) 

(19) 

These 
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FALSE  ALARM  AND  OEIECTION  PROBABILITIES 


Ihe  exceedance  distribution  function  of  the  processor  output 
for  the  n-th  channel  (see  figure  1)  is  given  by  (18)  for  signal  present  in 
that  channel.  For  those  channels  with  no  signal  present,  the  exceedance 


distribution  is 


1  -  P^°\u)  =  0„(O.T)  -  for  u  >  0, 


where  we  have  let 


T  =  /iT/o 


for  notational  convenience,  and  defined 


where 


En(x)  =  exp(-x)  en(x). 


e„(x)  =  ^  x'^/kl 
"  k-0 


is  the  partial  exponential  [5;  6.5.11]. 


FALSE  ALARM  PROBABILITY 


Since  the  noises  in  the  N  channels  subject  to  or-ing  in  figure  2  are 
presumed  independent,  the  probability  that  alj.  N  outputs  do  not  exceed  a 


threshold  value  u  is 
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(?4) 


where  cumulative  distribution  function  was  obtained  from  (20). 

The  false  alarm  probability  is  then 


Pf  -  ^  -  0  -  E„_i(T^/2)]^. 


where  we  used  ( 21 ) . 


(25) 


DETECTION  PROBABILIIY 


When  signal  is  present  in  one  channel,  we  have  several  alternative 
definitions  of  a  detection  probability.  For  example,  we  could  define  the 
probability  of  signal  detection,  P^p,  as  the  probability  that  the  signal 
channel  output  exceeds  threshold  u,  disregarding  the  noise  channels 
completely;  then  directly  from  (18)  and  (21), 


"so  ‘ 

which  is,  of  course,  independent  of  N. 


(26) 


However,  it  is  possible  that  the  noise  channels  could  also  cause  a 
threshold  crossing,  even  when  the  signal  channel  does  not.  We  can  then 
define  a  probability  of  any  detection,  P^^,  as  the  probability  that  any 
channel  output  exceeds  the  threshold  u.  This  quantity  is  given  by 
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Par  =  1  -  ^  P  (u)  - 

AD  L  y  \  /j  / 

=  1  -  [1-  E„_^(l^/2)]^"''  [1  -  Q„(d,T)],  (27) 

by  use  of  (20)  and  (18).  This  is  the  case  considered  in  [4;  see  (9)  and 
(4)]. 

The  problem  with  this  latter  definition  is  that,  since  we  are  interested 
in  knowing  which  channel  contains  the  signal,  the  probability  contains 
some  (rare)  events  which  indicate  the  incorrect  channel  to  contain  the 
signal.  The  best  alternative  appears  to  be  to  define  the  probability  of 
correct  detection,  P^^,  as  the  probability  that  the  signal  channel  output 
exceeds  the  threshold  u  ajid  exceeds  all  the  noise  outputs.  In  this  case, 
the  signal  will  be  detected  and  its  channel  number  correctly  indicated. 

Ihis  probability  is  given  by 

oo 

P^.p  =  |dt  p^(t)  [PJ°^t)]'^"V  (28) 

u 

where  probability  density  function  p^  and  cumulative  distribution  function  P^°^ 
are  given  by  (A-4)  and  (A-9),  respectively.  Substituting  these  expressions, 
letting  x  ^  VT  /o,  and  using  (21),  there  follows  the  integral  result 
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From  physical  reasoning  or  mathematical  manipulations,  it  follows  that 


<  P  <  P 
SO  AD 


for  N  >  1 . 


For  N  ^  1 ,  no  or-ing,  all  three  detection  probabilities  are  equal  to 
Q„(d.T). 

Also,  from  (29),  since  the  bracketed  term  is  greater  than  or  equal  to 
its  value  at  x  =  T,  we  have  the  lower  bound 

PcD  >  forN>l.  (31) 

Thus  we  have  the  tight  bounds  on  the  probability  of  correct  detection: 

[1  -  E„_^(T^/2)]^'^  Q„(d,T)  <  P(,p  <  Q„(d,T)  .  (32) 

lo  show  how  tight  these  bounds  are,  recall  the  false  alarm  probability 
in  (25),  in  order  to  express  the  bounds  as 
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N-1 

(1  -  Pp)  ^  Q„(d.T)  <  <  Q„(d.T)  . 

For  small  false  alarm  probabilities, 

N-1 

(1  -  Pp)  ^  -  1  -  Pj^  >  l-Pj^  , 

leading  to 


(33) 


(34) 


(1  -  Pp)  OM(d.l)  <  PcD  <  QM(d.T):  (35) 

thus  the  bounds  in  (32)  are  very  tight  for  small  false  alarm  probabilities. 
Ihis  is  very  convenient  computationally,  since  it  means  that  we  will  not 
have  to  evaluate  the  integral  in  (29)  numerically,  but  need  only  compute  the 
simpler  quantities  0„  and  E„ 

M  I 


One  special  case  of  P^^  can  be  evaluated  in  closed  form:  for  d  0■^, 
(28)  yields 

u 

■  H'  -  ■  N  '’f  • 

the  latter  relation  following  from  (25).  This  relation  agrees  with  physical 
reasoning. 
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TIGHTNESS  OF  BOUND 


To  verify  the  accuracy  afforded  by  using  the  upper  bound  Q„{d,l), 

M 

instead  of  the  exact  result  (29)  for  a  short  comparative  study  of  the 
two  quantities  was  conducted;  the  numerical  results  are  tabulated  in 
appendix  8.  False  alarm  probabilities  near  the  values  .1,  .01,  .001,  and 
detection  probabilities  near  the  values  .5,  .9,  .99,  .999  were  considered, 
while  M  took  on  values  1,10,  and  N  took  on  values  2,10,100,1000.  These 
ranges  of  values  encompass  most  of  the  cases  of  practical  interest;  there  is 
no  need  to  consider  smaller  Pp  values,  since  the  discrepancy  is  even 
smaller  then.  It  will  be  observed  that  for  Pp  <  .1  (the  only  cases 
plotted  here),  the  differences  between  the  exact  P  and  Qu(d,T)  are 
inconsequential;  in  particular,  see  figure  B-1 . 
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GRAPHICAL  RESULTS 

In  this  section,  we  plot  the  analytical  results  for  the  false  alarm 
probability  (25)  and  the  tight  upper  bound  on  the  probability  of  correct 
detection  (33);  see  (35).  The  number  of  filter  outputs  summed,  M,  ranges 
over  the  values 


M  =  1,2,3,4,5,6,7,8,9,10  -  1(1)10,  (37) 

while  the  number  of  channel  or-ed,  N,  ranges  over  the  values 

N  =  1,  10,  100,  1000.  (38) 

The  parameter,  d,  on  the  plots  is  the  generic  signal-to-noise  ratio  defined 
by  (15),  for  general  signals  and  filters.  The  40  combinations  corresponding 
to  (37)  and  (38)  are  plotted  on  normal  probability  paper  in  figures*  3 
through  42.  Values  of  d  small  enough  to  encompass  the  (poor  quality) 
operating  point  =  (.01,. 5)  have  been  employed;  while  at  the 

high  quality  end,  values  of  d  extending  up  to  (^pt^Qp)  =  (IE-10,. 999) 
have  been  used.  The  increment  in  d  is  .5  for  all  the  results  in  figures  3 
through  42. 


*A11  the  figures  are  collected  together,  after  the  Summary  section. 
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It  will  be  observed  that  the  curves  are  approximately  equispaced  in 
parameter  d,  thereby  allowing  for  ready  accurate  interpolation  in  d,  given 
specified  Pp  and  The  curves,  for  cases  in  which  N  -  1,  are 

virtually  straight  lines,  while  those  for  N  =  1000  have  developed 
significant  curvature;  nevertheless,  the  equispaced  nature  of  the  results 
readily  accommodates  interpolation  in  all  cases. 

From  these  results,  it  is  possible  to  extract  a  different  type  of 
performance  characteristic,  namely  the  required  values  of  d  to  achieve  a 
specified  quality  of  performance  in  terms  of  false  alarm  probability  and 
detection  probability.  In  figures  43  through  48,  these  results  are  plotted 
for  the  six  combinations  of 

M  -  1,2,4  with  Pj,p  -  .5, .9,  (39) 

while  N  varies  over  1(1)1000,  and  Pp  takes  on  the  values  lE-2,  lE-4,  lt-6, 
1F.-8,  lE-10.  (Strictly,  only  the  cases  for  N  =  1,  10,  100,  1000  follow  from 
figures  3  through  42;  the  remaining  values  of  N  were  obtained  directly  from 
(25)  and  (33).) 

The  most  striking  feature  of  figures  43  through  48  is  their  slow 
increase  with  N,  the  number  of  channels  subjected  to  or-ing.  Certainly  the 
increase  in  required  d  values  was  anticipated,  since  or-ing  cannot  improve 
performance  capability;  however,  the  amount  of  increase  is  not  very 
significant.  Thus,  from  figure  43,  for  Pp  =  lE-10,  d  need  only  increase 
from  6.71  to  7.6/  as  N  increases  from  1  (no  or-ing)  to  N  ^  1000.  Greater 
increases  are  necessary  for  the  larger  Pp  values. 
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SUMMARY 


It  will  be  easily  observed  from  the  graphical  results  in  figures  3 
through  42  that,  for  a  fixed  amount  of  or-ing  (fixed  N),  the  performance 
degrades  as  M  increases.  That  is,  for  specified  values  of  Pp  and  d,  the 
values  of  decrease  as  M  is  increased.  Alternatively,  to  maintain  a 
specified  performance  pair  the  values  of  d  must  be  increased  as 

M  increases.  This  is  due  to  the  fact  that  parameter  d  in  (15)  or  (17)  is  a 
total  (or  output)  signal -to-noise  ratio  measure  and  that  larger  M 
corresponds  to  increased  fractional ization  of  the  received  signal  energy 
into  more  paths  or  branches.  Since  the  filter-output  combination  rule  is 
incoherent,  namely  adding  squared  envelopes,  this  fra  tional i zation  cannot 
be  made  up  by  summation,  and  a  loss  occurs. 

On  the  other  hand,  if  we  were  to  add  more  paths  to  a  particular  system, 
then  both  M  and  d  would  increase.  Whether  this  results  in  an  improvement  or 
degradation  depends  on  the  relative  amount  of  additional  energy.  Particular 
cases  can  be  studied  quantitatively  by  referring  to  figures  3  through  42. 

In  addition,  programs  for  the  procedures  in  this  report  are  listed  in  BASIC 
in  appendix  C,  if  additional  cases  of  interest  to  the  reader  need  to  be 
investigated. 

2 

The  maximum  value  of  d  is  given  by  (17)  as  2E.p/N^;  this  can  be 

realized  only  if  the  matched  filters  (16)  are  utilized  and  if  the  sampling 

times  are  properly  selected.  If  these  conditions  are  not  met,  the  value  of 
2 

d  given  by  (15)  must  be  employed.  In  any  event,  the  figures  are 
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parameteri zed  by  quantity  d,  regardless  of  what  filters  and  sampling  times 
are  used.  Thus  a  desired  value  of  d  for  a  mismatched  situation  wi 1 1  require 
larger  signal  levels  for  Is^]  in  (15)  than  the  values  indicated  by  the 
ideal,  (17).  In  this  manner,  the  degradation  caused  by  mismatch  and/or 
desynchronization  can  be  quantitatively  assessed. 

The  received  signal  was  assumed  to  have  undergone  no  fading  in  the 
current  analysis.  Txtensions  to  fading  signals,  but  without  or-ing,  are 
available  in  [3].  This  latter  reference  presumed  a  fixed  threshold  for 
decision  variable  comparisons  (as  did  this  analysis  in  (3)  and  (18)); 
extensions  to  a  variable  threshold,  based  on  a  finite  sample  size 
noise-level  estimation  procedure,  are  currently  underway.  Results  on  this 
normal izer  in  a  fading  environment  will  be  .  eported  on  shortly  by  the  author. 
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Probability  of  False  Rlarm 
Figure  4.  ROC  for  M=l,  N=10 
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Probability  of  False  Rlarm 
Figure  G.  ROC  for  M= 1 ,  N=I000 
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Probability  of  False  Rlarm 
Figure  7.  ROC  for  M=2 ,  N=1 
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Probability  of  False  Ria  nn 
Figure  9.  ROC  for  M=2 ,  N=100 
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Probability  of  False  Rlarm 
Figure  12.  ROC  for  M=3 ,  N=10 
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Probability  of  Correct  Detection 
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Probability  of  False  Alarm 
Figure  15.  ROC  for  M=4 ,  N=1 
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Probability  o-f  Correct  Detection 


Probability  O'f  Correct  Detection 
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Probability  of  False  Rlarm 
Figure  17.  ROC  for  M=4 ,  N=100 
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Probability  of  False  Alarm 
Figure  20.  ROC  for  M=5 ,  N=10 
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Probability  o-f  Correct  Detection 
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Probability  of  Correct  Detection 
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Probability  of  False  Alarm 
Figure  23.  ROC  for  M=6 ,  N=1 
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Probability  of  Correct  Detection 
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Probability  of  Correct  Detection 
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Probability  of  False  Alarm 
Figure  25.  ROC  for  M=G ,  N=100 
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Probability  o-F  Correct  Detection 
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Probability  of  False  Rlarm 
Figure  27.  ROC  for  M=7 ,  N=1 
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Probability  of  False  Rlarm 
Figure  38.  ROC  for  M=9 ,  N=1000 
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Probability  of  False  Alarm 
Figure  40.  ROC  for  li=10,  N=10 
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Figure  45.  Required  d  Values  For  M=2 ,  f^p  =  .5 


N,  Number  of  Channels  Or-ed 
Figure  46.  Required  d  Values  for  M=2 ,  f^p  =  .3 
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N,  Number  of  Channels  Or-ed 
Figure  48.  Required  d  Values  for  M=4 , 
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APPhNDIX  A.  Q„-PUNC110N  RELATIONSHIPS 

H 


Let  and  be  independent  identically  distributed  Gaussian 

2 

random  variables,  each  with  zero  mean  and  common  variance  o  ,  and  let 
and  {b^l^  be  arbitrary  fixed  constants.  Define  "total" 
parameter 


S  (a'  *  bb 

2  r  m  m' 
a  m=l 


(A-1) 


Variate 


We  are  interested  in  the  statistical  description  of  the  noncentral 


chi  -squared  random  variable  of  2M  degrees  of  freedom, 


V  ^  ^  [(x  <-a)^  +  (y  +  b)^]. 

^  m  m'  '^m  m'  ^ 
m-i 


(A-2) 


We  will  only  list  results  here,  and  will  not  give  detailed  derivations, 
Ihe  characteristic  function  of  v  is  [6;  page  11] 


r.  2  2 

fJJ)  -  Ml  -  iT?o^)'”  exp 


(A-3) 


A-1 
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which  is  seen  to  depend  on  the  arbitrary  constants  |a^J  and  only 

2 

through  the  sum  d  in  (A-1).  The  probability  density  function  of  random 
variable  v  is  [7;  6.631  A  ] 


u_  _  d 
2  2 


for  u  >  0.  (A  A) 


The  cumulative  distribution  function  of  random  variable  v  is 


U 

( V  <  u)  -  P^(u)  -  J  dt  p^(t)  , 


(A-6) 


and  the  exceedance  distribution  function  is 


1  Pyfu)  -  Q|u|(d. Vu'/o)  for  u  >  0, 


(A  6) 


where  the  Q^-f unct ion  is 


r  /  f  ^ 


(A-/) 


As  special  cases  of  (A-4)  and  (A-6),  for  d  -  0,  we  have  probability 
density  function 


(M-1):  (2d")' 


for  u  >  0 


(A  8) 


and  exceedance  distribution  function 


where  [5;  6.5.11  ] 


eJx)  ^  S  X  /kl 
"  k-0 


(A-10) 


A -2 
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is  the  partial  exponential  and  where  we  define 


tn(x)  -  exp(-x)  en(x)  . 


(A-11) 


Returning  to  the  general  case  of  d  >  0  for  random  variable  v  again,  the 
cumulants  of  v  are 


X^(n)  =  (?J)  o\(^  t-  for  n  >  1  , 


(A-12) 


the  u -th  moments  are 


V  2,u  HfM  +■  w)  ,  ..  .2 

V  -  (2o  )  “  u;M;  -  d  /2)  for  v  >  -M, 


(A-13) 


and  the  n -th  moments  are 


v"  =  (2a^)"  n:  -d^/2) 


(A-14) 


Chi  Variate 


Ihe  noncentral  chi  variate  of  2M  degrees  of  freedom  is 


z  =  V 


1/2 


1 


m=  1 


[(X  4-  a  e  (y  e  b 

'•  m  m'  '■'m  m'  j 


(A-15) 


Its  probability  density  function  is 


,  .  u  /u'\M  1  ,  /du\  f  u^  d^^ 

Pz^*^)  ;^2  (d-^j  ^M-ip  ^7  -  ^ 


for  u  >  0,  (A-16) 


A  3 
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and  its  exceedance  distribution  function  is 


1  -  P^(u)  ^  u/o)  for  u  >  0. 


(A  IV) 


As  special  cases  of  (A-lb)  and  (A-l/),  for  d  -  0,  we  have  probability 
density  function 


.  .  „  2M-1  /  2\ 

P:°  (u)  - - M  I  “?  )  for  u  >  0 

(M-l)l  (2a  )  \2a  / 


(A-18) 


and  exceedance  distribution  function 


1  -  P^°^u)  --  J  A  for  u  >  0, 

\2a  J 


(A19) 


in  terms  of  the  functions  defined  in  (A-10)  and  (A-11). 


In  general,  for  d  >0,  the  w-th  moment  of  random  variable  ^  is 


z’'  -  o'’  2'’^^  iF,( -w/2;M; -d^/2)  for  v  >  -  2M.  (A  20) 

r(M)  1  1 


The  characteristic  function  and  cumulants  of  z  are  not  available  in  any 
compact  form. 


Special  Case 


If  the  constants  in  random  variable  v  in  (A-2),  and  in  random  variable  z 


in  ( A  -1  5) ,  satisfy 
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-  A  cos  "  A  sin  e^,.  (A-21) 

where  [e^,]  are  arbitrary,  then  (A-1)  reduces  to 

d?  =  M  hOa'^,  (A-22) 

independent  of  the  particular  values  of  {e  V  So  if  ^0  }  were  random 
variables  instead  of  constants,  the  statistics  of  v  and  z  in  (A-2)  and 
(A  IS),  respectively,  would  be  unaffected.  This  conclusion  follows 
immediately  from  (A -3). 

In  this  latter  case  of  random  1  if  i-hey  are  also  uniformly 
distributed  over  2ir,  it  is  sometimes  useful  to  define  an  individual  (common) 
s ignal -to-noise  ratio 


m 


m 


m 


2 

A  /2 


for  all  m. 


(A-23) 


'm 


Ihen  the  parameter  d^  in  (A-22)  can  be  expressed  as 


d^  =  2  M  R. 


More  generally,  if 


■  Afji  cos  Bfyi,  b^  -  A^  sin  ©f„, 
where  K)  are  arbitrary  constants,  then  (A-1)  reduces  to 

d'  ^  ^  A^  . 

a  m  1 


(A-24) 


{A-2S) 


(A-26) 


A  -5 
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Again,  presuming  to  be  uniformly  distributed  random  variables  over 

Pit,  if  we  define  the  individual  component  signal -to -noise  ratios  as 


(A  ?/) 


(A-?8) 


Ihpcp  relations,  (A-24)  and  (A-28),  afford  an  alternative  interpretation  of 

2 

the  "total"  parameter  d  in  terms  of  (omponent  signal -to  noise  ratios. 
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APPfNUlX  8.  TABUIAIION  OP  P^„  AND  Ou(d,l) 

i,  L)  M 

For  the  eight  possible  combinations  of  MO, 10  with  N=  2 , 1 0, 1 00, 1 000, 
values  of  the  exact  value  of  P^^  and  the  approximation  afforded  by 

0u{d,l)  are  tabulated  here.  An  explanation  of  table  B-1 ,  which  pertains 

M 

to  Ml,  N-2,  follows; 

For  threshold  1  ^  2.40,  the  false  alarm  probability  P^^  =  .10912. 

Holding  these  values  fixed,  then  as  d  is  varied  from  2.2  to  5.4,  the 
detection  probabilities  vary  over  the  values  .5,  .9,  .99,  .999 
(approximately).  This  case  is  covered  by  the  top  four  lines  in  table  B-1. 

When  the  threshold  1  is  changed  to  3.25,  the  new  false  alarm  probability 
is  P|^  "  .01015,  and  the  second  group  of  four  lines  in  table  B-1  pertains. 
Ibis  procedure  is  continued  for  all  the  M,N  combinations,  while  Pp  ranges 
over  the  values  .1,  .01,  .001  (approximately).  The  comparisons  for  smaller 
Pj^  values  are  not  conducted  because  the  discrepancies  are  very  small,  as 
may  be  seen  by  inspection  of  the  tables. 

Ihe  greatest  discrepancies  between  probabilities  and  Qu(d,T) 
occur  in  tables  B -3  and  B  4,  where  N^  10.  Ihese  particular  cases  are  plotted 
in  figure  B-l,  for  false  alarm  probabilities  in  the  .1  and  .01  regime.  For 
example,  the  two  curves  labelled  by  A,  which  pertains  to  M= 1 .  N=10, 

P^  ~  .1,  show  a  very  slight  difference  between  the  two  probabilities  over 
the  range  (.5,. 999).  Ihe  label  B  actually  pertains  to  two  overlapping 
curves  for  M  l,  NOO,  P^  ^  .01,  that  is,  the  plotted  values  for  and 


B  -1 


Probability  of  Correct  Detection 


TR  8121 


Q„(d,T)  are  indistinguishable  at  this  level  of  false  alarm  probability. 

M 

The  situation  for  C  and  D  is  exactly  similar,  except  that  in  these  latter 
cases,  we  have  M=10,  N^IO. 


fl:  Table  8-3,  Pp  =.  10272 
B:  Table  B-3,  P^  =.01021 
C:  Table  B-4 ,  P,  =.  10175 
D:  Table  B-4 ,  P^  =.01002 

Figure  B-1.  Comparison  of  Probabilities 
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d 

PcD 

OM(dJ) 

T  --  2.40 

2.2 

.50220 

.51005 

Pp  -  .10912 

3.6 

.91017 

.91506 

4.6 

.98935 

.99062 

5.4 

.99890 

.99915 

1  -  3.25 

3.1 

.50353 

.50409 

Pp  =  .01015 

4.4 

.8999/ 

.90032 

5.5 

.99099 

.99106 

6.3 

.99920 

.99921 

T  =  3.89 

3.8 

.51653 

.51658 

“D 

It 

o 

o 

o 

5.0 

.88951 

.88954 

6.2 

.99205 

.99206 

6.9 

.99905 

.99905 

Table  80  . 

Probabi 1 ity 

Comparison 

for  M-1 .  N- 

d 

PCD 

QM(dJ) 

T  -- 

5.59 

3.5 

.49914 

.50646 

Pp  = 

.10129 

5.1 

.89637 

.90120 

6.4 

.99083 

.99185 

7.3 

.99913 

.99931 

1  = 

6.32 

4.6 

.51111 

.51166 

Pp  = 

.01013 

6.1 

.90493 

.90526 

7.3 

.99132 

.99138 

8.1 

.99905 

.99906 

T  -- 

6.89 

5.3 

.49032 

.49036 

Pp  ^ 

.00101 

6.8 

.90322 

.90325 

8.0 

.99162 

.99162 

8.8 

.99913 

.99913 

lable  8-2.  Probability  Comparison  for  MOO,  N-2 
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d 

Pco 

Om ( d ,  1 ) 

1  =  3.01 

2.9 

.51382 

.52498 

Pp  =  .102/2 

4.2 

.90180 

.9085/ 

5.3 

.99074 

.99213 

6.1 

.99909 

.99933 

1  =  3.71 

3.6 

.51050 

.51140 

Pp  =  .01021 

4.9 

.90404 

.9045/ 

6.0 

.99161 

.991/1 

6.8 

.99927 

.99929 

T  =  4.29 

4.2 

.51145 

.51153 

Pp  =•  .00101 

5.5 

.90544 

.90548 

6.6 

.99188 

.99189 

7.3 

.99903 

.99903 

lable  8-3. 

Probabi 1 ity 

Comparison 

for  M-1 ,  N 

d 

PCD 

QM(d.l) 

1  --  6.11 

4.3 

.49943 

.51032 

Pp  =  .101 75 

5.9 

.90911 

.91532 

7.1 

.99133 

.9925/ 

7.9 

.99898 

.99921 

T  -  6.73 

5.2 

.52682 

.  52/69 

Pp  -  .01002 

6.6 

.90232 

.9028? 

7.8 

.99133 

.99143 

8.6 

.99908 

.99910 

1  =  7.23 

5.8 

.51336 

.51344 

Pp  =  .00104 

7.2 

.90126 

.90131 

8.4 

.99160 

.99160 

9.2 

.99914 

.99914 

Table  84. 

Probability 

Comparison  for 

M  10, 

B-4 
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d 

PcD 

OM(d.l) 

1 

^  3.70 

3.6 

.50535 

.51547 

Pf 

=  .10105 

4.9 

.90037 

.90628 

6.0 

.99080 

.99193 

6.8 

.99914 

.99931 

1 

-  4.29 

4.2 

.51067 

.51153 

Pp 

=  .01003 

5.5 

.90499 

.90548 

6.6 

.99180 

.99189 

7.3 

.99901 

.99903 

1 

=  4.79 

4.7 

.50637 

.50645 

Pp 

--  .00104 

6.0 

.90378 

.90382 

7.1 

.991  to 

.991 70 

7.8 

.99900 

.99900 

lable  B-5. 

Probabi 1 i ty 

Comparison 

for  1  ,  N-lOO 

d 

PCD 

Om(cI.I) 

r  -- 

6.72 

5.2 

.52240 

.53217 

Pp  - 

.09974 

6.6 

.89913 

.904/1 

7.8 

.99064 

.99169 

8.6 

.99895 

.99913 

1  = 

7.23 

5.8 

.51258 

.51344 

Pp  = 

.01033 

7.2 

.90082 

.90131 

8.4 

.99152 

.99160 

9.2 

.99913 

.99914 

1  = 

7.68 

6.4 

.52928 

.52936 

Pp  ^ 

.00102 

7.8 

.91140 

.91144 

8.9 

.99112 

.991  13 

9.  / 

.99910 

.99910 

lable  B-6.  Probability  Comparison  for  M  10,  NOOO 
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d 

PcD 

T 

-  4.27 

4.2 

.51031 

Pf 

-  .10403 

5.5 

.90369 

6.6 

.99141 

7.3 

.99892 

T 

=  4.79 

4.7 

.50564 

PP 

-  .01036 

6.0 

.90337 

7.1 

.99162 

7.8 

.99899 

T 

=  5.25 

5.2 

.51839 

Pp 

=  .00103 

6.5 

.90916 

7.5 

.99008 

8.3 

.99911 

Table  B-7.  Probability  Comparison  for 


d 

PCD 

T  - 

7.22 

5.8 

.50897 

Pp  ^ 

.10332 

7.2 

.89822 

8.4 

.99098 

9.2 

.99903 

T  = 

7.68 

6.3 

.49278 

Pp  ^ 

.01017 

7.8 

.91105 

8.9 

.99105 

9.7 

.99909 

T  = 

8.08 

6.8 

.50022 

Pp  = 

.00105 

8.2 

.90129 

9.3 

.98975 

10.1 

.99894 

Table  B-8.  Probability  Comparison  for 


B-6 


QM(d.l) 


.51962 

.90884 

.99233 

.99909 

.50645 
.90382 
.991  10 
.99900 

.51846 

.90920 

.99009 

.99911 

M-1 .  N-1000 


.51785 
.90320 
.99185 
.9991  ' 

.49354 

.91144 

.99113 

.99910 

.50029 

.90133 

.98976 

.99894 

M  10,  N-1000 
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APPENDIX  C.  PROGRAM  LISTING 


10  M=10  '  tlUMEEP  OF  FILTER  OUTPUTS  SUMNED 

10  M=1000  '  NUMBER  OF  CHhNNELS  uP-ED 

SO  DIM  U'  100  '  ,  Do'.  1  :  10, 0:  S  '  '  THPESHOLD  VhLUES 

4  0  C  I  j  M  P  t  ^  1  0  0  '  ,  P  d  1  '  1  0  0  J  ,  P  d  2 '  1 0  O  ■  ,  P  d  3  •  1 0  O  ■  ,  P  d  4  ■  1 0  0  '  ,  P' d  5  V  1  O  0  > 

5  0  C  0  M  P  d  F. 1  0  0  ■  ,  P  d  7  ^  1  0  0  ,  P  d  S  ■:  1  O  0  •  ,  P  d  ‘S  ' .  1  0  0  ■  ,  P' d  1  0  '  1  0  0  ' 

F  0  C  0  M  P  id  1  1 '  1  0  0  '  ,  P  d  1  2  ‘  1  O  0  ■  ,  P  d  1  S  •  1 0  O  • ,  P  d  1  4  •  1  0  0  '  ,  P  d  1  T. '  1  0  0  ' 

70  COM  Pd  1  F  <  1  00  >  ,  Pd  1  7  1  00  ■ 

;S0  DOUBLE  M,N,I,J  '  INTEGERS 

90  DRTR  2  ,  S , 4 , 4 ,  S ,  S , 4 , S ,  S , 4 , 4 , 5 ,  S , 4 , 4 , 5 ,  3 , 4 , S , 5 

1  00  DRTR  3 , 4  ,  S  ,  5 , 4 , 4  ,  S  ,  5 , 4 , 4 , 5 ,  F  ,  4  ,  S. ,  S. ,  F ,  4  ,  fi ,  5  ,  F 

110  PERD  Do'  *:'  '  STRPTING  VRLUES  FOP  d 

120  U=0. 

ISO  U=U+.01 

140  PT =FNPf  OJ, M, N  ' 

150  IF  Pt>.l  THEN  ISO  '  UPPER  LIMIT  ON  Pt 

1  FO  U  1  =MRX  I  U-  .  0  1  ,  .01 

170  U=U+.01 

ISO  Pt =FNPt  '  U, M, N  ' 

190  IF  Pt  lE-10  THEN  170  >  LONER  LIMIT  ON  Pt 

200  U2=U 

210  D  e  1  ij  =  ' .  I J  2  -  U  1  ■  1 0  0  . 

220  FOR  1=0  TO  lOO 

2  S  0  U  =  U 1  +  D  e  1 1.)  I 

24  0  U'.:i>=U 

250  Pf ( I j=FNPt ■ U, M, N' 

2F0  NEXT  I 

270  I=LGT(N.' 

2  S  0  D  o  =  D  o  ■'  M  ,  I  ' 

290  PRINTER  IS  PPT 

SOO  PRINT  N,N,Do 

SIO  PRINTER  IS  CRT 

S20  FOR  J=1  TO  17 

SSO  Di  =  D.j  +  '  J-1  5  !  TOTRL  DEFLECTION  PRRRMETEP  d 

S40  FOR  1=0  TO  100 

S50  U=U' I <  I  THRESHOLD 

S  F  0  P  d  =  F  N  P  d  '  D  i  .  U  ,  M  > 

S70  Pd  =  MIN'  Pd,  , 99999  ■ 

jSO  if  J=1  THEN  Pdl'  r..'=Pd 

S90  IF  .1  =  2  THEN  Pd2':i.>=Pd 

400  IF  J  =  3  THEN  PdS':I  '=Pd 

4  10  IF  .1  =  4  THEN  Pd4':i  '=Fd 

420  IF  J=5  THEN  Pd5'.  I  .'=Pd 

4  SO  IF  .1  =  F  THEN  PdF'  lJ=Pd 

440  IF  .1  =  7  THEN  Pd7'  I  '=Pd 

450  IF  .1  =  3  THEN  PdS'  I  .-=Pd 

4F0  IF  .1  =  9  THEN  Pd9'  I.>=Pd 

470  IF  J=10  then  PdlO'I>=Pd 

430  IF  .1=11  THEN  Pdll'I;=Pd 

490  IF  J=12  THEN  Pdl2a>=Rd 

500  IF  J=r3  THEN  Pdl5'I>=Rd 

510  IF  J=14  THEN  Pdl4':I>=Pd 

520  IF  J=15  THEN  Pdl5-I>=Rd 

530  IF  .1=1F  THEN  PdlF(l>=Pd 

540  IF  .1=17  THEN  Pdl7a>=Pd 

550  NEXT  I 

5  F  0  NEXT  J 
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j?0  FOR  1=0  TO  100 
S  0  P  T  <  I  j  =  F  N  I  fi  ‘ '  p  hi  ■:  P  f  •:  I  >  > 

590  P  d  1  '  I  )  =  F  N  I  fi  •  >  p  Fi  1  (  P  d  1  •;  I  ' 

600  P  d  i' '  I  >  =  F  M  I  ri ' p  h  1  (  P  d  2  '■!  I  ' 

610  P  d  3  '  I  j  =  F  M  I  r'l  \>  p  Fi  i  <  P  d  3  <  I  '  > 

620  Pd4  I  >  =FM  1 1 1'.'ph  i  C  Pd4  ■;  I  ■  ■ 

6  30  Pd5'-  I  '  =FH  I  n'.'ph  1  ''PdSc.  I  ■  ' 

6-40  Pd6'  I  >  =FM  I  ciMph  1  (Pd6<  I  ■  > 

650  P  d  7  i  I  1  =  F  N  I  fi  •  >  p  h  1  <  P  d  7  i  I  '  > 

6  6  0  P  d  S  (  I  '  =  F  N  I  I'l p  Fi  1  P  d  S  F  I  '  ‘ 

6  7  0  P  d  9  I  .'  =  F  H  I  fi fj  I'l  1  (  P  d  9  F  I  ■  I 

6  S  0  P  d  1  0  F  I  >  =  F  M  I  r  i  •  '  p  Fi  i  F  P  d  1  0  ■  I  >  ;■ 

6  90  P  d  1  1  F  I  >  =  F  t  n  r'l  '  p  Fi  i  P  d  1  1  '  I  '  > 

700  Pd  1  2  i:.  I  ■  =FN  I  r'n.Jpf  i  i  '  Pd  12'  I  •  > 

710  Pd  1  3  i;  I  ‘  =FN  I  r'l'v'ph  t  '  Pd  1  3  •  I  .>  > 

720  Pd  1  4  I  =FN  I  r'lV'ph  i  F  pd  14'  1  •  > 

7  3  ti  P  d  1  5  I  '  =  F  H  I  fi  <■.>  p  h  i  '.  P  d  1  5  '  I  '  ,• 

7  4  0  P  d  1  6  I  I  ,'  =  F  M  I  r'l p  Fi  i  F  P  d  16'  I  >  ) 

750  P  d  1  7  '  I  '  =  F  H  I  r'l "  p  Fi  i  F  p  d  1  7  '  I  >  j 

760  NEXT  I 

770  CFlLL  M 

780  END 

790  ! 

300  DEF  FM I  r'l'-'ph  1  X  ,<  !  RMS  55,  26.2.2  3 

810  IF  X=.5  THEN  RETURN  0. 

820  P  =  MIN'  X,  1  . -X:< 

830  T  =  -LOG''P.> 

340  T  =  S I  j  R  ',  T  +  T  ' 

8  5  O'  P  =  1  .  +  T  »  I  1 . 4  3  2  7  S  S  +  T  *  '  .  1  8  9  2  6  9  T  +  .  o  O  1  3  O'  8  ’  ' 

360  P=T''2.515517+T*F. 802S53+T# . O 1 0328 > '  P 

870  IF  X:.5  THEN  P=-P 

3  8  O'  RET  U  R  N  P 

390  FflEND 

900  I 

910  DEF  FNPf'U, DOUBLE  M,N'  '  FRL8E  HLRRM  PROBREILITF 

920  T=FNEF . 5*U*U, M-l r 

930  Pf=l  . -V  1  . -T  '  N 

940  RETURN  Pf 

950  FNEND 

960  I 

970  DEF  FNPdFDi,U, DOUBLE  M'  '  DETECTION  PROBRB I L I TF 

9  30  P  d  =  F  N  Q  n-i '  M  ,  D  ;  ,  U  >  '  U  P  P  E  P  E  0  U  N  D  0  N  P  c  d 

9  9  O'  RET  U  R  N  P  d 

1000  FNEND 

1010  ! 

1020  DEF  FNEFX, DOUBLE  N>  '  e^p'-  '  e  ri  t  ' 

1050  DOUBLE  F  '  INTEGER 

1  O'  4  O'  T  =  6  =  E  X  P  '  ”  X  ' 

1050  FOR  F=1  TO  N 

1060  T  =  T  *  X  F 

1070  S=S+T 

1030  NEXT  1 

1090  RETURN  S 

1100  FNEND 

1110  I 
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1  1  2  0  D  E  F  F  M  Q  fii '  D  0  U  E  L  E  M ,  R  E  M  L  FI ,  E  !  Q  M  *  H ,  E  -> 

1130  E  r  f  o  f  =  1 . E -  1  7 

1140  DOUBLE  M1,J  !  INTEGERS 

1150  Q3=.5'»H*fl 

1160  C(4=.5*B'*E 

1  1  70  Q5  =  EXP(  -  .  5*  '■  Q3  +  Q4  >  ) 

1180  06=07=05 

1180  r'11=r'1-l 

1300  FOR  J=1  TO  Ml 

1210  07  =  07*04 '  J 

1220  06=06+07 

1230  NEXT  J 

1240  0fii  =  Q5*Q6 

1250  FOR  .T=l  TO  300 

1260  05  =  05*03 -  J 

1270  07  =  07*04  '.J  +  M1> 

1280  06=06+07 

1280  08=05*06 

1300  0m  =  0fM  +  08 

1310  IF  U8  ■■  =  E r r"  or' * iJfii  THEN  1340 
1320  NEXT  J 

1330  PRINT  “300  TERMS  IN  FNQrn  <  M ,  Fi ,  B  >  AT  ";M;FI;E 
1340  RETURN  MIN  C  Oh.,  1  .  > 

1350  FNEND 

1360  ! 

1370  SUE  A  !  PLOT  PD  VS  PF  ON  NORMAL  PROBABILITY  PAPER 

1  380  COM  Pf  ( *  > ,  Pd  1  <  *  ,  Pd2  ('  *  > ,  Pd3  <  *  >  ,  Pd4  <  *  > ,  Pd5<  *  ■' 

1  380  COM  Pd6'''.  *  > ,  Pd7  •;  *  > ,  Pd8 .  *  ?> ,  Pd8 <  *  >  ,  Pdl  0  •;  *  > 

1  400  COM  Pd  1 1  '■  *  > ,  Pd  1 2 '  *  ;• ,  Pd  1 3  <  *  > ,  Pd  1 4  ( *  > ,  Pd  1 5 *  > 

1410  COM  Pdl6<*;)  ,  Pdl7':  *> 

1420  DIM  A$C30] , B$[ 32] 

1  4  30  D I M  X  1  abe  I  *  (  I ;  30  > ,  Y 1  ab€  1  #  C  1 :  30 > 

14  40  DIM  X  c  o  o  f  d  *■'  1 !  3  0 c  o  o  r' d  V  1 !  3  0  ) 

1450  DIM  Xgr 1 d < 1 : 30 > , Ygr 1 d ( 1 : 30 ) 

1 460  DOUBLE  N , Lx , Ly , Nx , Ny , I  '  I NTEGERS 
1470  ! 

14  80  AT  =  " Pr" obab i  1  ity  of  False  Alarr.i" 

1480  BT= " Pr  obab n  i  t  y  of  Cor  r'ect  Det  tcriori" 

1500  ! 

1510  Lx:=12 

1  5  2' y  R  E  D  I  M  X  1  ab  t  1  T  O  ;  L  ■  > ,  X c  o  o f' d '  1  :  L  x.  .> 

1 5  30  DATA  E- 1 0, E-8, E-S , E-7 , E-6 , E-5, E-4 , E-3, . 0 1 , . 02 , . 05 ,  .  1 

1540  READ  X l  abel  »';*;> 

1550  DATA  lE-10,  lE-8,  lE-S, lE-7,  lE-6,  lE-5,  lE-4,  lE-3,  .01,  .02, .05, .  1 
1560  READ  X  c  o  o  f  d  .^.  *  r 

1570  ' 

1580  Ly=lS 

1 580  RED  I M  Y 1 abe 1  $  < 1 : Ly  > , Yc oor d ( 1 ; Ly • 

1600  DATA  .  01 , . 02,  . 05,  .  1 ,  . 2, . 3, . 4, . 5, . 6, . 7, . 8, . 8 

1610  DATA  .  85,  .  88,  .  88,  .  885,  .  888,  .  888 

1620  READ  Y1abel$<*-i 

16  30  DATA  .  0 1 , . 02 , . 05 , .  1 , . 2 , . 3, . 4 , . 5, . 6, . 7, . 8,  . 8 

1640  DATA  . 85, . 88, . 88, . 885, . 888, . 888 

1650  READ  Ycoofd<*) 

1660  ! 

1670  Nx=14 

1680  REDIM  Xgr)d<l:Nx> 

1680  DATA  lE-10, lE-8, lE-3, lE-7, lE-6, lE-5, lE-4, IE- 3, .002, .005, .01, .02, .0 
1  700  READ  Xgr'  i  d  ('  *  j 

1710  ' 
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1720  Ny=lb 
1  7  3  0  R  E  D  I  M  Y  g  f  i  d  <  1  :  M 

1740  DRTR  .  0  1  ,  .  02  ,  .  0  j  ,  .  1  ,  .  2 ,  .  3 ,  .  4  ,  .  5  ,  .  t. ,  -  7  ,  .  3  ,  .  '3 

1 750  DRTR  . 95 , . 9S , . 99 , . 995 , . 99S , . 999 
17  60  R  E  R  D  V  g  r  i  d  '  ■  ) 

1770  ' 

17  80  FOR  1  =  1  TO  L  : 

1  7  9  0  Y  c  o  o  r  d  '■  I  '  =  F  N  I  r'l  m  (j  f'l  i  <  X  c  o  o  r  d  <  I  > 

1.800  NEXT  I 

1810  FOP  1=1  TO  Ly 

1  8  2  0  'i'  c  o  o  r"  d  '  I  .'  =  F  M  I  r'l  p  h  i  <  Y  ■:  o  o  f  d  ■;!  I  '  > 

1830  NEY'.T  I 

1840  FOR  1  =  1  TO  H>.: 

1  850  '  .'gf  id'  I  '  =FM  I  fv-'pl  i  i  ■  i  .Ygf  i 'd  ■  I  >  > 

1860  NE7:T  I 

1870  FOR  1  =  1  TO  M',' 

1  8  8  0  Y  g  r  i  d  '■  I  ■  =  F  H  I  r'p  '■.>  p  l  i  i  ■  Y  g  r  i  d  I  >  > 

1890  NEXT  I 

1900  Xl=Xgrid'r‘ 

1910  '.-1 2  =  X  g  f  1  d  ' :  H ' 

1920  Yl=Ygrid<l  • 

1  930  Y2  =  Ygr  i  d  R'J  > 

194  0  S  c  a  1  €'  =  '  Y  2  -  Y'  1  X  2  -  1  > 

1950  GIN  IT  200.  260.  !  VERTICRL  PRPER 

I960  PLOTTER  18  505,''HPGL" 

1970  PRINTER  18  505 

1980  '  PRINT  "V82" 

1990  LIMIT  PLOTTER  505 , 0 .  ,  200 .  ,  O .  ,  260 .  !  1  GDU  =  2  rnm 

2000  I  VIEWPORT  20.  ,  20.  +  103. -S";  a1  e,  19.  ,  122. 

2010  VIEWPORT  20. , 85. , 19. , 122. 

2020  I  VIEWPORT  22 . , 85 . , 59. , 1 22 .  '  TOP  OF  PRPER 

2030  I  VIEWPORT  22 . , 85 . , 1 9 . , 62 .  '  BOTTOM  OF  PRPER 

2040  W I NDOW  X 1 , X2 , Y 1 , Y2 

2050  FOR  1=1  TO  Nx 

2060  MOVE  Xgr id' I Y , Y 1 

2070  DRRW  Xgrid‘I>,Y2 

2080  NEXT  I 

2090  FOR  1  =  1  TO  N';.< 

2100  MOVE  XI  ,  Ygr  1  d':  I  > 

2110  DRRW  X2  ,  Ygr  1  d «,  I  .' 

2120  NEXT  I 

2130  PENUP 

2140  CSIZE  2. 3,. 5 

2150  LORG  5 

2  160  Y  =  Y  1  -  Y  2  ~  Y  1  '  +  .02 

2170  FOR  1=1  TO  Lx 

2  180  MOVE  X  'I  C":i  r 'd  '•  I  .  '  g  Y 

2190  LRBEL  X1ab€l*':i> 

2200  NEXT  I 

2210  CSIZE  3.,.  5 

2  2  2  0  M  0  V  6  .  5  +  '  X  1  +  X  2  >  ,  Y  1  -  .  0  6  +  <  Y  2  ~  Y  1 

2230  LRBEL  R* 

2240  MOVE  .  5+ XI +X2:) ,  Y  1  -  .  1  +  ' V2-Y1  > 

2250  LRBEL  "Figure  42.  ROC  for  M=10,  N=1000" 
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2I;c.u 

22'5'U 
2  I:  y  0 
2310 
2320 
2  330 
2  340 
2  3  50 
23130 
2370 
2  330 
2390 
2400 
24  10 
2420 
2  4  3  0 

24  40 
2450 
2  4 1 0 
2470 
2480 
2490 
2500 
2510 
2520 

25  30 
2540 
2550 
2  5  fc  0 
2570 
2  5  S  0 
2590 
2  800 
28  1  0 
2820 
2  8  3  0 
2840 
2850 
2880 
28  70 
2880 
2890 
2  700 
2710 
2720 
27  30 
2740 
2750 
2780 


CSIZE  2. 3, . 5 
L  0  R I j  o 

X  =  K  1  -  <  X2-K  1  >  .  0  1 
FOR  1  =  1  TO  L 
N  0  V  E  ,  V  c  o  o  r*'  d  1 
L  Ft  E  E  L  Y  1  ib  6  1  $  I  > 

NEXT  I 
LDIR  PI.-2. 

CSIZE  3. , . 5 
L  0  R  ij  5 

MOVE  XI 15*.:  X2-X1  >  ,  .  5*i:Y1+Y2> 
LFIEEL  E$ 

PEHIJP 

PLOT  P  f  .  .  ,  p  d  1  .  ,  *  > 

PE  HUP 

PLOT  P  t  .:!  ♦  >  ,  P  d  2  *  > 

PEHIJP 

PLOT  P  t  .:  !  *  :> ,  p  d  3  *  > 

PEHIJP 

PLOT  Pt  ■:.*  >,  Pd4  > 

PEHLIP 

PLOT  P  f  i,  *  >  ,  p  d  5  (.  *  > 

PEHIJP 

P  L  ij  T  P  F  (  *  ) ,  P  d  8  (  * ) 

PEHIJP 

PLOT  P  F  <  .  *  > ,  P  id  7  '  ■!  *  ) 

PEHIJP 

PLOT  P  F  (  ,  P  d  8  (  *  > 

PEHIJP 

PLOT  P  F  *  ■<  ,  p  d  9  (  *  ) 

PEHUP 

P  L  IJ  T  F'  f  (  *  J ,  P  d  1  0  *  i 
PEHIJP 

PLOT  Pf < ♦  I  , Pd  1 1  I  »  I 
PEHIJP 

PLOT  p  f  ,  P  id  1  2  '  * 

PEHUP 

PLOT  P  F  (.  •*  >  ,  P  d  1  3  <  »  '  I 
PEHUP 

PLOT  PF  '..  *  ,Pdl4<*:- 
PEHUP 

PLOT  PF  Pd  15.:,  *> 

PEHUP 

PLOT  P  F ( *  I  , P  d 1 8 ' *  f 
PEHUP 

PLOT  P  t'  ^  ^ ,  P  d  1  7 1.  *  > 

PEHUP 

BEEP  500,2 

PRIHTER  IS  CRT 

PLOTTER  505  IS  TERMIHFtTED 

SUBEHD 
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Accurate  Efficient  Evaluation 
of  Bessel  Transform;  Programs 
and  Error  Analysis 


A.  H.  NuttaU 
ABSTRACT 

The  method  of  Filon  numerical  integration  for 
Fourier  transforms  is  extended  to  Bessel  transforms  of 
the  form 


G(cj)  =  Jdx  Jo(wx)  g(x), 

0 

for  general  g(x).  Specifically,  for  the  two  cases  where 
g(x)  is  approximated  by  (a)  straight  lines,  or  (b)  parabolas, 
over  abutting  panels,  the  corresponding  integrals  in  the 
Bessel  transform  G(u>)  are  evaluated  exactly  (within 
computer  round-  off  error).  Although  these  integrals 
cannot  be  expressed  in  closed  form  (as  for  Filon's  case),  a 
recursive  procedure  and  an  asymptotic  e3q[>ansion  yield 
rapid  accurate  evaluation  of  the  required  quantities. 

Programs  are  furnished  for  both  cases  (a)  and 
(b)  in  BASIC.  Furthermore,  two  versions  of  each  are 
furnished:  a  faster  one  requiring  considerable  storage, 
and  a  slower  one  requiring  very  little  storage.  The 
presence  and  location  of  aliasing  is  predicted  and  its 
magnitude  is  investigated  numerically.  The  error 
dependence  on  the  panel  width  used  in  both  cases  (a)  and 
(b)  is  established  by  means  of  numerical  examples,  one 
with  a  very  fast  decay  with  u,  the  other  with  a  very  slow 
decay  with  a>.  Comparisons  with  stmdard  Trapezoidal  and 
Simpson's  rules  reveal  that  the  new  procedures  are  error 
maintenance  procedures,  tending  to  keep  the  absolute 
error  for  larger  w  comparable  to  that  near  u  -  0,  whereas 
the  standard  rules  are  subject  to  aliasing  errors  that 
become  very  significant  for  larger  u. 

Extensions  to  more  general  Bessel  transforms  are 
possible  and  procedures  for  obtaining  them  are  outlined. 


Approved  for  public  release;  distribution  is  unlimited 
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ACCURAU  EFFICIENT  EVALUATION  OF  BESSEL 
TRANSFORM;  PROGRAMS  AND  ERROR  ANALYSIS 

INTRODUCI ION 

The  method  of  FiTon  integration  for  Fourier  transforms  [T],  [2;  pages 
408-409],  [3;  pages  67-75],  [4;  page  400],  [5;  page  890],  [6;  pages  62-66], 

+0. 

dx  exp(iwx)  g(x)  (T) 

is  weTl  estabTished  and  very  usefuT  for  accurate  numericaT  work.  Instead  of 
the  standard  Simpson's  ruTe,  which  would  approximate  the  compTete  integrand 
exp(iwx)  g(x)  by  paraboTas  over  abutting  pairs  of  panels,  FiTon's  method 
approximates  onTy  the  function  g(x)  by  paraboTas,  and  carries  out  the 
corresponding  integraTs  in  (T)  ana  1 yticaT ly.  These  cTosed  form  integraTs 
are  then  evaluated  with  computer  aid.  Since  the  exponential  in  (1)  is  being 
handled  exactly  for  all  w,  the  hope  is  that  the  error  of  approximating  (1) 
by  means  of  FiTon's  method  will  be  substantially  the  same  for  larger  u  as 
for  small  u  (where  all  the  error  arises  from  approximating  g(x)).  That  is, 

Fi Ion's  method  is  expected  to  be  an  error  maintenance  procedure,  whereby  the 
absolute  error  does  not  increase  significantly  with  w.  Certainly  that  is 
not  the  case  for  the  Irape^^oidal  and  Simpson  rules,  where  significant 
aliasing  severely  limits  the  accuracy  oi  the  results  for  larger  u. 
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An  alternative  simpler  procedure  to  Filon's  method  for  Fourier 
transforms  is  to  approximate  g(x)  by  straight  lines  over  abutting  panels, 
and  again  to  evaluate  the  resultant  integrals  in  (1)  analytically  in  closed 
form.  This  ( less -accurate)  procedure  is  documented  in  [8;  pages  418-419], 
for  example. 


Here,  we  will  extend  these  two  procedures  to  a  Bessel  transform  of  the 

form 

G(w)  =  I'  dx  J^(wx)  g(x)  ,  (2) 

0 

where  g(x)  is  an  arbilary  given  function,  and  is  the  zeroth -order 
Bessel  function.  One  of  the  major  differences  we  encounter,  relative  to 
Filon's  method,  i'  that  the  resultant  integrals  cannot  all  be  evaluated  in 
closed  form.  In  order  to  circumvent  this  problem,  we  use  a  combination  of  a 
downward  recursion  and  an  asymptotic  expansion,  which  are  limited  in 
accuracy  only  by  the  inherent  round-off  error  of  the  computer  utilized, 
thereby  obtaining  an  efficient  useful  procedure  for  numerical  evaluation  of 
the  pertinent  integrals  and  functions. 
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Then  (3)  becomes 


dx  dy  exp(iux  ^  ivy)  f^(]|^x^  -h  y^*)  = 


=  2tr  dr  J^(<or)  r  f^(r)  . 


v;here  we  changed  to  cylindrical  coordinates  and  have  defined 


,  2  2,1/2 

(j  =  (u  ♦-  V  ) 


Thus,  (S)  is  of  the  form  of  (2),  upon  identification  of  g(x)  as  x  f^(x). 


Suppose  in  (3)  tiiat  the  f^  dependence  on  x,y  is  more  general  than  (4), 
namely  of  the  form 


fp(x,y)  -  f^ 


which  allows  for  a  general  center  point  of  symmetry  x^,y^,  as  well  as  a 
tilted  elliptical  shape.  Then  substitution  in  (3)  yields,  after  a 
cylindrical  coordinate  change,  the  result 


exp( i ux 


(1  -  p  ) 


op 

'  ivy  )  i 

0  ^o'  J 


dr  J(wr)  r  f^(r)  , 


where  now 


2  2  ^2  2  o  K  1  i' 

u  f  b  V  4-  2pabuv 

1  -  p  J 
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Again,  the  fundamental  Bessel  transform  of  the  form  of  (2)  results,  where 
g(x)  is  X  f^(x). 


(2)  is  of  interest  and  must  be  accomplished  accurately  for  large  as  well  as 
small  arguments  of  the  transform  variable  w. 
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I INFAR  APPROXIMATION 

The  integral  of  interest  here  is 

X 

r 

G(u)  -  y  dx  JqCcox)  g(x)  ,  (11) 

where  left-end  point  could  be  zero,  and  right-end  point  x^  could  be 
taken  so  large  that  g(x)  is  essentially  zero  for  x  >  x  .  (If  is 
negative,  the  values  of  g  could  be  folded  over  to  the  positive  x-axis,  using 
fl(x)  f'ew  integrand,  since  J^(wx)  is  even  in  x.)  We  break 

interval  ,x^  into  a  number  of  abutting  panels,  each  of  the  same  width  h, 
and  fit  g(x)  by  straight  lines  over  each  of  those  panels.  The  fits  for  the 
left -end  point  and  an  abutting  (internal)  point  x^  are  depicted  in  figure 
I,  where  it  is  temporarily  presumed  that  the  adjacent  sample  values  of 


Figure  1.  Linear  Approximations  to  g(x) 
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function  g(x)  are  zero;  this  allows  us  to  isolate  the  contribution  of  each 
sample  of  g(x)  to  the  total  desired  in  (11).  The  straight  lines  pass 
through  the  function  value  g^  ^  sample  value  x^,  and  are  zero 

at  the  adjacent  sample  points,  h  is  the  sampling  increment  in  x  applied  to 
g(x).  The  situation  at  the  right  end  is  the  mirror  image  of  that  at  the 
left  end,  depicted  in  figure  1. 

If  0)  is  zero  in  (11),  the  approximation  afforded  to  the  integral  by 
means  of  figure  1  is  obviously 

G(0)  ^  h[-  g^  e  g^^^  g^_l  ^  ^  ^ 

'  ^[2  *■  ^  2  ^  ° 

which  is  just  the  Trapezoidal  rule.  For  w  >  0,  considerably  more  effort  is 
required;  there  is  no  need  to  consider  w  <  0,  since  J^(ux)  is  even  in  u. 
Before  we  get  into  that  derivation,  we  must  introduce  some  auxiliary 
f  unctions . 

SPECIAL  FUNCTION  DEFINIIIONS 

Define  the  integral 

u 

A(u)  --  J  dt  J^Ct)  .  (13) 

0 
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This  function  cannot  be  ev/aluated  in  closed  form;  a  table  of  A(u)  is 
available  in  [5;  pages  492-493].  On  the  other  hand,  the  integral 

u 

J  dt  t  J^(t)  -  u  J^(u) 

0 


(14) 


is  immediately  available  by  use  of  [5;  9.1.30].  And  two  integrations  by 
parts,  coupled  with  (13),  yields  the  result 
u 

1  dt  t^  J„(t)  =  u^  J,(u)  +  u  J^(u)  -  A(u)  .  (lb) 

\J  O  I  0 

0 


We  will  also  find  use  for  the  auxiliary  functions 

u 

B^(u)h  A(u)  -  u  J^(u)  =  J  dt  t  (u  -  t)  J^(t)  , 


r « ( 

'-0 

0 

All  of  these  functions,  A,  8^,  B.|  ,  are  zero  at  the  origin  and  are  odd. 
Numerical  evaluation  of  these  functions  is  considered  in  appendix  A. 
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ABUIllNG  POINT 


For  an  abutting  (internal)  point  in  the  interval 
depicted  on  the  right-hand  side  of  figure  1,  the  contribution  to  integral 
(11),  due  to  this  single  sample  point  g^  = 


Ip  =  J  dx  J^(<jx)  g^  (1  +  y)  +  I  dx  J^(wx)  g^  (1  -  y)  ,  (18) 


where  we  have  defined 


X  -  X 


We  now  assume  that  the  n-th  sample  point  Xp  is  taken  such  that 


n  h  for  <  n  <  r 


This  makes 


X,  -ih,  X  =  rh,  i.e.  —  =  7  =  rational  .  (21 

^  r  4 

This  constitutes  a  restriction  on  ratio  in  (11);  it  has  been  adopted 

here  in  order  to  minimize  the  number  of  calculations  of  the  Bessel  function 

J  later,  when  we  consider  the  multiple  values  of  w  desired  for  (11). 

0 

(The  procedure  presented  here  can  be  extended  to  the  general  case  where 
is  arbitrary  and  ^  ^  if  desired.)  If  is  zero,  then  the 
choice  in  (20)  is  no  restriction  at  all. 
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APPROXIMATION  TO  INTIGRAL 

An  important  parameter  in  this  numericaT  integration  procedure  is  the 
quantity 

e  wh  (22) 

which  is  the  product  of  "radian  frequency"  w  and  the  sampTing  increment  h. 

As  we  shall  see,  values  of  e  near  ir  and  2ir  will  constitute  points  of 
considerable  aliasing;  see  [4;  page  400]  for  a  discussion  of  the  Fourier 
transform  case. 


When  the  procedure  in  (18)-(19)  is  extended  to  include  the  left-end  and 
right -end  points  of  integral  (IT),  and  the  various  integrals  evaluated  with 
the  help  of  (13)  (17),  the  total  approximation  is  given  by  appendix  B  in 
several  alternative  forms,  one  of  which  is  (B-7): 


a  + 

B^CP©) 

'l 

(£©)  + 

"  [  ^r-T  - 

(r  - 

»9,] 

( re) 

+  g  J, 
r  1 

(re)  + 

r-1 

.^nr 

^n+1 

■ 

"  9n-l] 

B^(ne) 

f 

n^i+1 

where 


(23) 


"  g(x^)  =  g(nh)  .  (24) 

Reasons  for  this  grouping  of  terms,  including  speed  of  execution  and  storage 
requirements,  are  discussed  below. 
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SAMPLING  INCREMENT  FOR  w 

When  output  variable  w  in  integral  (11)  is  restricted  to  multiples  of  a 
sampling  increment  A,  according  to 

w  =  kA  for  1  <  <  k  <  <2  ,  (25) 

then  ne  ^  nkAh,  meaning  that  the  arguments  of  the  B^(u)  function  in  (23) 
are  limited  to  integer  multiples  of  hA,  the  product  of  the  sampling  increment 
in  input  variable  x  and  the  sampling  increment  in  output  (transform) 
variable  w.  The  explicit  relationship  for  G(g))  =  G(kA)  is  given  by 
specializing  (23)  to  the  values  (24),  thereby  obtaining 

kA  G(kA)  -  (/+  B^CJffcAh)  -  ^  J^CAfcAh)  + 

^r-1  ■  B^(rkAh)  4-  g^  J^(rkAh)  f 

r-1 

^  "[^n+l  *  ^^n  ^  ^n-J  for  k  >  1  .  (26) 

n=;(+l 

COMPUTAIION  TIME  CONSIDERATIONS 

Thus,  we  need  evaluate  B^(u)  only  at  u  =  mAh,  where  m  is  an  integer. 
Furthermore,  not  all  values  of  integer  m  will  be  encountered  as  n  and  k  sweep 
out  their  respective  values  given  by  (20)  and  (25).  And  since  B^(u), 
defined  in  (17)  and  (13),  is  the  most  time-consuming  aspect  of  the 
computation  of  (26),  it  behooves  us  not  to  compute  B.|(mAh)  at  values  of  m 
that  will  not  be  encountered,  and  n^  to  recompute  B.|(mAh)  at  values  of  m 
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that  are  encountered  more  than  once.  This  latter  situation  arises  when  m  is 
highly  composite;  for  example,  m  =  12  =  4’*3  =  6*2  =  12*1  could  be 
encountered  several  times  as  n  and  k  vary  in  (26). 

In  order  to  incorporate  this  time-saving  feature  into  the  Bessel 
integral  evaluations  required  by  (26),  the  values  of  B^(nkAh)  are  computed 
only  once  and  stored  in  a  one -dimensional  array  at  linear  location  m  =  nk. 
Unfortunately,  this  speed-up  feature  is  achieved  at  the  expense  of 
considerable  storage,  for  if  n  and  k  range  up  to  N  and  K,  respectively,  the 
one -dimensional  storage  array  must  have  NK  cells,  of  which  most  are  empty 
when  N  and  K  are  large. 

When  N  and  K  are  so  large  that  storage  is  not  feasible,  su.h  as  when 
in  (11)  is  large,  and  large  w  is  desired  in  (25),  then  the  alternative 
procedure  of  direct  brute-force  evaluation  of  (26)  for  B^(nkAh),  repeated 
as  often  as  necessary,  but  without  storage,  is  employed.  Recomputation  of 
B^(mAh)  for  some  m  values  occurs,  but  evaluation  at  unused  m  values  never 
does . 

Thus  we  have  two  alternatives  and  two  corresponding  programs  for  (26): 
one  faster  routine  which  may  require  considerable  storage,  and  a  slower 
procedure  utilizing  very  little  storage.  The  former  is  recommended  when 
feasible,  while  the  latter  furnishes  a  back-up  position.  Programs  for  both 
procedures  are  listed  in  appendix  B. 
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BEHAVIOR  FOR  SMALL  6 

When  e  is  small,  differences  of  functions  with  similar  values  are 

required  in  (23),  as  may  be  observed  by  the  linear  w  dependence  on  the 

left-side.  The  appropriate  series  development  for  this  linear  approximation 

2 

approach  to  (11)  is  given  in  (B-1 1 )-(B-l 2) ,  through  order  e  .  Additional 
4  6 

terms  to  order  e  ,  e  can  be  derived  by  extending  the  approach  given 
there;  however,  an  easier  technique  will  be  developed  in  the  next  section. 
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PARABOl.IC  APPROXIMATION 


The  integral  of  interest  is  again 


[w)  ^  ^  dx  Jq(wX)  g{x) 


However,  now  we  approximate  g(x)  by  parabolas  over  abutting  pairs  of  panels, 
each  of  width  h.  Ihe  fits  for  a  mid-point,  an  abutting  point,  the  left-end 
point,  and  the  right  end  point  are  illustrated  in  figure  2.  Again,  the 


^  )^+h  55^+2  h 


sJl-lyOO-N/z) 

abutting  / 


>9-2h  x;-h 


figure  2.  Parabolic  Approximations  to  g(x) 
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contribution  of  each  sample  value  ^  isolated,  by  temporarily 

presuming  that  the  neighboring  sample  values  of  g(x)  are  zero.  The  variable 
y  in  figure  2  is  again  the  normalized  quantity 

X  -  x_ 


y  - 


(28) 


where  h  is  the  sampling  increment  in  x  applied  to  g(x). 


If  (j  is  zero  in  (27),  the  approximation  afforded  to  the  integral  by 
means  of  figure  2  is 

G(0)  >  f  2g,,.2  ^  4g^_,  ^  g J  - 

(29) 

'  j[g(x^)  »  4g(x^^,)  t  2g(x^^jV....  2g(x^_2)  t  4g(x^_,)  x  g(x^j]  , 
which  is  Simpson's  rule. 


APPROXIMATION  10  INltGRAL 

Since  in  (27)  is  even  in  w,  we  only  need  to  consider  w  >  0  in  the 

following.  The  derivation  of  the  approximation  to  integral  (27),  by  means 
of  the  parabolic  fits  in  figure  2,  is  carried  out  in  appendix  C,  culminating 
in  (C -10) -(C-12) : 
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2w  G(w)  r  B^O^e)  -  B^ae)  -  2g^  J^^e) 


-  B^(re)  +  B^{re)  2g^  3^(re)  + 


*  i  5  «o  <"®>  - 


n=^+2 


^  «n  ‘'’®> 

n=je+2 


The  auxiliary  sequences  utilized  in  (30)  are  defined  below; 


S  -  g-2g,fg- 
r  r  ^r-T  r-2 


^  (r  -  2)(r  -  l)g^  -  2r(r  -  2)g^_i  +  r(r  -  l)g^_2 


“n  ' 


*  ^9„_,  -  g„_2 


f  -  g  T'4g  ,*-f)g  -4g  ,<-g  » 

n  ^n+-2  ^nfl  n  ^n-1  ^n-2 


R  =  n  D  t  nF 
n  n  n 


for  n  - 

(i  f  2)(2)(r  -  2) 


The  functions  B  (u)  and  B,(u)  are  those  defined  in  (13)-(17),  and 
0  1 

the  slash  on  the  summation  symbol  in  (30)  denotes  skipping  every  other  term, 
after  starting  at  n  ^  ^  f  2.  A  shorthand  notation  that  will  be  used  here  is 


n  =  /  f  2.  4  .  r  -  4,  r  -  2  =  (i  2)(2)(r  -  2)  . 
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Several  important  observations  should  be  made  about  the  result  in 
(30)-(32).  The  four  quantities  in  (31)  are  evaluated  only  once  at  the  end 
points  n  =/  and  r.  The  sequences  in  (32)  must  be  evaluated  at  all  the 
points  listed  in  (33),  that  is,  at  every  interior  point.  All  of  these 

computations  should  be  done  once  and  stored,  when  given  the  function  g{x), 
the  limits  sampling  increment  h,  prior  to  ever  considering 

which  w  values  will  be  of  interest  in  (30).  Input  function  g(x)  must  be 
evaluated  at  all  x  =  x  =  nh  for  n  -  i(l)r. 

The  time-consuming  calculations  of  B^(u)  and  B.|(u)  in  (30)  are  only 
necessary  at  the  values  u  =  ne  for  n  -  >?(2)r,  and  need  not  be  evaluated  at 
any  of  the  in-between  points  n  ^  (Jt  l)(2){r  -  1).  Ihe  Bessel  function 
J.|(u)  need  only  be  evaluated  at  end  points  u  ^  /e  and  r©;  however,  this 
quantity  shows  up  as  a  free  by-product  of  evaluating  Bq(u)  and  B-|(u),  by 
the  method  Indicated  in  appendix  A. 


SAMPLING  INCREMENT  FOR  w 

When  output  variable  u  in  desired  integral  (27)  is  restricted  to 
multiples  of  a  sampling  increment  ft,  according  to 

u)  -  kft  for  1  <  <  k  <  ,  (34) 

then 

0  =  wh  =  kfth  ,  (35) 


and  (30)  takes  on  the  form 
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2k&  G(kA)  s 

- —y  Sp  B^Ukah)  -  0,  BiUkAh)  -  2g,  J,(jPkAh)  - 

(kAh)^  °  ^  ^  ' 


- - -  S  B  (rkAh)  4-  0„  B,  (rkAh)  »-  2g  J  (rkAh)  + 

(kah)'^  °  ^  ' 


+ 


_ 1 _ 

(kah)^ 


r-2 


X 

r\--X^2 


BgCnkah) 


r-2 

n=JJ+2 


(36) 


At  this  point,  the  discussion  in  the  sequel  to  (26)  is  directly  relevant 
and  should  be  reviewed.  The  only  change  in  the  presentation  is  to  replace 
B^(u),  there,  by  both  B^(u)  and  B.|(u)  here.  We  again  end  up  with  two 
alternatives  and  two  corresponding  programs  for  evaluation  of  (36):  one 
faster  routine  which  may  require  considerable  storage,  and  a  slower  procedure 
utilising  very  little  storage.  Programs  for  both  procedures  are  listed  in 
appendix  C. 


BEHAVIOR  FOR  SMALL  0 


When  0  is  small,  differences  of  functions  with  similar  values  are 

required  in  (30),  as  may  be  observed  by  the  linear  w  dependence  on  the  left 
2 

side  and  the  1/0  dependence  on  the  right  side.  This  behavior  is  also 
typical  for  Filon's  method,  and  indicates  the  need  for  a  series  expansion  in 
powers  of  0  for  the  right-hand  side  of  (30)  when  0  is  small;  see 
[5;  (26. A . 53) J,  for  example.  The  appropriate  series  development  for  this 

parabolic  approximation  approach  to  (27)  is  given  in  (C-16)-(C-1 7) ,  through 

2  4  6 

order  0  .  Additional  terms  to  order  0  ,  0  can  be  derived  by  an 

obvious  extension  of  the  approach  given  there. 
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EXAMPLES 

Two  examples  will  be  considered  in  this  section;  the  first  is  a  Rayleigh 
function , 

g(x)  =  X  exp(-x2/2)  for  x  >  0  ,  (37) 

for  which  Bessel  transform  (11)  is  [9;  6.631  4] 

G(a))  =  exp(-w^/2)  .  (38) 

The  second  is  a  Gaussian  function, 

g(x)  =  exp(-x^)  for  x  >  0  ,  (39) 

leading  to  [9;  6.618  1 ] 

G(w)  =  l/2fir  exp(-w^/8)  lQ(a)^/8)  .  (40) 

These  two  examples  are  very  different,  in  that  transform  (38)  decays  very 
quickly  for  large  u,  whereas  (40)  decays  very  slowly  for  large  w.  In  fact, 
for  the  latter  case  [5;  9.7.1], 


G(w)  ~  l/«  as  w  ->  +oA  . 


(41) 
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This  difference  will  enable  us  to  investigate  both  absolute  and  relative 
errors  of  the  approximate  numerical  integration  procedures  developed 
earlier,  over  a  wide  range  of  values  of  w. 


ALIASING 

Ihe  Bessel  function  J  is  rather  similar  to  a  sinusoid:  in  fact,  for 
large  z  [9;  9.2.1  ], 

as2^+c6.  (42) 

Then  when  argument  x  in  transform  (11)  is  sampled  at  increment  h,  we 
encounter  the  behavior 

1/2 

for  large  en.  Now  when  e  -  2ir,  the  cosine  yields  the  same  values  as  for 
«  ^  0;  this  loads  us  to  expect  larger  errors  for  the  numerical  integration 
procedure  when  e  is  near  2ir. 

For  a  Fourier  transform,  this  aliasing  effect  was  studied  quantitatively 
in  [lO;  appendix  A]  for  both  the  Trapezoidal  rule  and  Simpson's  rule.  The 
former  rule  was  shown  to  have  a  large  aliasing  lobe  at  0  =  uh  =  2ir,  while 
the  latter  rule  had  an  additional  large  lobe  at  0  ^  ir,  due  to  the 
alternating  character  of  the  Simpson  weights;  see  [10;  (A-6)  and  (A-8)]. 

Ihis  leads  us  to  anticipate  that  the  linear  approximation  procedure 
developed  here  for  Bessel  transform  (11)  will  be  subject  to  aliasing  near 
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0  =  2ir,  while  the  parabolic  approximation  will  be  degraded  earlier,  namely 
near  0  ^  ir.  This  will  be  borne  out  by  the  numerical  examples  to  follow. 

GRAPHICAL  RESULTS 

The  Bessel  transform  numerical  integration  rule  for  the  linear 
approximation  to  g(x)  is  given  by  (23)  or  (26),  while  the  rule  for  the 
parabolic  approximation  to  g(x)  is  given  by  (30)  or  (36).  The  exact 
transforms  (38)  and  (40),  and  the  absolute  errors  associated  with  these  two 
rules,  are  depicted  in  figures  3  and  4  for  the  Rayleigh  and  Gaussian 
functions  g(x)  of  (37)  and  (39),  respectively,  with  sampling  increment 
h  =  .1.  The  ordinates  in  all  figures  are  the  logarithm  to  the  base  10  of 
the  corresponding  results,  while  the  abscissas  are  linear  in  or  e.  The 
upper  limit,  x^..,  of  integration  in  (2)  or  (11)  is  taken  large  enough  to 
guarantee  a  negligible  contribution  (less  than  lE-20)  to  the  truncation 
error. 

In  figure  3,  the  error  for  the  parabolic  fits  is  initially  lower  (for 
small  w)  than  for  the  linear  fits;  however,  the  linear  error  decays  rapidly 
with  w,  and  stays  below  the  parabolic  error  for  larger  w.  Both  absolute 
errors  flatten  out  and  are  not  increasing  with  w,  at  least  for  this  range  of 
w  values.  The  maximum  value  of  0  is  .8,  as  indicated  in  the  figure. 
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CO 

Figure  4.  Errors  for  Gaussian  Function  g(x) 
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For  the  Gaussian  function  g(x),  the  parabolic  error  in  figure  4  is 

everywhere  less  than  the  linear  error.  Both  errors  near  and  at  u  =  0  are 

extremely  small;  this  fortuitous  result  for  the  linear  fits  is  fully 

explained  in  [6;  pages  92-93],  especially  in  the  paragraph  under  (3.4.5). 

It  has  to  do  with  the  fact  that  the  integrand  in  (11)  for  this  Gaussian 

2 

case,  namely  Jp(u)X)  exp( -x  ),  has  zero  odd  derivatives  at  the  limits  of 
integration.  This  is  not  the  case  for  the  Rayleigh  function;  hence  the  much 
larger  errors  at  w  =  0  in  figure  3  result. 

COMPARISON  OF  PROCEDURES 

To  demonstrate  the  benefits  to  be  accrued  from  the  fitting  procedures 
derived  in  this  study,  a  comparison  of  the  absolute  errors  for  four  different 
procedures  is  presented  in  figure  5  for  the  Rayleigh  function  (37).  The 
sampling  increment  in  x  is  h  =  .03.  The  variable  w  now  covers  the  range 
(0,120);  the  point  where  0  ir  is  indicated  by  a  tic  mark  on  the  abscissa. 

The  Trapezoidal  result  is  obtained  by  applying  it  to  the  complete 
integrand  Jq(wx)  g(x)  of  (11).  The  error  is  essentially  constant  for  all  u, 
including  the  region  near  e  =  ir;  thus,  as  expected,  aliasing  is  not 
significant  at  0  -  w  for  the  Trapezoidal  rule. 

Application  of  the  standard  Simpson's  rule  to  the  complete  integrand  of 
(ll)  yields  a  very  small  error  near  w  -  0,  but  a  rapidly  increasing  error 
with  to,  and  a  very  large  aliasing  lobe  centered  around  0  -  ir.  This  confirms 
the  expectations  presented  earlier  in  this  section. 
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Figure  5.  Errors  -for  Four  Procedures ;  120 
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Figure  6.  Errors  for  Four  Procedures ; w > 120 
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For  the  case  of  linear  fits  to  g(x),  rather  than  Jq(ox)  g(x),  the 
error  drops  dramatically,  by  four  orders  of  magnitude  as  u  increases, 
similar  to  figure  3.  Furthermore,  there  is  no  aliasing  at  e  =  ir. 

The  situation  for  the  parabolic  fits  is  that  the  absolute  error  starts 
out  small  and  remains  so,  for  all  w  <  120,  there  being  a  slight  aliasing 
effect  near  e  =  ».  However,  it  is  5  orders  of  magnitude  smaller  than  the 
Simpson  error  in  this  region  of  u. 

The  results  in  figure  6  extend  the  abscissa  to  cover  the  range  of 
(120,240)  in  w;  that  is,  these  curves  are  an  extension  of  those  in  figure 
5.  Now  all  rules  suffer  aliasing  in  the  neighborhood  of  ©  =  2ir.  The 
absolute  error  for  the  linear  procedure  increases  by  2  orders  of  magnitude 
near  e  =  2if,  while  the  parabolic  error  is  just  slightly  larger;  however,  the 
latter  is  6  orders  of  magnitude  better  than  the  standard  Trapezoidal  and 
Simpson  rules  for  numerical  integration.  All  of  these  results  confirm  the 
predicted  presence  and  location  of  aliasing  discussed  earlier. 


ERROR  DEPENDENCE  ON  SAMPLING  INCREMENT 


In  figure  7,  we  investigate  the  dependence  of  the  error  on  increment  h 

employed  to  sample  x  in  (11).  Here  we  apply  the  linear  fit  procedure  to  the 

Rayleigh  function  (37).  The  absolute  error  for  small  w  (<  2)  decreases  by  a 

factor  of  4  as  h  is  halved;  that  is,  the  large  error  bump  near  w  =  0 
2 

behaves  as  h  for  small  increments  h.  On  the  other  hand,  for  larger  w  (>  5), 
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Figure  7.  Linear  Procedure,  Rayleigh  g(x) 
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Figure  8.  Parabolic  Procedure,  Rayleigh  g(x) 
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the  error  decreases  by  a  factor  of  16  when  h  is  halved;  that  is,  the 

4 

"saturation"  level  of  error  behaves  as  h  for  small  h.  The  slight  flare 
in  the  error  curve  near  w  =  50,  for  h  =  .1,  is  an  indication  of  the 
beginning  of  aliasing;  that  is,  e  =  5  here,  which  is  near  the  0  -  2ir 
location. 

Still  considering  the  Rayleigh  function  (37),  but  now  switching  to  the 
parabolic  procedure,  the  results  in  figure  8  demonstrate  that  the  error 

4 

drops  by  a  factor  of  16  as  h  is  halved;  thus,  the  error  dependence  is  h 
for  all  u).  The  wiggles  in  the  h  ^  .1  curve  near  w  =  30  are  due  to  aliasing, 
since  e  -  ir  for  w  -  lOw  =  31.4. 

When  the  function  g(x)  is  changed  to  the  Gaussian  example  of  (39),  and 

the  linear  fitting  procedure  is  employed,  the  errors  are  depicted  in  figure 

2 

9.  Here,  the  error  dependence  is  according  to  h  for  all  w,  until 
aliasing  sets  in.  Aliasing  is  present  in  the  h  =  .1  curve  near  u  -  64, 
since  0  -  2ir  at  w  =  62.8  for  that  curve.  Comparison  of  these  errors  with 
the  exact  answer  in  figure  4  reveals  that  the  relative  error  is  constant  in 
the  range  4  <  w  <  56. 

When  the  parabolic  procedure  is  used  instead  on  the  Gaussian  example, 

4 

the  error  dependence  is  again  according  to  h  ,  until  aliasing  becomes 
dominant.  The  aliasing  lobes  in  the  h  ^  .1  curve  in  figure  10  are  centered 
at  0  ^  ir  and  2ir,  as  before.  The  large  increase  in  the  error  for  the 
h  ^  .025  curve,  when  w  exceeds  50,  is  a  feature  not  seen  previously.  It  may 
be  due  to  the  sum  of  distant  aliasing  of  sidelobes  which  decay  very  slowly 
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Figure  10.  Parabolic  Procedure,  Gaussian  g(x) 
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with  w,  in  fact:  from  (41),  the  exact  answer  only  decays  as  1/w.  Ihe  rapid 
decay  of  the  Rayleigh  transform,  (38).  apparently  precluded  this  type  of 
error  from  appearing  in  any  of  the  numerical  cases  considered  here  for  the 
Rayleigh  g(x) . 
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SUMMARY 

There  is  a  marked  difference  between  the  form  of  these  results  and  the 
Filon  equations;  namely,  the  term  multiplying  sample  value 
(in  (B-3),  for  example)  varies  with  n  in  such  a  fashion  that  no 
simplification  or  factoring  is  possible.  In  order  to  better  explain  this 
complication,  let  us  investigate  the  evaluation  of  (18)  when  J^((ijx)  is 
replaced  by  exp(iwx);  that  is,  consider  evaluation  of  a  Fourier  transform, 
rather  than  a  Bessel  transform,  for  the  moment.  When  the  linear  fits  to 
g(x)  in  (18)  are  then  integrated,  there  follows 

h  expdne)  .  (44 

But  the  bracketed  term  here  is  a  common  factor  ( indepeno. ,U  of  n)  that  can 
be  removed  from  the  summation  on  n.  This  fortuitous  simplification  does  not 
hold  for  the  corresponding  result  (8-3)  here,  because  whereas  exp(iu)  is 
periodic,  Jg(u)  and  A(u)  are  not. 

In  an  effort  to  recover  some  of  this  loss  in  execution  time,  we 
therefore  grouped  the  terms  in  (8-6)  in  an  alternative  form,  pivoted  around 
8^(ne)  rather  than  g^;  see  (B-7).  Perhaps  another  rearrangement  of 
terms  would  be  more  advantageous  for  some  purposes. 
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It  is  possible  to  extend  the  results  here  to  other  Bessel  transforms. 

For  example,  suppose  we  are  interested  in  the  evaluation  of  first-order 
transform 

J dx  Ji(o,x)  g(x)  .  (45) 

and  we  approximate  g{x)  either  by  straight  lines  or  parabolas.  Ihe 
integrals  in  (13)-(15)  are  then  replaced  by 

u 

J  dt  J^(t)  --  1  -  J^(u)  , 

0 

u 

I  dt  t  J^(t)  =  B^(u)  , 

0 

u 

J  dt  t^  J^(t)  =  u^ 

0 

where  we  used  [5;  (11.1.6)  and  (9.1.30)]  and  (16).  Since  all  of  these  terms 
have  already  been  encountered  here,  extension  to  transform  (45)  would  not  be 
difficult. 


For  the  evaluation  of  the  alternative  transform 


n 


dx 


J  (u)X) 

-i-,  -  g(x)  , 


(47) 
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we  need  the  additional  result  [5;  (ll.l.l)J 


f 


dt 


J^(t) 


^  ^  2  J^(u)  +  3  J^(u)  4-...]  .  (48) 

8ut  this  type  of  term  is  easily  evaluated  by  means  of  the  downward 
recurrence  technique  given  in  appendix  A.  In  fact,  immediately  following 
the  single  line  Se  ^  Se  +  E,  we  have  merely  to  add  the  line  Sx  =  Sx  +  Se; 
when  the  downward  recurrence  is  completed,  the  bracketed  term  in  (48) 
results  in  storage  location  Sx  (after  the  scaling  correction). 
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APPENDIX  A 


NUMERICAL  EVALUATION  PROCEDURE  FOR  BESSEL  INTEGRALS 


The  three  fundamental  Bessel  integrals  that  must  be  evaluated  are  given 
by  (13)-(17)  as 


A(u)  =  \  dt  J^(t)  . 


(A-1) 


Bq(u)  -  A(u)  -  u  J^(u)  -  J  dt  t  (u  -  t)  J^(t)  , 


(A-2) 


li 

B^{u)  ^  A(u)  -  J^(u)  =  J  dt(l  -  Jp(t) 


(A-3) 


By  expanding  in  a  power  series  [5;  (9.1.10)],  and  integrating  term  by 
term,  there  follows  from  (A-1), 


5  i-uW.. 

k=0  k:  k!  (k+^  ) 


(A-4) 


When  this  result  is  coupled  with  the  series  expansions  of  and  in 
(A-2)  and  (A-3)  respectively,  there  follows 
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B^(u) 


u  2  (-u^/4  r 

k:  (k  ^  1):  (k  4-  1) 


(A-6) 


Although  these  power  series  could  be  used  for  small  and  moderate  values 
of  u,  they  are  not  useful  for  large  u,  due  to  the  loss  of  significant  digits 
caused  by  the  alternating  character  of  series  (A-4)-(A-6).  In  fact,  we 
will  find  that  a  downward  recurrence  will  yield  all  the  values  of  A, 

and  very  efficiently  for  small  u,  while  an  asymptotic  expansion 
is  equally  attractive  for  large  u. 


DOWNWARD  RECURRENCE 


We  start  with  [5;  (11.1.2)]  and  (A-1): 

A(u)  =  2[J^(u)  4-  03(0)  0^(0)  +  ...]  .  (A-7) 

Thus  if  we  can  evaluate  all  the  odd-order  Bessel  functions,  we  can  gel  A(u) 
from  their  sum.  Also,  B^(u)  and  B.|(u)  follow  immediately  from  (A-2)  and 
(A-3),  if  we  can  additionally  get  Jq(u). 

But  the  Bessel  functions  satisfy  the  downward  recurrence  [5;  (9.1.?/), 
line  1  ] 
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(A-8) 


for  m  >  0.  Ihis  recurrence  can  be  started  by  guessing  at  J(y|(u)  -  0, 

Jy  .(u)  =  1E-2S0  for  example,  and  evaluating  downward  via  (A-8)  to  m  -  0. 
Since  the  error  increases  much  slower  than  the  size  of  the  terms  in  (A-8) 

[5;  table  9.4],  the  relative  error  of  the  terms  is  very  small  for  the 
smaller  values  of  m,  if  M  is  chosen  large  enough  to  start  with.  In  order  to 
accurately  establish  the  absolute  level  of  the  sequence  of  [j^"}  values,  we 
then  use  the  check  sum  formula  [5;  (9.1.46)] 


J^(u)  +  2[J2(u)  +  J^(u)  ...]  =  1  . 


(A-9) 


In  order  to  realize  15  decimal  accuracy  in  A,  ,  it  has  been 


found  sufficient  to  choose  even  integer  H  as 


M  --  M(u)  -  2  INT(20  +  .56u 


175  \ 
12  +  u/ 


+  12  for  0  <  u  <  45 


(A-10) 


While  conducting  the  downward  recurrence  on  m  in  (A-8),  an  even  sum  of 

Ju  T  +  •  •  •  •  sum  of  _  +  . . .  ,  are  maintained. 

M  M-c  “-"I 

After  completion  to  m  =  0,  the  even  sum  is  subject  to  constraint  (A-9),  in 
order  to  establish  the  scale  factor  that  must  be  applied  to  all  the  desired 
outputs;  this  is  to  correct  for  the  initial  arbitrary  (incorrect)  guess  of 
Ju  ,(u)  -  lE-250.  With  this  scale  factor  in  hand,  the  odd  sum  in  (A-7) 
can  then  be  modified  by  means  of  one  multiplication  for  the  correct  absolute 
level  for  A(u).  Since  the  last  two  quantities  yielded  by  recurrence  (A-8) 
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are  J-|(u)  and  Jq(u)  (after  scaling),  we  then  have  all  the  necessary 
ingredients  to  determine  B^(u)  and  B^(u). 

No  array  declarations  or  array  storage  is  necessary  in  this  procedure, 
since  there  is  never  any  need  to  "go  back  up"  the  recurrence  and  correctly 
scale  the  terms.  This  has  been  guaranteed  (through  numerical 

investigation)  by  the  choice  of  M  in  (A-10).  A  further  economy  in  the 
program  for  this  two-term  recurrence  (A -8)  has  been  achieved  by  splitting  it 
into  even  and  odd  versions,  thereby  avoiding  the  usual  temporary  storage  of 
the  left-hand  side  of  (A-8)  until  the  right-hand  side  is  updated.  This 
compact  program  is  listed  below  as  subroutine  SUB  Bes j .  For  given  u,  it 
outputs  values  for  Jq(u),  J.|(u),  A(u),  B^(u),  B.|(u),  provided  that  0  <  u  <  45. 

ASYMPTOIIC  EXPANSION 


For  large  u,  the  starting  integer  H  in  (A-10)  gets  too  large  to  make 
downward  recurrence  a  viable  procedure.  Instead,  we  reso'^t  to  the 
asymptotic  expansion  [5;  (11.1.11)] 


u 

A(u)  =  I  dt  3^{t)  ~  1  - 
0 


L  k-0 


(-1)' 


'2k+l 


2k+l 


-  SI 


'  4]^  2k  1 


(A-11) 


as  u  -)  +CO ;  here,  we  also  used  the  definite  integral  result  that  A(oo)  ^  1 
[5;  (11.4.17)].  The  values  of  the  coefficients  are  [5;  (11.1.2)] 
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and  are  conveniently  obtained  by  recursion 


T 


fl')  _L  .  ili  , 

\2j^  2s  's-l 


for  s  >  1  . 


(A-12) 


(A-13) 


The  number  of  terms  required  in  the  summations  in  (A -11)  depends  on  the 
value  of  u  and  the  desired  accuracy.  For  u  >  45  and  15  decimal  accuracy,  it 
has  been  sufficient  to  terminate  (A-11)  at  k  =  INT(u/2). 


Since  (A-11)  yields  only  A(u),  it  is  necessary  to  calculate  J^Cu)  and 
J^(u)  additionally;  this  has  been  accomplished  by  use  of  [11;  section  6.8]. 
All  of  these  quantities  are  evaluated  by  means  of  subroutine  SUB  Bessel 
listed  below.  For  input  u  >  0,  this  subroutine  yields  values  of  Jq(u), 
J^(u),  A(u),  B^(u),  B^(u). 
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ly  SUE  Be  1  JO  ,  J  1  ,  Fl ,  E0,  El  >  !  Fl  =  I  NTEGRFiL  '  0 ,  X  '  dt  JoO;' 

20  DOUBLE  K,I  !  INTEGERS 

30  IF  X:>45.  THEN  60 

40  CFtLL  Ees  j ‘X;,  JO,  J1  ,  R,  E0,  El  >  !  DOWNWRRD  RECURRENCE  9.1.27,1 

50  SUBEXIT 

60  I  =  INT(X>/2  I  ASYMPTOTIC  SERIES  11.1.11  f:.  12 

70  Rx=l./X 

30  F=.5'*'Rx 

90  T=.25 

100  R=1.25 

110  Re=.625*Rx 

120  Im=P=l. 

130  FOR  K=1  TO  I 

140  P=-P 

150  S  fi  =  K  +  K' 

160  F  5  =  S  n - . 5 

170  F=F*F5*Rx 

180  T  =  T  *  F  5  •'  X  3  n  +  S  n  > 

190  h=H+T 

200  Ee=F*R 

2  10  I  m  =  I  rn  +  P  *  B  e 

220  Sri  =  Sri+l. 

230  F5=Sn-.5 

240  F=F*F5*Rx 

i.'  5  0  T  =  T  *  F  5  /  (!  S  ri  +  S  ri  j 

260  R=fi+T 

270  Bo=F*R 

i'  S'  0  R  e  =  R!  t  +  P  *  B  O 

290  IF  Ee'*Be  +  Bo*Eo<l.E-26  THEM  310 

300  NEXT  K 

510  F=X- . 785393 1 6339744828 

320  T  =  . 7978845608028654  1 

3  30  R  =  1 .  -  T  *  S  Q  R  <  R  X !)  ♦  <  R  e  *  C  0  S  <  F  >  - 1  fn  *•  S I N  <  F  >  > 


340 

J0=FN Jo<X) 

!  J0 

S 

Jo<X) 

350 

J1=FNJ1<X:.' 

!  J1 

= 

J  1  ( X  > 

360 

B0=R-X* J0 

!  B0 

R<X>  -  X  Jo(X) 

3  70 

B1=R-J1 

!  B1 

= 

R  (  X  >  -  J  1  (  X  > 

380 

SUBEND 

390 

1 

400 

SUB  Be  2  j ( U ,  J0 ,  J 1 , R , B0 , B 1 > 

!  JO 

= 

JodJ),  J1  =  J1(U> 

4  1  0 

IF  U>0.  THEN  450 

!  R 

= 

R(u;)  =  INTEGRRL'.e,  U 

420 

J0=  1  . 

1  B0 

= 

R(U>  -  U  Jo(U) 

430 

J1=R=E0=B1=0. 

!  B1 

R  (  U  >  -  J  1  (  U  > 

440 

SUBEXIT 

450  DOUBLE  Me, Ms  !  INTEGERS 

460  Me =2* I  NT (20. +. 56*U- 1 75 . x ( 12. +U>  >  +  12 

470  T=2./U 

480  Se=E=0. 

490  So=O=l.E-250 

500  FOR  Ms=Ne  TO  2  STEP  -2 

510  E=T*(Ms+l >*0-E  !  9.1.27,1 

520  Se=Se+E 

530  0=T*Ms*E-0  !  9.1.27,1 

540  So=So+0 

550  NEXT  Ms 

560  E=T*0-E 

570  F=1  .  x<Sc  +  Se+E:>  !  9.1.46 

580  J0=E*F 

590  J1=0*F 

600  fl=(Se.  +  So>*F  !  11.1.2 

610  E0=R-U*J0 

620  B1=R-J1 

630  SUBEND 

640  ! 
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650  D  E  F  F  H  J  Cl  <  M  >  !  J  o  <  X  >  m  i  a  H  ar  t  #5845,  6546,  ari  d  6946 

660  Y  =  H  B  b  <  X  > 

670  IF  Y>8.  THEN  770 
680  T=Y*Y 

690  P  =  2'27  14904 89. 5536033- T*  i  55  1  3584 . 5647707522-1^5292 .6171303845574  > 

700  P  =  23344891  7  1 377369 . 7-T  *  i:;  47765559442673 . 58S-T*  ■  462  1  7222503  1 . 7 1  803-T^F'  >  ) 

710  P= 1859623 1762 1397304. -T *< 44 1 4582939 1 8 1 5982 . -T*P> 

720  Q  =  204  25  143 3. 52  1  54  357  +  T*'::  494030. 7949 1 3  1 3972  +  T v  834 . 72036756  1  75504  + T  )  ' 

7 3ti  Q  =  2344 7500  1  3658996 . 3  +  T *  <  1 50 1 5462449769 . 752  +  T *  64393674535  .  1  33256  +  T *Q  >  > 

740  0=135962317621897733. +T*Q 

750  Jo=P/Q 

760  RETURN  Jo 

770  Z=S. ^Y 

780  T  =  2*2 

790  Pn  =  2204. 5010439651  304  +  T*  128. 6775857487 1  4  1  9  +  T+ .  90047934748028803  > 

800  Pri  =  3554 . 82254  1  50666 1  7  +  T  +  (  3894 . 4375329606  1  94 +  T  +  Pri .) 

810  Pd=2214 . 0433519  1  47  104  +  T*<  1  30. 88490049992388  + T 

820  Pd  =  8554. 822541506662S  +  T  +  '. 8903. 336141  7095954  +  T*Pd> 

830  0ri=  1  3. 990976865960630  +  T+  (  1 . 0497327932345548+ T  +  .  00935259532940319) 

840  0t-i  =  37. 5105349549571  1  2  + T*  < 46 . 0933268 1 4625  1  75  +  T*Qri ) 

850  Qd  =  921 . 56697552b53090  +  T*<74. 42838974141  1  179  +  T:> 

360  Qd=24O0. 6742371 1 72675+T* < 297 1 . 9837452084920+ T ♦Od > 

870  T=Y-. 78539816339744828 

830  Jo  = .  28209479 1 77337820  +  SQR k Z < COS !T )  +  Pn  'Pd  +  S I N (  T  )  *Z  +  Qn  Qd ) 

390  RETURN  Jo 

900  FNEND 

910  ! 

920  DEF  FNJl^'X)  !  J1<X>  oia  Hart  #6045,  6747,  and  7147 

930  Y  =  F(B3<X) 

940  IF  Y>8.  THEN  1040 

950  T=Y*Y 

960  P=. 1 1073522244537306E-1O-T+. 63194310317443161E-14 

970  P=.  49105992765551294E-5-T*';  .  9382  1  93365  1  407445E-8-T  +  P  > 

980  P=.  398310793395233-T+':  .  1  705769264  3496  1  7  1  E-2- T +  P  > 

990  P  =  5S78.737766656S200-T-»<. 61.21  876997 3569 439 -T  +  P  ' 

1000  P  =  695364 22 . 632983350  -  T  *  <  8356785 . 4873489  1  43  -  T  +  ’■.  3 20902 . 7 4 6835394 70-T  +  P  >  ) 

1010  Q  =  1  39072845 . 26596769  + T*  <6 70534. 63354822993  + T  +  i:  1  284 . 59345396630  1 9  +  T  )  ) 

1020  J1=X*P/Q 

1030  RETURN  J1 

1040  2=8. /Y 

1050  T=2+2 

1060  Pri  =  3132. 7529563550695  +  T  +  c:  l  74. 3 1  379748379025  + T+  1 . 2285053764359043) 

1070  Pti=12909.  134718961831+T*(  13090. 42051  1035065  +  T  +  Pn  > 

1080  Pd  =  3109. 2814167700238+T*'.'.  1 69 . 0472  1  7750086 1  0  +  T  • 

1090  Pd=12909.  184713 9 6187 9 +  T  +  C1 3066. 783087844020  + T  +Pd  > 

1  100  i5n  =  5  1 . 7  365328 1  3 3659  1  6  +  T*  <  3 .  799445  37969806 73  +  T  +  ,  O  36  36  34664760347  1  1  ) 

1110  Qn=144.65282374995209  +  T*<174. 429 1 6890924  259  + T  *Qn  f 

1120  Od=l 1 19. 1 098527047487+ T*< 85. 2239206434 1 3404+ T ' 

1  1  30  C!d  =  3085. 92701  333231  72  + T+C  3734. 340 1 060  1  630  1  3  + T  +  Qd  ' 

1140  T=Y-2. 3561944901923448 

1150  Jl  =  .  282094791773S7S20  +  SQR<Z>*(CO8<T)*Pn  Pd-S  IN':  T  )  +  Z  *  Qn/Qd  ) 

1160  IF  X-0.  THEN  J1=-J1 

1170  RETURN  J1 

1180  FNEND 
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APPtNDIX  B 

DERIVATION  OF  INTEGRATION  RULE  FOR  STRAIGHT  LINE  FITS  TO  g(x) 

The  situation  of  interest  here  is  represented  in  figure  T,  where 
straight  lines  are  fit  to  g(x)  between  adjacent  samples  of  g(x),  taken  at 
sample  points  W-  In  particular,  the  contribution  to  integral  (11)  of 
an  (internal)  abutting  point  x^  was  set  up  in  (18)-(19).  By  letting  t  -  wx 
in  (18),  and  using  (19),  (20),  and  (22),  namely 

X  -  X 

y  =  =  nh  ,  e  =  wh  ,  (B-1) 

there  follows,  for  the  n-th  contribution  to  the  integral, 

ne 

I  =  —  r  dt  J  (t)  fl  -  n  +  + 

n  w  J  0  ^  Q  f 

(n-l)e 
(n*-l  )e 

‘"■f  J  ‘  -  e)- 

ne 

where  g^  -  9(nh).  By  reference  to  the  auxiliary  functions  defined 

in  (13)  (17),  the  sum  of  these  two  integrals  can  be  expressed  in  the  compact 
form 

In  -  +  1)  B^[(n  e  1)0]  2n  B,[ne]  +  (n  -  1)  B^[(n  -  1)0]] 

for  n  <  r  .  (B-3) 
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The  procedures  in  appendix  A  are  now  directly  applicable  to  the  evaluation 
of  (B-3)  for  any  n. 

For  the  left-end  point  depicted  on  the  left  side  of  figure  1,  the 
corresponding  contribution  to  desired  integral  result  (11)  is,  using  (B-1) 


again. 


J  dx  Jq(wx)  g^  (1  -  y)  - 


(J2^-l  )e 


=  ^  1)  B^[(i  1-  Del  -  ^)  Bjj^el  -  J^[/©l}  .  (B-4) 

Ihe  corresponding  contribution  to  integral  (11)  for  the  right-end  point 


x^  is  given  by 


I 

^  dx  J^(wx)  g^  (1  y)  = 


I 

■  “  y 


-  r  +  1 


(r-l)e 


{(r  -  1)  B^[;(r  -  1)©]  -  (r  -  1)  Bjr©]  f  [r©]]  .  (B-5) 
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(As  a  check,  combination  of  (B-4)  and  (B-5),  upon  replacement  of  ^  and  r  by 
n,  yields  (B-3),  as  it  should.  The  “end  correction  terms"  in  cancel 
out  for  all  internal  points,  n.) 


The  resultant  approximation  to  desired  integral  (11)  is  given  by  the  sum 
of  (B-3)  -(B-5) ; 


6(u>)  -  ^  dx  J^(a)X)  g(x)  ?  ^  V  ^ 


(B-6) 


n=>l 


Ihis  particular  grouping  of  terms  is  according  to  the  function  sample  values 
=  l9(nh)]  .  An  alternative  grouping,  according  to  the  samples  of 
function  B^(u)  instead,  is  given  by 

-*>  G(o.)  -  (Jl  ^  1)9^"]  B^(/«e)  -  g^  J^ue)  + 

^r-1  "  ~  ^  9^  J^(re)  + 


"Kh  -  '•  Vi] 


(B-7) 


Whereas  B^(ne)  must  be  evaluated  for  all  ^  <  n  <  r,  the  function  need 
only  be  evaluated  at  the  end  points  J^e  and  re. 


B-3 
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When  w  is  restricted  to  be  multiples  of  a  sampling  increment  A,  that  ij 


«  =  kA  for  k  -  1 .  2,  ... 
then  (8-7)  yields,  for  k  >  1 ,  the  approximation 

kA  G(kA)  B^UkAh)  -  J^^kAh)  4- 

^r-1  '  ~  l)gr]B^(rkAh)  4-  g^  J^(rkAh)  4- 


r-1 


n=;^4-l 


2gn  ^n-ll  ’ 


(B-8) 


(B-9) 


where 

g^  -  g(nh)  .  (B-lO) 

Since  n  and  k  are  integers  (see  (20)  and  (8-8)),  the  evaluation  of 
B^(u)  in  (8-9)  is  confined  to  integer  multiples  of  Ah,  i.e.  u  =  mAh. 

Further  discussion  on  how  to  take  advantage  of  this  feature  of  (B  9)  is 
given  in  the  sequel  to  (26).  The  end  result  is  that  we  have  two  alternative 
procedures  for  evaluation  of  (B-9)  and  two  corresponding  programs:  one 
faster  routine  which  may  require  considerable  storage,  and  a  slower 
procedure  utilizing  very  little  storage.  Programs  for  both  procedures  are 

listed  below. 
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BKHAVIOR  l-OR  SMAI  L  0 


When  0  is  small,  the  differences  of  like  quantities  in  (B-3)-(B-6)  can 
be  circumvented  by  expanding  B^  and  in  power  series  in  0.  Using  the 
facts  that 


n  /  X  u  u  ^ 

B^(u)  ~  2  -  40  as  u  -»  0  , 


Jl(u)  -  f'fe  ^5U->0, 


(B-11) 


the  above  results  reduce  to 


■n  -  %  ^[’ 

'<  -h 


l  ~  -  q  h 
r  2  ^r 


■  i  ^  *  01  • 


(B-12) 


as  0  ->  0.  By  use  of  the  power  series  expansion  developed  for  B^(u)  in 

4  5 

appendix  A,  these  results  could  be  extended  to  order  0,0  if  desired. 


Ihe  total  contribution  to  (II)  is  given  by  the  sum  in  (B-6).  As  0  -♦  0, 
this  reduces  to  the  Irape/oidal  rule,  (12). 
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1  0 

1  ZERO-TH  ORLER  BESSEL  TRRHSFORM 

USING  LI  HERR  I  HTERPOLRT I  OH . 

20 

'  I  T  E  ij  R'  A  L  *'  !  1  ,  f  '  d  J  o  W  K  >  9  ^  ^ 

FOR  W1<=N  =N2  IS  STORED  IH 

30 

'  G  w  1 1  =.  .1  ,  1...1  ki «;  f  t  U  =  K.  i.  D  t  1  w  . 

F  is  f.  e  f  li  1  g  l  i  -  z  T  0 (  ag  e  . 

4  0 

Del  .  =  .025  I 

INC RE ME NT  ■  h  '  IN  X 

50 

L  =  0  ! 

X1=L*Del  .. ,  L  =0 

00 

R  =  4  0  0  ' 

X  r  =  R  D  t  1  X  ,  R  L 

7  0 

Delw=.2  1 

INCREMENT  ■<10  IN  U 

80 

K.  1=0  ! 

Hl=Kl*Delw,  11  =0 

'j^O 

12  =  4  0  1 

W2  =  K20<-De  1  w,  12  =11 

1  0  0 

DliijBLE  L  ,  R  ,  K  1  ,  12, 1  0,  L  1  ,  R  1  ,  He,  1 

i,I  1  INTEGERS 

1  1  0 

D  I  ri  i0  ..  '  5  0  0  '  ,  D  g  ' .  5  0  0  0  ,  B  1  •  5  ti  0  0  0  • , 

J  1  1  ■  1  00  0  ,  J  1  f  •  1  00  0  ,  G'.i '  1  00 

1  20 

K0  =  1  1 

1  };0 

l:  l=NHX<i:i  ,  1  > 

140 

L1=L+1 

150 

R1=R-  1 

1  0  0 

RED  I  n  G>:  (  L  :  R  •  ,  Dg  L  1  :  R  >  ,  B  1  ^  L^L.  1 

:  R  ♦  l:  2  0 

1  7  0 

RED  I  t'l  J  1  1  1  1:12',  J  1  r  1, 1  : 12  > ,  Gi.j 

»  1  0 :  K  2  0 

1  30 

FOR  1  i  =  l-.0  TO  l;2 

1  90 

G  K  1  i  0  =  0  . 

2  0  0 

HE XT  lU 

210 

FOR  Ni.  =  L  TO  R 

220 

G-  Hi. =FriG  '  Mi '•■De  1  •.■-  ,)  ' 

SEE  DEF  FHGlX  '  =  q 'i.  X  0 

2  1:0 

HE XT  Hs 

24  0 

G  1  =  10  «  '1  L  > 

250 

G  r  =  G  >..  '1  R  > 

200 

IF  1,0/0  THEM  320 

270 

F  =  ,  5  ♦  G  I  +  G  r'  •' 

280 

FOR  Hi.  =  Ll  TO  R1 

290 

F  =  F  +  G  (.  H  i  > 

;;  0  0 

HE XT  Hi 

010 

G  i<) '  0  0  =  F  *•  D  e  1  ' 

j;  2  0 

F Cl R  H i  =  L  1  TO  R 

0  00 

D g  1  Hi  0  =  G  N  i  Hi  '  - G  •:  H i  -  1  > 

04  0 

HE XT  Hi 

050 

1  1 

000 

IF  L=0  THEM  410 

0  70 

FOR  1.  i  =  l.  1  TO  12 

080 

I  =L*l.i 

9  0 

C  H  L  L  B  e  i  i  t  1  I  E'  2  .  J  0  ,  J  1  I  '  1'.  i  ■  ,  R  , 

BO, B  1  '  I  •  ' 

4  00 

HEXT  1,  i 

4  1  0 

FOR  1  i  =  l'  1  TO  12 

4  20 

I  =R*l.  i 

4  0  0 

CRLL  Beiiel  ■  I  -  D2  ,  .10  ,  J  i  ■  i  i  .,h. 

BO, B1 ■  I  '  ■ 

440 

HE:;T  li 

450 

FOR  Hi=Ll  TO  R1 

4  00 

FOR  1  i  =  1. 1  T  0  1  2 

470 

I =Hi *1  i 

4  :■  0 

IF  B  1  •  I  '  0 .  THErJ  500 

4  9  0 

1.  R  L  L  E'  e  i  i  e  1  '  I  ♦  I'  ^  ,  .1 0  ,  J  1  ,  R  ,  B  0  ,  B  1 

.  I  ,  , 

5  0  tj 

HEXT  t  i 

1  0 

HEXT  Hi 
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j  i'  0  T  1  =  L  Ii  g  '  LI  '  - 1  j  1 

J  y  T  L  =  P  ^  ti  g  i  R  .1  —  G  r 

^40  IF  L=0  THEH  530 

550  FOR  Ki=Kl  TO  K2 

530  Gw  V  Ki  :■  =T  1  *B  1  ^  -G  !  »  J  1  K  Ki 

570  next  Fi 

530  FOR  Ks=Kl  TO  K2 

590  F  =  T  2  *  B  1  R  ■»  I  i  i  -  G  r-  ^  J  1  f  <  K  i  > 

300  Gw<Ki>=Gu'..  Fi  :>-F 

310  next  Ks 

31:0  FOR  N£  =  L1  to  R1 

t  OO  F  =  M£*':rig':.  Ni  +  1  -  Bg  ■:  Ns.  >  > 

340  FOR  K;=K1  TO  02 

3'  0  ij  w K.  i  =  G  w  ■:  1 :  =-  .■'  +  F  E:  1  N  s  f  s  ) 

330  next  Ks 

3  70  next  Ni. 

380  FOR  Ki=Kl  TO  K2 

3  90  tj  V,  K  s  =  G  w  F.  s  ■■■  *:  F.,  £■  ■*  D  €■  1  <•<  .• 

700  NEXT  F::s 

710  PRINT  Gw ( ♦ > 

720  PAUSE 

730  END 

740  I 

750  D  E  F  F  N  G  X  > 

^30  G  =X•»EXP^-.5^r^;*x> 

770  RETURN  Gx 

730  FNEND 


j 

I 


g  F  X  > 

rhvleigh  example 
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1  0 

1  2ER0-TH  ORDER  EE3 

EiEL  TRRHSFORM 

USING  LINERR  INTERPOLRTI 

ON 

2  0 

'  INTEGRRL'.,  Xl  ,Xr  >  d 

■!  J  iD  c  W  X  ;*  g  X  > 

F  U  R  11 1  :  =  N  =  U  L  I  3:  T  U  R  E  D 

IN 

3  0 

'  i3  ijj  (  K  i  >  ,  1.0  Ki  t  r  4  W  = 

K  =  ★Del w . 

S  1  0 W  4 f  1  0  '>)  —  i  t  0 1'  ig  t  . 

40 

Dt 1 x= . 025 

1 

INCREMENT  (ho  IN  X 

50 

L  =  0 

1 

X1=L*D6lx,  L>=0 

00 

R  =  400 

1 

A  r  =  R  *  D  4  1  X  ,  R  >  L 

70 

De  1  i..i=  .  5 

1 

INCREMENT  (AO  IN  W 

30 

K  1  =0 

1 

Wl=Kl*Delw,  K1>=0 

00 

K  2=10  0 

1 

W2  =  K2*Dtlio,  K2>  =  K.  1 

1  0  0 

DOUBLE  L,R,K:1,K2, 

K0,L1,R1,M=, K 

i  1  INTEGERS 

1  10 

D  I  N  u .  5  0  0  ,  D  g  '  .  5  0  O  :■  ,  G  w '  .  200' 

1  20 

K..0  =  K  1 

1  3  0 

K,  i=nh:-m::i  ,  i  > 

1  4  0 

L1=L+1 

1  50 

R1=R-1 

1  0  0 

REDIM  G:.-:  L:  R  ,  Dg'. 

L  1  :  R  >  ,  G  i.t  >:  K  U :  K 

!• 

1  7  0 

F 0 P  K i  =  K:: 0  TO  i. 2 

1  80 

G  10  K-  i  0  =  0  . 

1  00 

NEXT  Ki 

20  0 

FOR  Ni=L  TO  R 

2  1  0 

G  X  <  N  i  =  F  N  i3  <  N  i  -►  D  t  1 

SEE  DEF  FNG(Xo  =  g ■ X K 

1:1:0  NEXT  N; 

I:  i  0  G  1  =  G  :v  (  L  y 

2  4  0  G  r  =  G  ■ v  R  '' 

250  IF  F0 >0  THEN  310 

2  G  0  F  =  .  5  *  G  1  +  G  f  y 

270  FOR  Ni=Ll  TO  R1 

2  S  0  F  =  F  +  G H  i  '> 

200  NEXT  Ni 

300  G  w  .  0  >  =  F  •*  D  4'  1  x 
310  FOR  Ni=Ll  TO  R 

3  20  D  g  ■:  N  i  >  =  G  x  v  N  i  >  -  G  .  •:  N  i  -  1  > 

330  NEXT  Ni 

340  D2  =  De  1  w*-D4  1  X 

350  Tl=L*Dg<Ll  '-Gl 

3  00  T  2'  =  P  *  D  g  ' .  R  -  G  r 

370  IF  L=0  THEN  430 

330  T=L*D2 

300  FOR  t:i=Kl  TO  K2 

400  ChLL  Et  =  it  1  '  T+1  =  ,  J0,  Jl  ,  R,  60,  Bl  :• 

4  10  G  u  O  i >  =  T  I  ♦ E I  - G 1 ♦ J 1 

420  NEXT  Ki 

430  T=R»D2 

440  FOR  l:i=Kl  TO  K:2 

450  ChLL  Et  i  i  t  1  T  +  1  i  ,  jo  ,  J  1  ,  h  ,  E0,  E  1  • 
400  F  =  T2»Bl-Gr*.Jl 

4  7  0  G  w  t  i  <  =  G  i/  i  ‘  1  i  >  -  F 

430  NEXT  li 

400  FOR  Ni=Ll  TO  R1 

5  00  F  =  Ni  »  '  Eg  V  Ni  +  1  >  -  Dg  C  Ni  ;■  ' 

510  T=Ni *D2 

520  FOR  hi=Kl  TO  K2 

530  CHLL  Et i i t  1  '  T- t  i ,  JO ,  T 1 , R, EO, B  1  > 

54  0  G  w  '  T  i  '  =  G  ui '  1  i  '  F  *  E  1 

550  NEXT  Ki 

50  0  ne:':t  Ui 

5  70  FOR  1  i  =:K  1  TO  12 

530  G'J'  K  i  ’  =Gui'  t  i  '  '  1  i  *Dt  ]  (•'  ' 

500  NEXT  K  i 

O' 0 u  F’R  I  N  T  G w  >  ♦  ' 

010  END 
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DERIVA1I0N  OF  INTEGRATION  RULE  FOR  PARABOLIC  FITS  TO  g(x) 


The  situation  of  interest  here  is  depicted  in  figure  2,  where  parabolas 
are  fit  to  the  samples  of  g(x),  a  pair  of  adjacent  panels  at  a  time.  The 
derivation  of  the  resultant  approximation  to  integral  (27)  is  broken  down 
into  the  four  cases  illustrated  in  that  figure. 

It  is  again  presumed,  as  in  (20),  that  sample  points  of  g(x)  are  taken 
at  increment  h,  namely 

Xf,  --  nh  for  <  n  <  r  ,  (C-1) 

and  that ,  in  add  i  t  ion, 

r  -Jl  is  even  .  (G-2) 

That  is,  the  total  number  of  panels  employed  in  interval  must  be 

even.  A  breakdown  of  all  the  sample  points  into  the  four  categories 

of  figure  2  is  depicted  in  figure  C-1,  where  we  have  used  the  abbreviations 


L 


MANAMA 


panel  panel 

pair  pair 


figure  C-1.  Categori /dtion  of  Sample  Points 
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M  =  mid-point  (of  a  panel  pair), 

A  =  abutting  point  (between  two  panel  pairs), 

L  =  left  end  point, 

R  =  right-end  point.  (C-3) 

It  is  presumed  in  the  following  that  w  >  0;  the  case  for  w  =  0  is  given  by 
(29),  while  «  <  0  is  immediately  covered  by  observing  that  is  even. 

Mid  -Point 

The  contribution  of  a  mid-point  to  integral  (27)  is  (see  figure  2) 

X  -Hh 

"r 

"n  '  J  dx  (1  -  y^)  . 

X  -h 

n 

(n^-1  )0 

-h  y  ■'t  VO  [ (C  O 

(n-l)e 

where  we  utilized  t  ^  wx,  (C-1),  (28),  and  (22).  Upon  expansion  of  the 
square  in  (C-4),  and  use  of  (13)-(17),  (C-4)  reduces  to  the  rather  compact 
f  orm 


C-2 
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”n  ^  ^  {B^[(n-l)e]  -  B^[(rn-l)e])  - 

-  -j  (BJ(n-l)e]  -  BJ(n+l)e])}  . 
e  ^ 

This  type  of  term  is  yielded  forn=^j^+l,  j?+3,  ...  ,  r-3,  r-T,  as 
reference  to  figure  C-1  will  verify.  Here,  and  in  the  following,  for  the 
sake  of  brevity,  we  do  not  document  the  rather  detailed  machinations  that 
lead  to  the  compact  form  (C-5)  from  the  integral  definition  (C-4).  The 
reader  will  have  to  reconstruct  those  nonprof itable  manipulations,  if 
interested . 

At  this  juncture,  instead  of  treating  an  abutting  point  with  its 
associated  4  panels  (see  upper  right  of  figure  2),  we  split  it  up  into  a 
panel  pair  with  a  left -end  point  and  another  panel  pair  with  a  right-end 
point.  We  thus  have  to  consider  a  general  left  point  and  a  general  right 
point. 


Iffl  POINl 

This  case  is  obtained  by  looking  at  the  bottom-left  diagram  in  figure  2 
and  replacing  by  n  everywhere.  The  contribution  of  this  type  of  panel 
pa i r  is 
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^  dx  (1  y)  (1  -  y/2)  = 

(rn-2)e 

y  <itO„(t)[l  -  3(l-n) 
rte 

g 

-  ^{(rn-l)(n4-2)(B^[(n+2)e]  -  B^Ln©])  - 

-  4  (B^[(n+-2)e]  -  B  [ne])  -  2  J  [ne]]  .  (C-6) 

This  type  of  term  is  yielded  for  n  +  2,  ....  r  -  4,  r  -  2,  but  not 

n  ^  r;  see  f igure  C-1 . 

RIGHT  POINT 


This  case  pertains  for  the  bottom-right  diagram  in  figure  2  when  r  is 
repTaced  by  n  everywhere.  The  corresponding  contribution  to  integraT  (27)  is 


^n  "  \  dx  J^(a)X)  g^  (T  y)  (T  +  y/'2)  - 

ne 

y  v‘>[’ 

(n-2)9 

r 

-  ^i(n-T)(n-2)(B^[ne]  -  B,[(n-2)e])  - 


-  4  (Bo[n0]  -  8  [(n-2)e])  f  2  J 


(C  /) 


C-4 
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This  type  of  term  is  yielded  for  n-j^+2,  ^+4,  ...  ,  r-2,  r,  but  not 
n  -  Jl  ;  see  f  igure  C-1 . 

ABUl I ING  POINT 


We  can  now  immediately  obtain  the  integral  contribution  for  an  abutting 
point  (top-right  diagram  of  figure  2)  by  adding  (C-6)  and  (C-7): 

^n  ~  ^n  ^  ^n 

^n  f  1 

=  J-|{nH)(nf2)  B^[(n^-2)e]  ~  B^[(n^-2)0]  -  6n  B^[ne]  - 

© 

■  (r.-l)(n-2)  B^[(n-2)el  v  “  BQ[{n-2)e]}  .  (C-8) 

0 

which  holds  only  for  n  -  ^  f  2,  i  e  4,  ...  ,  r  -  4,  r  -  2;  see  figure  C-1. 

As  a  notational  shortcut,  we  say  n  ^  2)(2)(r  -  2)  are  the  allowed 

values  of  n. 

At  this  stage,  we  have  succeeded  in  evaluating  all  the  types  of  terms 
that  have  been  depicted  in  figures  2  and  C-1.  The  total  approximation  to 
integral  (27)  is  therefore 

r-1  r-2 

6(")  "  5-  "n  *  ^  ^  ,  (C-9) 

n=jf+-l  n=^^-2 

in  terms  of  the  contributions  in  (C-5)-(C-8),  where  the  slash  on  the 
summation  symbol  denotes  skipping  every  other  term. 
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However,  this  grouping  of  terms  in  (C-9)  is  according  to  sample  values 
9p  =  g(f’h)  of  function  g(x).  It  is  advantageous  to  re-arrange  this  sum, 
grouping  terms  instead  according  to  sample  values  of  functions  B^(u)  and 
B^(u),  defined  in  (16)  and  (17).  After  considerable  manipulations,  the 
following  alternative  to  (C-9)  is  obtained: 

2co  G(co)  ~  ~  B^CCe)  -  0^  B^(je«)  -  2^  J^(j^e)  - 


B^(re)  +  B^(re)  +  2g^  J^(re)  4- 


0  B  (ne) 
n  0 


Rp  B^(ne) 


n=J(-t-2 


n=j(4-2 


(C-10) 


The  auxiliary  sequences  utilized  in  (C-iO)  are  defined  below: 


S  =  9  •  2g  -  +  g  „ 

r  r  ^r-1  r-2 


1)9^^^  -  2J((J^  f  2)9^^^  (J?f  2)(;^+  1)g^ 


"  (r  -  2)(r  -  l)g^  -  2r(r  -  ?)9^_-,  +  r(r  -  1)9^_2 


(C-ll) 


^n  ^n+2  ^^04-1 


"  -  9„_2 


^n  ^n+-2  ^^n-^l  ^  ^^n  ^^n-1  ^  ^n-2  f  (/  4^  2)(2)(r  -  2)  ' 


R„  =  n  0  4-  nf 

n  n  n 


C-6 
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It  is  important  to  observe  from  (C-10)  that  the  Bessel  integrals  B^(u) 
and  B^(u)  need  be  evaluated  only  at  u  ^  ne  for  n  ->^(2)r,  and  need  not  be 
evaluated  at  the  in-between  points  n  1)(2)(r  -  1).  Of  course,  the 

input  function  g(x)  must  be  evaluated  at  all  x  =  =  nh  for  n  =^(l)r. 

Ihe  quantities  in  (C-11)  and  (C-12)  do  not  depend  on  e  ^  wh,  and  can  be 
computed  just  once  and  stored,  in  preparation  for  use  in  (C-10). 

If  we  are  interested  in  evaluating  integral  G(<j)  in  (27)  at  values  of  u 
equal  to  integer  multiples  k  of  some  increment  A,  then  we  must  substitute 

w  =  kA  and  e  =  wh  -  kAh  (C-13) 

into  (C-10).  Ihen  interest  centers  on  computation  of  Bq(u)  and  B^(u)  at 
u  =  mAh  for  certain  integers  m.  This  consideration  has  been  discussed  in 
1  tie  seque  I  to  ( 26) . 

BfHAVIOR  fOR  SMAI L  B 


When  0  is  small,  differences  of  functions  with  similar  values  are 
required  in  (C-10).  This  same  behavior  obtainsfor  Filon's  method;  see 
[b;  (25.4.b3)].  Accordingly,  it  is  useful  to  have  a  series  expansion 
for  G(a))  about  e  0,  to  be  used  for  small  e. 


Since  [5;  (9.1.12)] 


J 

0 


(U) 


(C-14) 
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as  u  >  0  , 
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substitution  in  (C-4),  along  with  the  change  of  variable  y  -  t/e  -  n,  yields 
the  mid-point  contribution 

1 

=  g^  h  J  dy  JQ(e(n4-y))  (1  -  y^)  - 
-1 

~  g^  h  J  cly  [j  '4  c  '  y^)  ^ 

-1 

'  l)] 

A  similar  procedure  for  left  point  and  right  point  contributions  (C-6)  and 
(C-7)  gives 

l-n  =  '^n  ~  ^  ^n  "  I  '  1^1  >  0  • 

The  total  asymptotic  contribution  to  G(<j)  in  (27)  is  therefore  given  by 
(a  modified  version  of  (C-9)) 

r-2  r  r-1 

"  X '-n  ^  ^  "n  *  ^  "n  e  ^  0  ,  (C-l  /) 

n=^Jl  n=JJ+2  n=i+l 

using  (C-15)  and  (C-16).  For  e  -  0,  this  reduces  to  Simpson's  rule,  (29). 

4  b 

Additional  correction  terms  involving  B  ,  e  could  be  derived  by  using 
additional  terms  in  expansion  (C-14). 

When  u)  is  specialized  to  values  w  '  kA  in  (C-10),  the  result  is  as  given 
in  (36).  Programs  for  both  a  faster  high-storage  procedure  and  a  slower 
low-storage  procedure  are  listed  below. 
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10  '  ZEPO-TH  OPDEP  EEiiEL  TPhriE-FuPM  i.iPING  PhPREmlIi;  1 r  E  PPOL  AT  I  OM  . 

ZO  '  INTEGPAL':  ;:i  ,  :;r-  '  dX  Jo'WX.'  gvX'  FOP  W1  =U  =UZ  IE.  ETOPED  IN 

30  '  Gi..."  1  i  W  =  Ki^Delui.  Faiter  f-i  i  gPi - i  t  or  agi=  . 

■40  Del  =.0  3  '  INCREMENT  'h'  IN  X 

50  L  =  0  '  Xl=L-*-Delx,  L  =0 

GO  P=E:00  I  Xr=P*Del  P-L  MU'E.T  EE  EVEN  t  >  =  4 

70  Dtli.j=l.  I  INCREMENT  iA'  IN  W 

SO  K1=0  I  Wl=Kl»Delw,  I  1  >  =  0 

9  0  P  2  =  4  0  '  N  2  =  K  2  D  e  1  w  ,  1  2  .  =  P  1 

100  DOUBLE  L,  P,  P  1  .  P2,  PO,  LI  ,  L2,  PI  ,  P2,  N=  ,  P:.i,  I  '  INTEGERS 

1  1  0  D  I  M  G  a  0 0  ,  G  I.I 5  0  0  ■  ,  S  q  5 0  0  • ,  J  1  ■  ‘  5 0  0  ■ ,  J  i  r-  5  0  0  ■ 

1 20  D I M  BO '  20000  ■  , E 1 ■  20000  > 

130  KO  =  P  1 
140  K 1  =ma:: p  1 ,  1 
150  L1=L+1 

IbO  L2=L+2 

170  R1=P-1 

1  o  0  P  2  =  P  “  cl 

190  PEDIM  G  L:  P  ,  Gi.j'  P  0:  P2  >  ,  itp  F  1  :  F2;' ,  1  n  ■  :p  1  :  P  2  ■  ,  J  1  r  '  P  1  :  P  2 

2  0  pi  R  '  E  D  I  M  E  0  '  L  *  P  1  :  P  ♦  1 . 2  •'  ,  Ei  1  '  •  .  L  ■»  P  P  1  ;  P  •»  P  2  ' 

210  FOP  P'£  =  PO  TO  P2 

2  2  0  G  w  p  P  r  ;'  =  0  . 

230  NEXT  Ps 

240  FOP  Ni.  =  L  TO  P 

250  G  •  '  Ni.  >=FNG':  Ni  *De  1  X  ;•  '  SEE  DEF  FNG'X'  =  g X  :• 

2 GO  NEXT  Ni 

2  7  0  iG  1  =  G  > :  i  L  :■ 

w  a  0  G  f*  =  G  ‘  P  ' 

290  IF  PO'O  THEN  3aO 

3  0  0  1  =  'E.  2  =  0  . 

310  FOP  Ni=Ll  TO  PI  STEP  2 

3  20  S  1  =  S  1  +  G  ■:  N  a  > 

3iO  NEXT  Ni 

340  FOP  Ni=L2  TO  P2  STEP  2 

3  50  S2  =  S2  +  G.-, Ni 

3G0  NEXT  Ns 

370  Gw ' 0  1  =  '  G 1 +Gr +4 . *S 1 +2. *S2  ■ -De 1  3. 

3S0  G 1  1 =G^  'Ll  ' 

390  G12=G-iL2' 

400  G(1=G  iPl’ 

4  10  G  f  2  =  G  X  V  R  2  1 

4  20  S  1  =  G  1  2  -  2  .  »  G  1  1  G  1 

4  3  U  S  f  =  iG  f  -  2  .  *  G  r'  1  +  G  f  2 

44  0  0l=L*Ll->G12-2.-L*L2'-»-G>  1+L2-L1-G1 

4  5  Pi  I. '  r  '  =  R’  2  ♦  R'  1  ♦  G  f  “  X  .  ♦  R'  ♦  R'  L  G  r  1  i-  R'  »  R'  1  ■■■  G  r  Z 

4  G  0  G  1  2  =  G  1  *  2  . 

4  70  G  r  2  =  G  t  2 . 

4  a  0  D  z  =  D  t  1  w  ■*  D  e  1 

4  9  0  FOP  P  s  =  P  1  T  0  P  2 

5  0  0  F  =  P  s  ♦  D  2 

5  1  0  S  q  '  P  s  >  =  1  .  '  '  F  ♦  F  ' 

520  NEXT  P  s 
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5  3  a 

IF  L=0  THEN  580 

540 

F  0  R  K  i  =  1.  1 

TO  k2 

550 

I=L*Ks 

5 1'  0 

CALL  B  €  =  3  ' 

3  1  (  I*D2,  T0,  J  n  vk3  ,  A,  EO'  I  )  ,  El  •  I 

570 

NEXT  Ki. 

5  y  0 

FOR  Ks=l 1 

T  ij  k:  2 

59  0 

I=R^K3 

y  0  0 

CALL  E3  3=. 

3  1  '  I  •»  D  2  ,  J  0  ,  J  1  r  ‘  '  k  3  '  ,  R  )  1 0  '■  I  A  E  1  '  I 

6  1  0 

NEXT  Ki. 

y  2  0 

F  0  R  H  3  =  L  2 

TO  R2  STEP  2 

6  30 

FOR  1. 3=1.1 

TO  k:2 

y  40 

I=N3*K.3 

y.  5  0 

IF  E0'.  I.J- 

,0.  THEN  670 

y  y  0 

CALL  E333 

3  1  '  I  -3  D  2  ,  J  0  ,  J  1  ,  A ,  E  0  ' ,  I  • ,  E  1  I  :> 

6  70 

NEXT  K3 

y  y  0 

NEXT  N3 

690 

IF  L=0  THEN  740 

700 

FOR  K3=K1 

TO  k2 

7  10 

I=L*K3 

71:0 

Gw  (  L  3  =':'q 

'1:3  .J*i]  3E0':  I  .'-01  *E1  •:  I  '-Gl  2*  J1  1  1 

7  30 

NEXT  Ks 

740 

FOR  k  3  =  K 1 

TO  k2 

750 

I=R*K3 

760 

F  =  S  Cl  v  k  3  '  ♦ 

S  f  *  E  0 '  I  .'  -  Q  f  *  B  1  (  I  -  G  f  2  ♦  J  1  r  ■:  k  3  .> 

770 

Cui  1  k3  )  =  Gw 

':k3)-F 

7S0 

NEXT  k3 

790 

FOR  N3=L2 

TO  R2  STEP  2 

000 

G  2  =  G  f  l  3  + 

810 

GI=G>  <N3+1 

Si:0 

HI  =Gx<;N3- 

1 

330 

H  ci  G  A  k  H  s  “ 

2  ' 

840 

Di'i  =  G2“2.  *Gl+2.  ♦H1-H2 

3  5  0 

F  t'l  =  i3  2  —  4  .  * 

Gl+6. 3G;k',  N3  >-4. 3HI+H2 

860 

R  r'l  =  N  3  *  (  N  3 

*  D  r'l  +  F  r'l  > 

8  70 

FOR  k  3  =  k  1 

TO  k.2 

880 

I  =  N  3  *  k  3 

8  9  0 

G  w  c  k  3  }  =  G  w 

k  3  '  +  8  q  •:  t  3  '  *  D  r'l  E:  0  '  I  >  -  P  r  i  *  Ei  1  '  I  ' 

9  00 

NEXT  1  3 

910 

NEXT  N3 

920 

F  =  D  3  1  w  2  . 

930 

FOR  k3=kl 

TO  K2 

94  0 

Gui k  3  >  =  Gw 

'1.3  >  (  k'.  3  *  F  > 

950 

NEXT  K3 

960 

PRINT  G  w ( 

♦  1 

9  70 

PAUSE 

9  8  0 

END 

990 

1 

1  000 

DEF  FNGcX 

'  1  9 '  X  > 

1  0  1  0 

G  =x-e:: 

P'-.5-X-X'  ‘  PA'i'LEIGH 

1  020 

RETURN  G  :x 

10  50 

FNEND 

e::hmple 
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1  0 

'  2EPU-TH  OFIiER 

BESSEL  TRRNSFORN  USING  PhRhBOlIl  I  HTERPOLhT I  ON 

'  1  N  T  E  0  F'  H  L  '  1  ,  X 1 

r  '  dX  Jo'  WX>  g'Xi'  FOR  W1S=U\=W2  IS  STORED  IN 

j:U 

!  Gui’.  Ci',  i..ihi=ri= 

N  =  Ks^Delw.  Slower  low-storsge. 

4  0 

De  1  .  O  S 

'  INCREMENT  •  h  ■  I N  ' : : 

50 

L  =  0 

'  Xl=L*Delx,  L.:=0 

60 

P  =  S  0  0 

1  vr=R*Del  R-L  MUST  EE  EVEN 

?0 

De 1 w=  1  . 

'  INCREMENT  'A.  IN  11 

80 

k:i=o 

'  Wl=Kl*Delw,  1  1  ; =0 

90 

K2=  120 

'  U2=K2*Delw,  K2>=f  1 

1  Cl  V j 

DOUBLE  L,F,K1 

,K2,K0,Ll,L2,Rl,R2,Ns,i:s  !  INTEGERS 

1  1  0 

DIN  Gx'SOO'.G 

i.i  i;  5ri0  )  ,  S.-^  i:  50Ci  i 

1  20 

K0  =  1  1 

1  SO 

K1=MHX'  Kl  ,  1 

140 

L1=L+1 

150 

L2  =  L  +  2 

1  bO 

R1=R-1 

1  70 

R2  =  R-2 

1  30 

REDIN  G  .'LiR' 

,  G  w  <  K  0  :  K  2  >  ,  S  g  C  K  1  :  K  2  > 

1  ■-  0 

FOR  K£.  =  K0  to 

b:2 

2  0  0 

Gw  1.'  Ks  >  =0  . 

2 ' 0 

NEXT  Ks 

220 

FOR  Ns=L  TO  R 

2  S  0 

Gx  Ni  :'=FNG'  Ni 

*Delx>  1  SEE  DEF  FNG'.  =  g'.  x:> 

240 

NEXT  Ns 

250 

G  1  =  G  X  C  L  ) 

260 

G  f  =  G  (.  R  ■' 

270 

IF  K0>O  THEN 

S60 

230 

31=32=0. 

290 

FOR  Ns=Ll  TO 

R1  STEP  2 

]:  0  0 

3 1  =3  1  +Gx  <:  Ns 

S  1  0 

NEXT  Ns 

S  2  0 

FOR  Ns=L2  TO 

R2  STEP  2 

S  SO 

32  =  32  +  Gx  v  Ns 

S40 

NEXT  Ns 

S50 

Uw  (.  0  >  =  G  1  +Gr +  4  .  ^9  1  +  2  .  >*De  1  x.  3. 

S60 

G1  1=G>;(L1  > 

j70 

G 1 2  =  Gx • L2  > 

S30 

G  r'  1  =  G  X  1  i  > 

S90 

G  r  2  =  G  (.  R  2  .> 

4  00 

3  1  =  G  1  2  -  2  .  G  1  1  +  G  1 

4  1  0 

3  r  =  iG  (■  -  2  .  ♦  G  r  1  G  r  2 

420 

01 =L*L 1 *G 1 2-2 

:fL-^L2*Gl  1+L2*l  I-rGl 

4  SO 

U  r  =  R  2  *  R  1  *  b  f  -  it 

!  •  *  P  R  2  b  r’  1  +  R  *  R  1  *•  b  r  2 

440 

G1 2=G1 ♦2. 

4  50 

Gr  2  =  Gr  *2 . 

4  60 

D  2  =  D  t  1  w  ♦  D  e  1  ■ : 

470 

FOR  Ks=Kl  TO 

K2 

430 

F  =  K:sv.-D2 

490 

3  q  C  K  s  ->  =  1  .  ■  ' ,  F  ■* 

■f  > 

500 

NEXT  Ks 
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510 

IF  L=0  THEN  570 

5i0 

T=L*D2 

530 

FOR  Ks=Kl  TO  K2 

54  0 

C  RLL  Eesie  1  ■  T  *K5  ,  JO  ,  J  1  ,  Ft ,  E0  ,  B  1  > 

5  5  0 

G  w  '  t  i  '  =  8  '4  K  i  '  8  1  *  Et  £1  -  G<  1  •*  E  1  ~  N  1  ii'  ♦  J  1 

500 

ne::t  k  = 

5?0 

T  =  R*II2 

500 

FOR  Ki=Kl  TO  K2 

5  0  0 

CRLL  Besstl  'T-^Ki,  JO,  Jl,R,BO,Bl> 

0  0  0 

F  =  8^t  i.  Ki  )  ir8r*E0-Qr  *B  1  -Gr  2*  J 1 

0  1  0 

G  w  '  K  i  )  =  G  w  K  i  >  -  F 

020 

NEXT  Ki 

030 

FOR  Ns=L2  TO  R2  STEP  2 

6  4  0 

G2  =  Gx  (.  Ni  +2 ) 

050 

G1=G:<;<N£+1  ' 

000 

Hl=GxOt£.-l  > 

0  70 

H2  =  Gx<:Ns-2  > 

0S0 

Dfi  =  G2~2.  *Gl+2.  *H1~H2 

0  S  0 

Fn  =  G2-4  .  itG  1  +  0  .  *Gx  <  Ni  ;■  "4  .  *H  1  +H2 

700 

R  ri  =  N  £  *  <  N  £  *  D  fi  +  F  n  > 

710 

T=N£*D2 

720 

FOR  K£=K1  to  K2 

7  3  0 

CRLL  Bejie  1  T^Ki  ,  JO,  J  1  ,  R,  BO,  Br.> 

740 

G  I,')  F  £  =  G  w  <  f '  £  )  +  8  '4  <  K  £  >  ■*  D  fi  ^  B  0  ~  R  fi  *•  E 1 

750 

NEXT  K£ 

700 

NEXT  Ns 

7  70 

F  =  D  6 1 u *2 • 

780 

FOR  K£=K1  to  K2 

700 

G  w  <  K  £  )  =  G  w  <  K  £  )  •'  <  K  £  *  F  ) 

800 

NEXT  Ks 

8  1  0 

PRINT  G  u  ^  •' 

8  2  0 

PROSE 

8  30 

END 

840 

1 

850 

DEF  FNGv:;>  ! 

9  <’  X  ) 

8  0  0 

Gx  =  X*EXP': 5*X*X  >  ! 

RRYLEIGH 

870 

RETURN  Ga 

880 

FNEND 

e:;rmF'LE 


C-12 


IR  8027 


REI-tReNCtS 

1.  I..  N.  G.  Filon,  "On  a  Quadrature  Formula  for  Trigonometric  Integrals," 
Proc .  Royal  Sot.  Edinburgh,  vol .  49,  pp.  38-47,  1928. 

2.  Kopal,  Numerical  Analysis,  J.  Wiley  and  Sons,  Inc.,  New  York,  NY, 
195S. 

3.  C.  3.  1  ranter.  Integral  Transforms  in  Mathematical  Physics.  J.  Wiley 
and  Sons,  Inc.,  New  York,  NY,  195b. 

4.  J.  W.  Tukey,  "The  Estimation  of  Power  Spectra  and  Related  Quantities," 
On  Numerical  Approximation,  Ed.  R.  E.  Langer,  Madison,  WI,  1959. 

5.  Handbook  of  Mathematical  Functions,  U.  S.  Department  of  Commerce, 
National  Bureau  of  Standards,  Applied  Mathematics  Series  No.  55,  U.  S. 
Government  Printing  Office,  Washington,  DC,  June  1964. 

6.  P.  J.  Davis  and  P.  RabinowiW,  Numerical  Integration,  Blaisdell 
Publishing  Co.,  Waltham,  MA,  1967. 

7.  S.  M.  Chase  and  I..  D.  Fosdick,  "An  Algorithm  for  Filon  Quadrature," 
Communications  of  the  ACM,  vol.  12,  no.  8,  pp.  453-458,  August  1969. 

8.  C.  lanczos.  Applied  Analysis,  Ihird  Printing,  Prentice  Hall,  Inc., 
Englewood  Cliffs,  NJ,  1964. 

9.  I.  S.  Gradshteyn  and  1.  M.  Ryzhik,  Table  of  Integrals,  Series,  and 
Products ,  Academic  Press,  Inc.,  New  York,  NY,  1980. 

10.  A.  H.  Nuttall,  Accurate  Ef t ic ient  I  valuation  of  Cumulative  or 
F.xceedanc e  Probability  Distriuulion s  Ditectly  From  Characteristic 
Functions ,  NUSC  lechnical  Report  7023,  Naval  Underwater  Systems  Center, 
New  London,  Cl,  1  October  1983. 

11.  J.  F.  Hart  et  al.  Computer  Approximations.  J.  Wiley  and  Sons,  Inc.,  New 
York,  NY,  1968. 


R-l/R-2 
Reverse  Blank 


Technical  Report  7995 
1  April  1987 


Efficient  Evaluation  of  Polynomials 
and  Exponentials  of  Polynomials 
for  Equi  Spaced  Arguments 


A.  H.  Nuttall 
ABSTRACT 

A  k  th  order  polynomial  can  be  evaluated  by 
means  of  k  additions  and  no  multiplications,  when  done  in 
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Approved  for  public  release;  distribution  is  unlimited. 


TR  7995 


TABLE  OF  CONTENTS 

Page 

LISl  OF  SYMBOLS .  ii 

INTRODUCllON  .  1 

EVALUATION  OF  POLYNOMIAL  .  3 

EVALUATION  OF  EXPONENTIAL  OF  POLYNOMIAL  .  5 

CONCLUSION  .  7 

REFERENCES  .  9 


TR  7995 


P3(><) 
a,3,Yi M 
Xq 
A 

03(n) 
d ,  b .  c ,  d 
Q2.Q1 
P3(>^) 

03(n) 


LIST  OL  SYMBOLS 

Third-order  polynomial  of  x,  (1) 

Polynomial  coefficients,  (1) 

Starting  value  of  x,  (2) 

Increment  in  x,  (2) 

Third-order  polynomial  of  n,  (3) 

Polynomial  coefficients,  (3), (4) 

Difference  polynomials,  (5), (6) 

Exponential  of  third-order  polynomial,  (10) 
Exponential  of  third-order  polynomial,  (11) 


ii 


TR  7995 


FJ-UCIENl  EVALUATION  OF  POLYNOMIALS  AND  EXPONENTIALS 
OF  POLYNOMIALS  FOR  EQUI-SPACED  ARGUMENTS 

INTRODUCT ION 


The  evaluation  of  polynomiaTs  at  equi-spaced  arguments  is  a  recurring 
task  that  arises  in  many  appTications.  When  a  k-th  order  poTynomiaT  is 
written  in  nested  form,  its  evaTuation  generally  requires  k  additions  and  k 
multiplications  at  each  argument  of  interest.  For  a  set  of  equi-spaced 
arguments,  we  will  demonstrate  that  the  multiplications  can  be  entirely 
circumvented  (except  during  initialization)  and  that  a  recursive  procedure 
employing  only  k  additions  per  stage  will  suffice  to  generate  the  sequence 
of  polynomial  values. 

For  an  exponential  of  a  polynomial,  an  even  greater  savings  is  possible; 
namely,  the  exponential  can  be  circumvented  (except  during  initialization), 
and  only  k  multiplications  per  stage  are  required  in  a  recursive  procedure. 
Memory  storage  is  also  kept  at  a  minimum. 
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EVALUATION  Oh  POLYNOMIAL 

The  procedure  is  best  introduced  by  way  of  example.  Suppose  we  want  to 
evaluate  third-order  polynomial 

P2(x)  ^  a  4-  (3x  f  yx^  +  px^  (1) 

at  the  set  of  equi -spaced  arguments 

X  =  X  4-  nA  for  n  =  0,  1,  2,  ...  .  (2) 

n  0 

lhat  is,  we  are  interested  in  the  values 

0^(0)  =  ^  a  4-  bn  4-  cn^  4-  dn^  for  n  ^  0,  1,  2,  ...  ,  (3) 

where 

n  2  3 

a  -  Q  4-  4-  yX^  4-  pX^  , 

b  ^  A(I3  4-  2yx^  4-  3px^)  , 

2 

c  ^  A  (y  4-  3px^)  , 

d  ^  A^p  .  (A) 

To  this  aim,  define  difference 

2 

Q^In)  -  0^(0)  -  03(0-1)  -  b  -  c  4-  d  4-(2c  -  3d)n  4-  3dn  .  (5) 

Also  def ine 

Q^(n)  ^  02(^1  02(n-l)  2c  -  6d  4-  6dn  , 


(6) 
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and  observe  that 


0^(n)  Q^(n-l)  -  6d  . 

These  last  three  recursions  together  read  as 


(■/) 


Q^Cn) 

02{n) 

Q3(n) 


Q^(n-l)  +  6d 
O^Cn-T)  +  Q^(n) 
Q3(n-1)  +  Q2(n) 


for  n  -  1 ,  2 , 


and  require  only  3  additions  for  each  n,  with  no  multiplications  whatsoever. 
The  starting  values  for  recursion  (8)  follow  immediately  from  (6),  (5),  and 
(3),  respectively; 


Q^(0)  -  2c  -  6d  . 

Q2(0)  -  b  -  c  +  d.  (9) 

03(0)  ^  a  . 

Extension  to  a  k-th  order  p''''ynomial  is  obvious,  and  requires  k 
additions  per  stage,  with  no  multiplications. 
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F. VALUATION  OL  EXPONtNlIAL  OF  POLYNOMIAL 


Suppose  we  want  to  evaluate  the  exponential  of  a  third-order 
namely 

2  3 

P2(x)  =  exp[ci  f  Ox  ♦-  yx  -t-  wx  ] 

at  the  arguments  listed  in  (2).  That  is,  we  want  the  values 

2  3 

Q^Cn)  I  exp[a  +  bn  f  cn  +  dn  ]  for  n  ^  0,  1 ,  2  . 

where  a,b,c,d  are  given  in  (4). 

To  accomplish  this  goal,  define  ratio 
02(0)  ^  Q2(n)/02(n-l )  ^  exp[b  -  c  +  d  +(2c  -  3d)n  +  3dn^]  . 
Also  define 

Q^(n)  =  Q^(n)/0p(n  -  1)  ^  exp[2c  -  6d  +  6dn]  , 
and  observe  that 


Q^(n)/0^(n  -  1)  =  exp[6d]  . 

These  last  three  recursions  togetfier  read  as 


Q^(n)  -  0^(n  -  1)  exp[6d]"j 
02(n)  -  Q^fn  ^  1)  Q^(n)  ■ 
03(n)  ^  02(n  -  1)  Q^iu) 


for  n 


polynomial , 

(10) 


(11) 


(12) 


(13) 


(14) 


(15) 
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and  require  only  3  multiplications  for  each  n,  with  no  additions  or 
exponentiations.  The  starting  values  for  recursion  (15)  follow  immediately 
from  (13).  (12).  and  (11).  respectively: 

Q  (0)  -  exp[2c  -  6d  ]  , 

(  1 

Q^(0)  -  exp[b  -  c  -t-  d]  .  ^ 

03(0)  -  exp[a]  . 

Initialization  requires  the  evaluation  of  four  exponentials. 

Extension  to  an  exponential  of  a  k-th  order  polynomial  is  obvious,  and 
requires  k  multiplications  per  stage.  Initialization  requires  the 
evaluation  of  k  +  1  exponentials. 
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COMlLJSION 


All  the  results  above  apply  to  complex  coefficients  a.b.c.d  as  well  as 
complex  arguments  Only  integer  n  needs  to  be  real.  However,  since 

a  complex  multiplication  involves  4  real  multiplications  and  2  real 
additions,  the  time  of  execution  will  naturally  be  larger. 

Ihe  applicability  of  the  above  results  to  linear  frequency-modulation 
with  Gaussian  amp  I itude -modulation  follows  readily,  by  restricting  the  order 
of  the  polynomial  in  (10)  and  (11)  to  k  ^  2;  i.e.,  set  v  =  d  =  0.  This 
particular  case  has  been  treated  in  [1];  in  particular,  the  accuracy  of  the 
procedure  has  been  investigated  and  found  adequate  for  most  applications. 

Ihe  evaluation  of  cosines  or  sines  of  real  polynomials  can  be  achieved  by 
setting  a,b,c,d  in  (11)  to  purely  imaginary  values. 

When  k  equals  2  and  a,'^,c  are  complex,  the  quantities  0.|(n)  and 
0p(n)  are  complex.  Since  a  complex  multiplication  involves  4  real 
multiplications  and  2  real  additions,  the  number  of  operations  per  stage  to 
generate  Q.|(n)  and  Qp(n)  is  8  real  multiplications  and  4  real 
additions.  As  an  example,  if  a,b,c  are  purely  imaginary,  a  -  ia',  b  -  ib', 

:  -  i c ' ,  then 


Oj^(n)  ^  exp[i(a'  -t-  b'n  e  c'n  )]  = 

2  2 

=  cos[a'  f  b'n  -t-  c'n  ]  \  i  sin[a'  -e  b'n  +  c'n  ]  ,  (17) 

meaning  that  the  cosine  and  sine  are  capable  of  simultaneous  generation  at 
each  stage.  (Attempts  to  generate  the  cosine  alone,  wHh  a  lesser  number  of 
operations  per  stage,  have  not  been  successful  ) 
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There  is  no  need  to  set  aside  storage  arrays  for  the  recursive 
quantities  in  (8)  or  (15),  if  these  numbers  are  used  on  the  fly  as  they  are 
generated.  Then  the  computer  coding  for  (8)  is  simply  Q1  =  Q1  f  D6, 

02  -  Q2  Q1 ,  Q3  =  03  f  02.  while  that  for  (15)  is  simply  Q1  -  01*E6,  Q2  = 
02*01,  03  ^  03*02,  in  the  order  listed.  Generally,  storage  of  only  k 
temporary  variables  is  required  for  a  k-th  order  polynomial.  On  the  other 
hand,  if  02(n)  must  be  stored  for  later  use,  the  only  change  in  the  coding 
above  is  to  replace  the  03  lines  by  03(N)  =-  03(N  -  1)  4-02  and  03(N)  ^ 

03(N  -  1)*02,  respectively;  there  is  no  need  to  store  01  0?  in  arrays. 

For  general  values  of  k,  if  the  product  of  a  rational  function  with  an 
exponential  of  a  polynomial  must  be  calculated,  it  can  be  broken  down  into 
the  evaluation  of  two  polynomials  and  one  exponential,  as  indicated  above. 
Then  one  additional  multiplication  and  division  realizes  the  desired 
combination.  Extensions  to  sums  and  products  of  such  combinations  are 
obvious.  The  orders,  k,  of  the  numerator  and  denominator  polynomials,  as 
well  as  the  polynomial  inside  the  exponential,  need  not  be  equal,  but  are 
completely  arbitrary. 
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ABSTRACT 

A  random  signal  of  unknown  power  level  is 
amplitude  modulated  in  a  known  deterministic  fashion 
and  observed  in  the  presence  of  stationary  noise  of 
unknown  level.  Estimation  of  the  signal  power  level  is 
accomplished  by  a  least  squares  approach,  resulting  in  an 
unbiased  estimate.  The  variance  of  the  estimate  depends 
on  the  degree  of  modulation  of  the  deterministic 
amplitude  modulation,  the  background  noise  level,  and  the 
observation  time. 


Approved  for  public  release:  distribution  is  unlimited 


TM  No.  871186 


INIROOUCI ION 

If  a  source  of  constant  (unknown)  strength  moves  on  a  known  course  and 
speed  past  an  observing  point,  the  received  signal  power  level  is  modulated 
in  a  known  deterministic  manner.  However,  the  absolute  received  signal 
power  level  may  be  unknown,  and  is  further  obscured  by  the  presence  of 
additive  noise  of  unknown  strength. 

Ihe  mathematical  problem  of  interest  here  is  formulated  as  follows: 

x(t)  ^  m(t)  s(t)  +  n(t)  (1) 

is  observed  versus  time  t  in  an  observation  time  interval  of  1  seconds, 
where  m(t)  is  a  known  deterministic  ampl itude -modulating  function.  Real 
signal  s(t)  and  real  noise  n(t)  are  zero  mean  stationary  independent  random 
processes  with  power  levels 

s^t)  -  S,  n^(t)  =  N,  (2) 

both  of  which  are  unknown.  We  wish  to  estimate  the  signal  power  S  and 
determine  the  variance  of  the  estimate,  including  its  dependence  on 
observation  time  I  and  modulation  m(t). 
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The  average  received  power  varies  with  time  according  to 

x^(t)  --  m^(t)  S  N.  (3) 

as  seen  by  reference  to  (1)  and  (2).  A  sample  function  x(t),  as  well  as  the 
modulation  m(t),  is  depicted  in  figure  1.  Ihe  common  bandwidth  of  the 
assumed  low-pass  random  processes,  s(t)  and  n{t),  is  W  Hz;  for  good 
estimation  capability,  it  will  be  necessary  to  have  IW  »  1.  (Extension  to 
the  bandpass  case  should  not  be  difficult,  based  on  the  results  to  be  given.) 


Figure  1.  Sample  Function  and  Modulation 
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PROBlhM  SOLUTION 


Def inition  of  Error 


We  will  attempt  to  fit  the  instantaneous  sample  power  x'^(t)  of  a 
particular  observed  member  function  (1)  with  a  model  of  the  form  (3),  namely 


m  (t)  S  f  N, 


where  hypothesized  values  S  and  N  wi 1 1  be  chosen  to  minimize  the  error. 
Specifically,  define  instantaneous  error 


<^t)  ■[ 


e(t)  ^  X  (t)  -  m  (t)  S  f  N  for  1  e  1 


Ihen  the  total  integrated  squared  error  over  observation  time  1  is 


f  =  dt  e  (t) 


"  dt[, 
\J 


x^(t)  -  m^(t)  S  -  ^  (6) 


which  is  quadratic  in  hypothesized  power  values  S  and  N. 
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M inimization  of  Error 

Ihe  partial  derivatives  of  total  error  E  with  respect  to  ?  and  nT  are 

dt  [x^(t)  -  m^(t)  ?  -  m^(t), 

T 

H  -  -  2  f  dt  [x^(t)  m^(t)  ^  -  n]  .  (/) 

Setting  both  of  these  derivatives  to  zero,  the  optimal  estimates,  S  and  N, 
of  the  unknown  powers,  S  and  N,  arc  solutions  of  the  two  simultaneous  linear 
equat ions 

S  M4  +  N  M2  =  X2, 

S  4-  N  1  --  X^,  (8) 

where 

M^  sj  dt  mSt), 

T 

X^a  j'  dt  m\t)  x^t).  (9) 

1 
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Opt  ima  1  .F-Jit 


Ihe  solutions  of  linear  equations  (8)  are 


1  X_  -  M.,  X 
2 _ 2  0 

T  H4  - 


^  M.  X  -  M  X 

N  --  ^ 

T  M  - 


It  should  be  observed  that  if  amplitude  modulation  m(t)  is  constant  over 
observation  interval  I,  then  determinant 


0  5  1 


A  2  ^ 

is  zero,  and  (8)  can  only  be  solved  for  the  combination  Sm  N,  according 


T  I 


dt  X  ( t)  for  m(t)  =  m. 


Ihorefore,  in  order  to  estimate  S  separately,  it  will  be  required  that  m{t) 
be  nonconstant  over  1.  However,  we  can  anticipate  that  the  stability  of  the 

A 

estimate,  S,  will  be  poor  for  modulations  m(t)  that  are  nearly  constant  over 
time  1.  Ihe  only  way  that  D  in  (11)  can  be  zero  is  if  m(t)  is  constant  over 
I,  as  may  be  easily  seen  from  Schwartz's  inequality. 


Inspection  of  S  in  (10)  reveals  that  it  is  inversely  proportional  to 

?  ^2 
the  level  of  m  .  Also,  the  product  of  S  and  the  level  of  m  is 
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2 

proportional  to  the  level  of  x  .  This  is  consistent  with  the  observation, 

2 

based  on  (3),  that  it  is  only  the  product  of  m  (t)  and  S  that  matters,  in 
so  far  as  the  received  signal  power  is  concerned.  So,  without  loss  of 
generality,  one  could  set  the  maximum  value  of  m(t)  equal  to  1 ,  if  desired; 
furthermore,  if  this  convention  is  adopted,  then  S  is  directly  the  maximum 
value  (over  the  observation  interval)  of  the  received  average  signal  power 
versus  time. 

Mean  of  Signal  Power  Estimate 

A 

Ihe  mean  of  estimate  S  in  (10)  is  given  by 

I.  i  ir„).  (13) 

where  we  used  (11).  Now  (9)  and  (3)  yield 

-  j*  dt  m'^(t)  x^(t7  " 

1 

dt  m'^(t) 

1 

Substitution  of  this  result  in  (13),  and  the  use  of  (11),  yields 

%  -  S.  (IS) 

A 

lhat  is,  S  is  an  unbiased  estimate  of  the  true  power  level  S.  (It  may  be 

A 

shown  in  a  similar  fashion  that  N  is  an  unbiased  estimate  of  N;  that  is 
fl  -  N.) 
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Variance  of  fstimate 


An  alternative  form  for  S  in  (10)  is  more  useful;  by  substituting  (9) 
and  (11).  there  foil ows 


where 


A 

S 


i 


dl  g(t)  x2(t). 


g(t)  = 


m"(t)  - 


0  otherwise 


".1 


f or  t  c  T 


1 


(16) 


(1/) 


2 

g(t)  is  a  deterministic  function,  dependent  solely  on  m  (t)  and  1. 
Integrals  without  limits  are  over  the  range  of  non/^ero  integrands. 


In  order  to  determine  the  variance  of  S,  we  first  evaluate  the  mean 
S(|uare  value: 


dt  du  g(t)  g(u)  x^(t)  x^(u). 


(18) 


In  order  to  proceed  any  further,  we  will  assume  that  x(t)  is  a 

(non  stationary)  Gaussian  random  process;  this  is  tantamount  to  assuming 

that  s(t)  and  n(t)  in  (1)  are  Gaussian  processes.  (The  results  above  for 

A 

the  mean  of  estimate  S  do  not  require  this  restriction,  and  apply  for 
arbitrary  statistics.)  Therefore,  we  have  the  breakdown 


x^(1)  x^(u) 


f  2  x(t)  x(u) 


(19) 
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Substitution  of  the  first  term  on  the  right  hand  side  of  (19)  into  (18) 

A  A 

yields  the  square  of  the  mean  of  S.  Consequently,  the  variance  of  S  is 

Var(S)  =  2  jy  dt  du  g(t)  g(u)  x(t)  x(u)  .  (i^O) 

Consideration  of  the  definition  of  x(t)  in  (1)  now  allows  us  to  express 

x(t)  x(u)  -  [m(t)  s(t)  e  n(t)]  [m{u)  s(u)  e  n(u)]  - 

=  m(t)  m(u)  R^(t-u)  i-  R^(t-u),  (?1) 

where  and  R^  are  the  covariances  of  stationary  processes  s  and  n, 
respectively.  Substitution  of  (21)  into  (20)  yields 

Var(S)  ^  2jj'dt  du  g(t)  g(u)  [m(t)  m(u)  R^(t-u)  +  R^^t-u)]^  - 

=  ?  jj  dt  dx:  g(t)  g(t  -T)  [m(t)  m(t-T)  R^CO  t-  Rn(T)']  ^  - 

'  ^  R^(T)  R„(T)  . 

♦- 2ydr  R^(r)  I9g(r),  (22) 
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vjht'r'i'  we  hdve  definod  aulocorre  la  L  ions 

<9g(t)  -  jdt  q(t)  g(t-X). 

(r)  ^  Jdt  g(t)  m(l)  g(t-r)  m(l-T), 

C  7  7 

^  Jdt  g(t)  m  (1)  g(t-T)  m  (t-T).  (23) 

Approximation  to  Variance 

A 

Ihe  result  in  (22)  for  the  variance  of  estimate  S  is  exact,  holding  for 
any  IW  product.  We  will  now  specialize  it  to  the  case  where 

IW  »  1 .  (24) 

Representative  plots  of  the  various  functions  in  (22)  are  displayed  in 
figure  2.  Ihc  covariances  decay  to  zero  within  a  delay  3/W,  while  the 


Figure  2.  Representative  Covariances  and  Autocorrelations 
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autocorrelations  are  more  slowly  varying,  decaying  to  nearly  zero  atx-  1. 

It  is  presumed  that  observation  time  1  is  approximately  matched  to  the 
effective  duration  of  modulation  m(t).  This  allows  (??.)  to  be  simplified  to 

Var(^)  -  rJ(T)  r- 

^  4  e^m^O)  *-  ?  0g(O)  ^  dr  R^(T)  ■  i?^) 


Alternative  Forms  for  Autocorrelations 


In  order  to  simplify  the  scale  factors  that  appear  in  (25),  and  to 
relate  them  back  to  the  modulation  m(t)  by  means  of  (17),  we  define  some 
auxiliary  quantities,  let  the  instantaneous  power  modulation  be 


a(t)  - 


n)‘(t)  for  t  c  T 


0  otherwise 


and  let 


•  •  i  f 


dt  a(t)  -  I  Mj,, 


which  is  the  average  power -modulat ion  over  observation  time  1.  Define  the 

2 

"variable  component"  of  m  (t)  as 


v(t)  -  a(t)  -  A  = 


m  (t)  -  A  for  t  r.  1 


otherw i se 


and  def ine  integral 


j  dt  v^t)  ^  I  dt  [a(t)  -  a] 
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Ihen  determi nnint  0  in  (11)  becon.es 

J 


D  =  1  ^  1  'It  dt  m^(t) 


i 


-  ijdl  a^(l)  a(t)j  [a(t)  -  a]  --  1  V^, 

while  (1/)  becomes 

fj(t)  v(t)/V2. 

lhal  is,  y(t)  is  the  ratio  of  the  variable  component  to  its  own  energy. 
Ihen  since 


(30) 


(31) 


m^(t)  -  a(t)  -  A  +■  v(t) , 


(3?) 


we  find 


f 


0^j(O)  j  dt  g^t)  ^  . 


r  ?  2 

VO)  -  Jdt  g'^(t)  m^(t)  -  ^ 

^2 


r  A^VfPAVfV 

r  2  4  M  v„  r  £  H  V.,  r  V. 

(0)  dt  g  (t)  m  (t)  -  - _  (33) 

gm  0  Vp 

2. 


all  in  terms  of  the  integrals  (?9)  of  the  variable  component  (28)  of  m  (t). 
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t raX  Repress t a t j ons 


By  the  use  of  Parseval's  theorem,  the  three  integrals  over  the 
covariances  in  (26)  become 

Jdf  G^(f).  |df  G^(f)  G^(f),  Jdf  G^(f),  (3^) 

respectively,  where  G^  and  G^  are  the  double -sided  power  density  spectra 
of  stationary  processes  s  and  n.  Since  the  received  processes  will  be 
pre -filtered  to  the  band  of  the  signal,  it  is  reasonable  to  assume  that  s 
and  n  have  identical  spectral  shapes.  Then  the  bandwidth  W,  introduced  in 
figure  1,  can  be  made  quantitative  by  defining  it  as  the  (positive 
frequency)  effective  bandwidth 


0 


This  enables  us  to  express  the  three  integrals  in  (34)  as 


2  2 
SI  SN  IT 

2W  ’  ?W  ’  ?W  ’ 


(36) 


respect i vely . 
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A 1  lernat i ve  Var i ance  F. xpress i ons 


When  we  combine  (33) -(36)  in  (?6),  there  results 


Var(S) = 


V„  e  2  A  V„  r  V.  ^2 
_ 2 _ _ 3 _ 4  S 

2'  -  --  jjj- 


f  2 


A  V2  .  V3 


5N  -  1_ 

w’  ^  W 


---r  fv^  (AS  f  N)^  4-  2  V-  S  (AS  e  N)  f  V.  S^ 
WV^  L 


(37) 


A  more  useful  result  is  obtained  if  we  let  the  dimensionless  shape 
far.  tor  be  defined  as 


dt  V  (t) 


fi  r  ?  (V  /i)"^^ 

jdt  v'^(t)J 


(38) 


and  define  a  variability  factor 


^dt  [a(t)  ■  a] 


V^/1 


(39) 


U|^  depends  solely  on  the  variable  comfxment  of  m  (t),  as  defined  in 
(28),  while  measures  the  relative  strength  of  the  variable  component 
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and  the  average  component,  as  defined  in  {?!).  Then  (37)  becomes 

Var(S)  ^  "V  '  yV  {AS+N)4-  (AS)^l. 


Quality  Ratio 


A  measure  of  the  stability  of  estimate  S  is  furnished  by  the  quality 


ratio 


^  Std  Dev(S) 


TTr  R 


^UR)^  e  20^  r  R  (H-R)  + 


where 


AS  tJl^^  rm(t)s(t)]^ 

«  =  f-  - 

n  (t) 

is  the  observed  signal -to-noise  ratio.  That  is,  AS  is  the  mean  signal 
power,  averaged  over  the  observation  interval  1.  The  fact  that  AS  appear 
together  in  quality  ratio  (41)  is  consistent  with  the  observations  made  in 
the  sequel  to  (12).  The  result  in  (il)  holds  only  for  large  ^W;  recall  the 
assumption  in  (24)  et  sequel. 


large  values  for  the  quality  ratio  are  desirable.  However,  increasing 
the  bandwidth  W  will  also  increase  the  noise  power  N  proportionately,  if 
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thf>  noise  is  white,  thereby  decreasing  signal -to--noise  ratio  R.  Increasing 
the  observation  time  1  is  beneficial,  to  a  point,  depending  on  the  nonzero 
extent  of  modulation  m(t);  however,  since  T  is  involved  in  U^,  U^,  r.  A, 
the  dependence  of  0  on  1  is  very  complicated  and  can  only  be  ascertained 
by  example,  larger  variability  factors,  r,  are  desirable,  but  they  also 
depend  on  1 ;  if  modulation  m(t)  is  not  under  control,  then  only  1  can  be 
varied  in  an  attempt  to  realize  large  values  of  r. 

If  modulation  m(t)  is  con^^tant  over  1,  then  (39)  and  (Al)  yield  r-0, 

Q  0,  respectively.  Ihis  is  consistent  with  the  observation  in  (12)  that 
the  signal  power  can  not  be  separately  estimated  in  this  case. 


?  Signal  :t p  No i s e  Rati p 


If  R  «  1,  then  ('ll)  reduces  to 

Q=  fTw^  r  R  for  R«1 , 


('JS) 


which  is  independent  of 
variabi lity  factor  r  in 
1  he  qua lity  factor  Q . 


shape  factor  in  (38).  However,  the 

(39)  still  plays  an  important  role  in  the  size  of 
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kXAMPI  t 


let  the  amplitude  modulation  m{t)  in  (1)  be  given  by 


m(t)  -  exp 


for  a  1 1  I , 


l.|  is  a  measure  of  the  effective  extent  of  the  modulation;  that  is, 


m(+  7^)  =  exp(-l/2)  -  .607, 


a(+7.|)  -  m  (tl^)  -  exp(-l)  -  .368. 


Let  observation  time  T  in  figure  1  extend  over  (-7/2,  7/2),  and  define 


dt  exp(  -j  t^/7^) 


7ty"^E§((irf;V^ 

Here,  the  normal  probability  integral  is 


$(x)  =  r  du  (2ir)'^^^  exp(-u^/2). 
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Ihe  are  functions  of  the  ratio  of  observation  time  1  to  effective 

duration  1 ^ . 


Ihen  (26),  (27),  (44),  and  (46)  yield 


A  = 


“1 


while  (29)  yields 


j'O 


In  particular,  using  (48), 


V,  0 


V„/l  =  ci„  -  a 


2 

2  “1  ’ 


V4/I 


V^/T  •  Qij  *  3a2®i  ^'^1  > 

>1  t  2  4 


Ihen  (38)  and  (39)  yield 


QL^  3ci2®i  e  2^1 


,  2.3/2 

(®2  ■  “1 ) 


4a2®i  e  6a2®i 


3a, 


(a. 


2.2 

a,) 


!2_  “1 
2 

“1 


(48) 


(49) 


(bO) 


(51) 


1  7 
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7hese  quantities  all  depend  on  T/1^  ;  see  (46). 

We  now  have  all  the  ingredients  necessary  to  evaluate  quality  ratio  Q 
in  (41).  Since 


IW  •-  1,W  ---  , 
1 

we  can  express  a  normalized  quality  ratio  as 


(',?) 


_ Cl _ 


1/2 

(1/1^)  r  R 


UR)^  +■  28^  r  R  (1+R)  +  r^ 


0 


1/2  ’ 


(53) 


to  accent  the  fundamental  dependence  on  the  ratio  1/1.|.  Also,  from  (42) 
and  (48), 


(54) 


giving  input  signal -to  noise  ratio  S/N  as  the  only  other  fundamental 
parameter.  The  product  T.|  W  of  effective  modulation  duration  and  signal 
bandwidth  is  presumed  large  compared  to  1,  and  can  be  chosen  to  fit  the 
particular  application.  A  program  for  the  evaluation  of  (63)  is  attached 
below. 
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GRAPHICAL  RfSUl.lS 

Ihe  normalised  quality  ratio  in  (S3)  is  plotted  vs  1/1.|  in  figure  3 
for  several  signal  to  noise  ratios,  S/N.  Here, 

dB  -  10  1og(S/N)  (SS) 

is  used  to  label  the  curves.  The  curves  increase  rapidly  with  1/1.|  in 
the  neighborhood  of  2  to  4;  however,  they  all  saturate  for  large  T/l.|, 
indicating  the  futility  of  attempting  to  observe  over  an  interval  where  the 
signal  strength  has  essentially  decayed  to  zero. 

Ihe  curves  are  also  saturating  at  an  upper  bound,  as  may  be  seen  by 
the  crowding  together  near  dB  values  of  20  in  figure  3.  Thus  infinitely 
large  signal -to  noise  ratios  result  in  a  finite  quality  ratio  (41),  due  to 
the  inherent  random  character  of  the  random  signal  process. 
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T/T, 

Figure  3.  Normalized  Quality  Ratio 
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SUMMARY 


A  technique  for  estimating  the  unknown  signal  power  of  an 
ampl  i  tude -moflulaterl  signal  in  the  presence  of  noise  has  been  derived  and 
evaluated  in  terms  of  its  mean  and  variance.  The  estimate  is  unbiased, 
while  the  quality  ratio  depends  strongly  on  the  ratio  of  observation  time 
to  the  ef f ec t  i  ve  modu lat ion  duration. 
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PROGRAM 


1  0  fj  -  '£■  Q  R  '  .  P  I 

iO  S5  =  SQR<.  .5) 

3  0  S  2  =  S  Q  R  2  .  > 

40  S3  =  SQR':.  3.> 

50  FOR  Db=-10.  TO  20.  STEP  2. 

0  S  n  =10,  ■  ■  ■  .  1  D  b  >  '  S  ■  H 

70  FOR  Ttl=.l  TO  10  STEP  .1  I  T/Tl 

S  0  S 14 1  =  S  p  ■  T  t  1 

90  Sq2  =  S5*Tt.  1 

100  fl  1  =Sq  1  *  (  2  ,  K-FNPh  1  Sq2  >  -  1  .  >  '  RLPHFtl 

110  H2  =  Sq  1  ■'"S2  *  2  .  *  F  UPh  1  t  Sq2»S2  >  -  1  .  > 

120  H3  =  Sq  1  S3*  I  2  .  *FHPh  1  <  Sq2*S3  -  1  . 

130  fl  4  =  S  L)  1  2 .  *  '  2 .  *  F  U  P  h  1  S  c)  2  *  2 .  )  —  1  .  ) 

14  0  P  =  fl  1  *  FI  1 

150  F  =  Fl2-P 

le‘0  Sq  =  SQR'':Fj 

170  R  £  =  S  q  Fl  1  I  r 

1S0  U3='::Fi3-3.*H2*Fll+2.*P*Fli:j.'<F*Sq:' 

190  U  4  =  ■:.  R  4  -  4  .  *  Fl  3  *  Fl  1  +  6  .  *  H  t  *  P  -  3  .  *  P  *  P  >  <  F  *  F  > 

200  R=fil*Sn  !  R 

210  R 1  =  1 . +  R 

220  P=R£*R 

230  D  =  R 1  *  R 1 +  2 . *  U  3  *  P  *  R 1 +  U  4  *  P  *  P 

240  Nqr=P*SQR< Tt 1 ■ n > 

250  PRINT  Db,Tt l,Nqf 

2t.0  NEXT  Ttl 

270  PRINT 

2S0  NEXT  Db 

290  END 


310  DEF  FNPhi'iT:)  !  HRRT,  pag£  140,  #570S  &  #5725 

320  Y  =  RES<X>*.  7071067S1  lSi55474b 

330  SELECT  Y 

3  4  0  CASE  <  S . 

350  P  =  1  6  3  1 . 7  b  0  2  b  S  7  5  3  7  1  4  7  O  +  Y  *  <  4  5  b .  2  b  1 4  5  S  7  O  b  O  9  2  b  3  1  +  Y  *  '  S  b  .  08276221  194  85951  1'  * 

1  0 , 064  858974  9095425  + Y*  .  564  1  3958676 1  8 1  36 1 4  :•  >  > 

3  6  U  P  =  37  3  3  I  507  9  £1 1  55430672  +  Y  *  <!  7  1  1  3 , 6  6  3!  2  4  6  9  5  4  y  4  9  3  7  +  Y  *  '  ■  6753. 2169641  1  vli  4  8  5  3  9  +  Y  * 

<  40  32 . 26701  03  30O4974  +  'i'*P  j  '  > 

370  0  =  7542.4795101 9347576  +  Y*( 2963 . 00490 1 432 308 72 +  Y*  <  317. 622336 304544077  + Y* 

(  1  53 . 0777 1  0750  3622  1 6  + Y*  V  1  7 ,  3394  934  39 1  5 95565 +  Y  >  >  >  ■> 

330  0=3723. 50798 1 554S0654+Y* C 11315. 1 9203 1 3544055+ Y* v 15802. 5359994020425+ Y* 

<  1 3349 . 34656 1 2344574  +  Y  +  Q  >  >  > 

390  Ph  i  =  .  5*EXP  <  -  Y*  Y  .■  *p/Q 

400  CASE  <26.6 

4  10  P  =  2. 973S6562639399289  +  Y*<;  7.409740605964741  79  + Y*  <  6  .  1  60209853  1  0963054 +  Y* 

<  5 . 0  1 904972673426746  + Y*  <  1 . 27536664472996595  + Y*  .  564  1  3953354  7755074  >  >  >  '' 

420  0  =  3. 3690752069S275277  +  Y**;9. 603965327  1  927S737  +  Y*  >:  1  7. 08  1  4407474660043  +  Y* 


<  5 . 019049726734  26746  + 

4  20 

0=3 . 3690752 

1  2. 04  3 

9519273551290+ 

4  30 

Phi  =  .  5*EXP': 

440 

CASE  ELSE 

450 

Phi =0. 

460 

END  SELECT 

470 

IF  X>0,  THE 

430 

RETURN  Phi 

490 

FNEND 
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